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INTRODUCTION 


The  Author's  purpose  in  this  volume  is  to 
offer  to  the  teacher  outHnes  in  detail  of  the 
teaching  steps  in  decimal  fractions,  percentage, 
interest  and  its  applications,  and  average,  so 
that  she  may  be  able  to  conduct  her  work 
steadily  and  consistently  on  a  logically  ar- 
ranged development  plan. 

These  suggestions  have  been  for  objective 
work  wherever  the  subjects  admit  of  objective 
expression  or  demonstration.  Interest  and  its 
applications  and  average,  however,  are  subjects 
that  are  largely  informational  and  do  not  ad- 
mit of  development  in  the  sense  in  which  the 
term  is  used  when  applied  to  subjects  in  which 
expression  may  be  made  in  construction  lan- 
guage. The  outlines  in  these  subjects  are 
development  plans  in  that  they  are  organizations 
of  instruction  material  in  natural  sequence. 

Decimal  fractions  offer  no  opportunities 
for  special  objective  work  because  they  do  not 
differ  from  common  fractions,  which  have  had 
full  objective  development,  in  ways  that  con- 
stitute objective  variations.  The  problem  in 
decimal  fraction  development  is  not,  therefore, 
that  of  the  nature  of  a  fraction  or  of  the  mean- 
ing of  loths,  looths,  or  loooths.     It  is  the 
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problem  of  interpreting  and  expressing  values 
in  terms  of  position  with  reference  to  a  so 
called  decimal  point.  The  outlines  in  this 
subject  are  development  plans  which  attempt 
to  guide  the  teacher's  work  consistently  and 
directly  toward  this  single  instruction  aim, 
position  language.  No  other  subject  in  the 
curriculum  of  the  elementary  school  offers 
such  possibilities  for  the  formulation  and 
execution  of  pure,  unbroken  development 
plans  of  instruction. 

The  outline  for  percentage  and  cubic  meas- 
ure are  fully  objective.  Construction  work 
in  the  former  is  in  the  form  of  diagrams. 
This  is  so  because  it  deals  with  relations — 
the  relations  of  parts  to  a  whole.  No  subject 
in  arithmetic  offers  to  the  student  so  many 
perplexities  as  this  one  and  yet  it  lends  itself 
perfectly  to  objective  expression  and  demon- 
stration in  diagram  form.  There  is  no  con- 
dition imder  the  subject  that  may  not  be  fully 
expressed  by  a  diagram. 

At  the  conclusion  of  each  subject,  short 
methods  of  solution  are  outlined.  Definitions 
of  all  the  principal  terms  have  been  suggested. 
There  are  rules  that  every  pupil  should  mem- 
orize at  the  proper  time  after  he  has  mastered 
the  principles  or  processes  which  they  describe. 
These  rules  have  been  given. 


PART  III 
THE  DEVELOPMENT  OF  DECIMALS 

CHAPTER  I 
THE   HISTORY   OF    INTEGERS 

Topics: — Finger  Counting.    The  Abacus  With  Integral  Nvunbers 
A.  Aim 

Decimals  should  be  taught  by  repeating 
objectively  in  the  school  room  the  steps  by 
which  integral  nimibers  and  then  fractions 
were  developed  by  the  race.  The  child  must 
be  taken  objectively  through  (i)  the  finger 
coimting  period,  (2)  the  period  of  the  use  of 
pebbles  without  the  abacus  (although  this 
historically  is  purely  conjectural),  (3)  the 
period  following  the  invention  of  the  abacus 
with  pebbles,  (4)  the  invention  of  cones  with 
numerals  inscribed  on  them,  (5)  the  period  of 
discs  as  substitutes  for  the  cones,  and  (6)  the 
invention  of  zero  and  with  this  the  completion 
of  the  integral  system.  Following  this  he  must 
be  given  the  experiences  in  computations 
which  suggested  decimal  fractions  and  led  to 
their  invention.  In  this  way  he  acquires  a 
background  which  enables  him  to  anticipate 
by  inference  from  integral  notation,  whose 
historical  development  he  has  traced,  the  plan 
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for  writing  loths,  looths,  etc.;  to  feel  the  need 
of  a  sign  where  we  use  the  decimal  point ;  and 
to  suggest  a  sign. 

6.  Finger  Counting 

I.  The  Form 

Three  or  more  children  are  selected  to  stand 
before  the  class,  facing  the  class,  and  express 
numbers  dictated  orally  by  the  teacher.  The 
fingers  of  the  child  on  the  right  (of  those  in 
their  seats)  express  numbers  under  ten,  those 
of  the  second  child  express  the  lo's,  those  of 
the  third  express  the  lOo's,  etc.  In  expressing 
numbers  the  child  goes  from  the  little  finger 
of  the  left  hand  to  the  little  finger  of  the  right. 
The  little  finger  of  the  left  hand  signifies  i; 
that,  with  the  next  finger  expresses  2;  etc. 
When  10  is  indicated  the  child  at  his  right 
expresses  it  with  his  little  finger. 

The  teacher  dictates  orally,  for  finger  ex- 
pression, such  a  series  of  numbers  as  i,  6,  4,  8, 
12,  20,  125,  205,  25,  301,  103,  500,  250,  360, 
306,  etc. 

There  are  two  points  to  be  brought  out  by 
questions  in  every  dictation — that  of  "used" 
and  that  of  "empty"  counters. 

(a)  The  "Used"  Counters 
How  many  persons   (savages)   are  used — 
required  to  express  the  number? 
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(In  I,  one  is  used.  In  8,  one  is  used.  In  12, 
two  are  used.  In  250,  three  are  used.  In  205, 
three  are  used.) 

If  to  this  question,  when  used  on  a  number 
like  250  or  like  205,  the  pupil  replies,  "Two," 
— meaning  that  since  the  child  at  the  right  (or, 
in  case  of  205,  the  2d  child)  has  no  fingers  up, 
he  is  therefore  not  used — ^the  teacher  simply 
takes  this  child  out  of  the  line.  The  pupils  will 
then  recognize  immediately  that  the  number 
in  either  case  would  be  25.  The  child  was 
used — used  in  the  case  of  250  to  give  the 
other  two  their  proper  positions  for  id's  and 
lOo's;  or,  in  the  case  of  205,  to  give  the  ^d 
child  his  proper  position. 

What  in  205  is  the  first  child  used  for? 

(For  units,  and  also  to  give  the  2d  and  3d 
their  proper  positions.) 

In  250,  the  1st  child  is  not  used  for  units 
but  he  has  use  in  that  the  3d  and  2d  would 
not  have  their  proper  positions  without  him. 

The  3d  child  is  used  in  250  or  in  205  for 
hundreds  only,  not  to  give  position. 

All  these  matters  are  of  vital  importance  and 
must  be  most  carefully  worked  out. 

(6)  The  "Empty  Counters" 
How  many  of  the  used  children  are  empty- 
handed? 
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(In  205,  the  26.  is  empty-handed.  In  250, 
the  1st  is  empty-handed.) 

This  step,  through  the  points  involved  in 
the  questions  in  (a)  and  (b) ,  brings  out  ( i )  which 
of  the  children  are  used;  (2)  which  are  empty- 
handed;  (3)  the  term  position  (first  position, 
second  position,  etc.) ;  and  (4)  what  each  child 
(or  position)  is  used  for — for  units  or  tens  or 
himdreds  only,  to  give  another  child  or  other 
children  their  proper  positions,  or  for  both 
counting  and  position  uses. 

It  is  very  important  that  these  questions  be 
asked  with  every  dictation  and  the  ideas  of 
*'used''  and  "position''  and  "empty-handed'' 
be  driven  home. 

Many  exercises  should  be  given  in  expressing 
and  reading  numbers  in  finger  counting,  one 
group  of  pupils  and  then  another  "acting  out " 
the  numbers. 

2.  Addifig  and  Multiplying 
Simple  exercises  in  adding  and  multiplying 
by  "finger"  work*  should  be  given.     The 

*  These  exercises  are  not  given  as  illustrations 
of  computations  actually  required  and  used  by  our 
ancestors  of  the  finger-counting  period.  They  show, 
rather,  the  form  that  computations  would  have  taken 
under  possible  conditions.  Social  development  in  that 
age  was  doubtless  not  sufficiently  advanced  to  require 
the  use  of  numbers  as  high  as  these  in  interchanges  or 
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following  expressions  indicate  the  form  of  the 
written  dictations: 


3X23  = 

3X5  = 

2X28  = 

25  +22  = 

5+9  = 

3X18  = 

2X34  = 

8+8  = 

2X82  = 

3X22  = 

4X9  = 

3X73  = 

51+18  = 

18+19  = 

C.  Pebble  Counting 

In  this  step,  which,  if  not  established  his- 
torically, rests  upon  sound  logic,  the  savage 
used  pebbles  instead  of  fingers  and  made  use 
of  larger  pebbles  or  those  of  a  different  color 
for  lo's  and  lOo's,  thus  doing  without  the 
assistance  of  another  person.  If  he  had  need 
of  hundreds  in  his  counting,  still  larger  pebbles 
would  serve  his  purpose  for  numbers  of  that 
order.  This  step  with  its  small  pebbles  for 
units,  its  larger  pebbles  for  lo's,  and  its  still 
larger  pebbles  for  lOo's  is  a  natural  first  form 
of  pebble  counting — a  recourse  to  which  the 
savage  would  naturally  resort  when  comrades 
were  not  available  to  assist  with  their  fingers. 
Again,   this  form  of  pebble  counting  would 

measurements.  That  was  the  childhood  of  the  race. 
Human  wants  were  few;  measuring  needs,  Hmited. 
The  aim  in  these  exercises  is  to  make  finger-counting 
methods  clear  to  the  pupil,  to  show  what  would  have 
been  if  conditions  made  such  computations  necessary. 
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directly  suggest  a  device  like  the  abacus  in 
which  the  position  features  of  the  finger  count- 
ing were  preserved,  but  with  which  only  one 
kind  of  pebbles  were  required.  Again,  from 
finger  counting  to  abacus  with  pebbles  is  two 
steps,  but  the  law  of  development  is  by  single 
steps.  For  these  reasons  the  conjecture  that 
this  form  of  counting  preceded  the  abacus 
seems  to  be  sound. 

Three  sizes  of  pebbles  should  be  secured  for 
exercises  in  this  step — small  objects  for  imits, 
larger  objects  for  lo's,  and  still  larger  objects 
for  lOo's.  Exercises  like  those  in  B  2  should 
be  given.  The  questions  suggested  m  B  i  (a) 
and  {h)  should  be  used  with  each  construction. 
The  forms  of  the  questions  should  be  changed 
to,  What  positions  (spaces)  are  used?  What 
positions  are  empty?  What  is  the  posi- 
tion used  for?  etc. 

D.  Invention  of  the  Abacus 

I.  The  Abacus  Described 
The  word  "invent"  should  be  developed. 
Our  ancestors  now  "invented "  the  abacus.  A 
piece  of  common  (wood)  board  something  like 
10"  square  is  brought  into  class.  Sand  is 
sprinkled  over  it.  Grooves  are  made  in  the 
sand  by  drawing  the  fingers  through  it  and 
with  these  grooves  as  spaces  (positions)  num- 
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bers  are  expressed  with  common  pebbles  that 
may  be  gathered  on  the  street. 

The  teacher  dictates  numbers — 8,  4,  20,  105, 
250,  4005,  25,  108,  180,  1000,  5001,  etc. — for 
one  pupil  and  now  another  to  express  in  pebble 
language. 

2.  Questions 

The  questions  suggested  in  5  J  (a)  and  {b) 
must  be  asked  continually — 

What  positions  (spaces)  are  used? 

(The  spaces,  of  course,  are  named  from  right 
to  left — 1st  space  (or  position),  2d  space,  3d 
space,  etc.    In  123,  the  3  is  in  the  first  space.) 

What  positions  are  empty? 

How  do  you  know  that  the position  is 

empty?  (The  child  replies,  "I  can  see  that  it 
is  empty.") 

How  many  positions  are  used  with  this 
number? 

J.  Imitation  Sandboards 

The  sandboard  may  now  be  laid  aside  and 
each  child  given  a  piece  of  cardboard  ruled  in 
imitation  of  a  sandboard.  If  these  substitutes 
for  the  abacus  are  made  18"  X4",  there  will 
be  room  on  them  for  9  2 -inch  spaces — three 
for  fractions  and  6  for  integral  numbers.  One 
side  of  the  cardboards  should  be  ruled  at  this 
time  with  9  spaces  in  regular  form  for  integers. 
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When,  later,  fractions  are  introduced,  the 
reverse  side  may  be  ruled  as  above  for  integers 
and  fractions.  This  is  to  avoid  anticipating 
fractions  at  this  time  by  ruling  for  them.  If 
each  pupil's  card  has  his  name  written  on 
it,  the  cards  may  be  gathered  up  and  re- 
distributed at  will  and  quickly. 

Pebbles  may  be  used  on  these  abaci;  or,  if 
desired,  some  other  form  of  object  may  be 
substituted — pegs  or  anything  else  that  is 
suitable  and  easily  obtainable. 

Numbers  are  dictated  orally  as  for  the  sand- 
board  above  and  the  question  asked  as  before. 

4.  Adding,  Subtracting,  and  Multiplying 

a.  These  processes  upon  the  abacus  are  not 
tinlike  the  processes  with  which  the  child  is 
familiar  excepting  that  they  are  objective. 
Our  ancestors  used  them  in  much  the  same  way 
as  they  are  used  to-day  excepting  that  their 
multiplication  was  practically  addition. 

In  addition,  the  numbers  are  expressed  on 
the  abacus  and  then  added,  the  sum  taking  the 
place  of  the  addends  at  the  conclusion  of  the 
process. 

In  subtraction,  the  minuend  only  is  ex- 
pressed on  the  abacus  and  the  subtraction 
performed  in  a  way  similar  to  present  day 
subtraction. 
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In  multiplication,  the  teacher  should  have 
the  multiplicand  expressed  and  the  work  of 
multiplying  performed  as  we  multiply  to-day 
except  that  the  multiplier  is  not  expressed  on 
the  abacus. 

As  to  division,  the  abacus  processes,  even  of 
the  periods  hundreds  of  years  after  the  first  use 
of  the  abacus,  were  too  complicated  and  diffi- 
cult for  a  child  to  attempt.  Moreover,  they 
would  have  no  development  value  for  him. 


b.  Exercises  in  Adding 
325  +257  9046  +8077 

508  +309  5970  +6540 

1008  4-8007  380  +275  -f  774 

The  following  diagrams  show  the  expression 
of  1574-245+341  on  the  abacus  and  the  sum 
as  it  will  appear  after  the  work  is  done : 


0 

00 

000 

OOOOJ 

0000 
0000 

00000«(^ 
00000 

0 

(1) 

0000000 

0000 

000 

(2) 

Note  i. — (i)  Shows  how  the  child's  abacus  looks 
after  he  has  expressed  the  numbers,  but  before  the 
addition  is  performed.  (2)  Shows  how  his  abacus  looks 
after  the  addition.     The  sum.  is  743. 
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c.  Exercises  in  Subtraction 
862  -235  901  -256 

791-324  560-273 

806—252  8001—356 

3760-1345  9002-3567 

The  questions  m  B  i  (a)  and  (b)  in  the  form 
suggested  in  2  above  should  be  used  with  each. 
The  following  diagrams  show  (i)  the  expres- 
sion of  6001-2567  on  the  abacus  and  (2)  the 
remainder  as  it  will  appear  after  the  construc- 
tion: 


000000 

0 

(1) 

000 

0000 

000 

0000 

(2) 

Note  2. — (i)  Shows  the  abacus  after  the  pupil  has 
expressed  the  minuend.  (2)  Shows  the  abacus  after  the 
subtraction  has  been  performed.     Remainder,  3434. 

d.  Exercises  in  Multiplication 

3X261  3X461  3X507 

2X426  3X518  4X450 

2X528  4X354  3X5006 

The  following  diagram  shows  the  abacus 
expression  for  5  X304  ready  for  the  work  of 
multiplying,  which,  of  course,  is  mental: 
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000 

0000 

(1) 

0 

00000 

00 

(2) 

Note  3. — (i)  Shows  the  abacus  after  the  multi" 
plicand  has  been  expressed.  (2)  Shows  the  abacus  at 
the  close  of  the  construction.     The  product  is  1520. 

(Throughout  the  exercises  of  this  step  the 
questions  inB  i  (a)  and  (b)  as  to  position,  empty 
spaces,  and  used  spaces  must  be  continued.) 

E.  The  Invention  of  "  Apices  "  on  Cones 

In  the  third  step  each  unit  (of  the  first  or 
second  or  third  or  any  other  order)  had  its 
pebble.  Each  pebble  in  the  first  space  had 
its  real  value,  one.  Each  pebble  in  the  2d 
space  had  a  representative  or  position  value. 
It  stood  for  ten  units  of  the  first  order.  In  the 
same  way,  a  pebble  in  the  third  space  had  a 
position  value  of  100  units  of  the  first  order  or 
ten  imits  of  the  2d  order. 

The  third  step,  therefore,  established  posi- 
tion or  representative  values. 

The  advance  in  development  which  features 
this  fourth  step  is  the  extension  of  representa- 
tive values  to  all  abacus  counters  regardless  of 


498         NUMBER  BY  DEVELOPMENT 

the  spaces  in  which  they  may  be  used.  It  is  the 
culmination  of  the  development  of  the  prin- 
ciple of  representative  values. 

It  will  doubtless  be  necessary  for  the  teacher 
to  conduct  the  work  of  this  step  as  a  class  exer- 
cise with  a  large  abacus  on  a  table  in  the  front 
of  the  room.  It  will  not  be  possible,  ordinarily, 
to  supply  the  individuals  of  the  class  with  cones 
large  or  small.  It  may  be  difficult  to  procure 
enough  even  for  general  class  use.  There 
should  be,  however,  if  possible,  at  least  a 
dozen  small  ones,  two  dozen  would  be  much 
better.  If  cones  are  not  available,  other  forms 
(inch  cubes,  for  illustration)  may  without  great 
impropriety  be  used  provided  that  the  pupils 
be  taught  that  the  real  objects  were  cones. 
The  step  is  more  important  historically  than 
for  development  purposes.  The  cones  were 
soon  superseded  for  greater  convenience  by 
discs  but  the  same  "apices"  were  written  or 
engraved  on  them  as  were  used  on  the  cones. 

The  pupils  are  taught  that  at  the  close  of  the 
pebble-counting  period  some  genius  in  India 
invented  written  signs  for  i,  2,  3,  4, — 9;  that 
they  were  brought  from  India  to  Alexandria, 
Egypt,  by  travelers;  that  educated  men  from 
Rome  learned  them  in  Alexandria  and  taught 
them  to  the  Romans ;  that  these  signs  were  the 
ancestors  of  our  figures  i  to  9 ;  that  they  were 
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used  by  the  Romans  by  writing  them  on  Httle 
cones  (some  cones  with  "  i,"  others  with  "2," 
others  with  "3,"  etc.) ;  that  the  cone  form  for 
coimters  was  chosen  because  of  its  stabiHty  of 
equiHbriimi  (it  will  not  tip  over  easily  when 
used  on  an  abacus);  that  by  their  use  fewer 
counters  were  necessary  than  with  pebbles; 
and  that  people  called  the  signs  on  these 
counters  apices. 

Exercises  should  be  given  by  calling  upon 
one  child  and  then  another  to  express  numbers 
on  the  abacus  from  oral  dictation. 

Exercises  for  Expression  with  Cones. 

4,  14,  20,  100,  80,  loi,  1005,  4023,  5302, 
2400,  3000,  4002,  1 0000,  2020. 


A        4   ^ 

1 1 1  I 1 1 1  


(This  diagram  shows  how  4023  was  ex- 
pressed with  the  abacus.) 

The  questions  suggested  in  B  i  (a)  and  (b) 
should  be  used. 

After  a  few  such  exercises  the  teacher  passes 
to  the  next  step. 


F.  The  Substitution  of  Discs  for  the  Cones 

This  step  differs  from  the  fourth  in  that  (i) 
discs,  like  our  copper  or  silver  coins,  with  the 
number  symbols  written  on  them  (the  same 
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symbols  as  were  used  on  the  cones)  are  used 
instead  of  the  cones,  and  (2)  the  Roman 
fractions  are  introduced. 

I.  The  Discs  Described 
It  will  be  impossible  to  supply  the  pupils 
with  discs  for  work  in  this  step.  Rectangular 
pieces  of  cardboard  about  ^"  square  or  octag- 
onal pieces  of  proper  size  will  serve  all  practical 
purposes  provided  that  the  pupils  are  taught 
that  the  Romans  used  coin-shaped  counters, 
but  that  not  being  able  to  cut  them  in  cir- 
cular form  we  use  the  easier  rectangular  cards. 
Each  pupil  should  have  a  supply  of  such  cards 
— several  marked  i,  several  marked  2,  several 
marked  3,  etc.,  to  9.  These  figures  should  be 
made  large,  and  for  convenience  for  rapid 
work  the  figures  should  be  written  on  both 
sides  of  the  cards. 

2.  Exercises  with  Integral  Numbers 
Exercises   from   oral   dictation    should   be 
given  in  adding,  subtracting,  and  multiplying. 

a.  Adding 
The  following  diagram  shows  the  abacus 
expressions  in  the  addition  of  207  +328  -f  193 : 


® 
© 

® 
® 

® 
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The  following  diagram  shows  the  abacus 
after  the  addition : 


® 

® 

® 

Many  exercises  like  the  above  should  be 
given. 

b.  Subtracting 

The   following  is  the  diagram  of  820-35 
before  the  operation  of  subtracting: 


® 

® 

The  diagram  of  the  abacus  after  the  opera- 
tion need  not  be  shown  as  it  corresponds  to 
that  in  subtraction  in  pebble  counting  in 
D  4c  above. 

It  should  be  evident  that  the  work  of  sub- 
tracting is  not  unlike  our  present  subtraction 
excepting  that  the  subtrahend  is  not  expressed 
on  the  abacus  but  carried  in  the  mind  entirely. 

Several  exercises  should  be  given  in  subtrac- 
tion. 

c.  Multiplying 

The  following  is  the  diagram  of  4  X823: 


(S) 

© 

® 
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The  work  is  mental,  the  pupil  constructing 
the  multiplicand  (823)  on  the  abacus  as  above 
and  then  multiplying  by  4  in  our  ordinary  way 
excepting  that  the  multiplier  4  is  not  expressed. 
The  other  (older)  form  of  abacus  multiplying 
would  be  by  expressing  the  823  four  times  and 
then  solving  by  addition. 

The  following  diagram  shows  the  abacus  at 
the  close  of  the  operation  : 


Several  exercises  should  be  given  in  multi- 
plying with  the  abacus. 

Summary. 

I .  The  method  of  expressing  number  in  the 
"finger  counting"  age.     "Positions" 
indicated  by  persons;  imits,  by  fingers. 
1st.  How  it  required  a  separate  individual 
for  the  tally  of  the  units  of  each 
order.    {B,  i.) 
2d.  How    the    individual's    "position" 
would  necessarily  be  regarded  as 
"used."    {B,2.) 
3d.  How    the    individual's    "position" 
would  be  "empty"  yet  "used." 
{B,3.) 
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4th.  Exercises  in  "finger"  addition  and 
multiplication.     {B,  4.) 

2.  Pebble  counting — "positions"  indicated 

by  sizes  of  pebbles ;  units,  by  pebbles  of 
the  different  sizes.     (C.) 

3 .  The  invention  of  the  abacus — '  'positions'  * 

indicated  by  spaces  on  the  sandboard; 

units,  by  pebbles. 
The  beginnings  of  position  values. 
The  abacus  described.    (Z),  /.) 
Exercises  in  addition,  subtraction,  and 

multiplication.     {D,  4.) 

4.  Written  number  signs  (apices)  on  cones — 
The   establishment   of   position   values. 

(£•) 

Exercises  in  expressing  numbers. 

5.  The  substitution  of  coin-shaped  counters 

for  the  cones — discs  inscribed  with  the 

number  signs,  apices.    (7^.) 
The  discs  described.     (F,  i.) 
Exercises  in  addition,  subtraction,  and 

multiplication.    (F,  2.) 

Time  required  for  the  work  of  this  chapter,  twenty  days. 
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CHAPTER  II 

THE    ROMAN    FRACTIONS 

Topic: — The  Notation  and  the  Operations  on  the  Abacus 
A.  Roman  Notation 

/.  Integers 

It  is  necessary  for  us  before  taking  up  the 
last  step  in  the  development  of  integral  num- 
ber— the  introduction  of  zero — to  develop  the 
Roman  system  of  fractions. 

The  teacher  will  bear  in  mind  that  the 
abacus  was  the  instnmient  of  Roman  calcula- 
tion but  not  that  for  expressing  wW//ew  nimiber. 
Numbers  were  written  in  what  we  now  call 
Roman  nimierals.  534  was  DXXXIV,  1667 
was  MDCLXVII,  249  was  CCXLIX.  In 
adding,  subtracting,  multiplying,  and  dividing, 
the  computations  were  made  on  the  abacus 
with  the  apices  as  shown  in  Chapter  i ;  and 
the  results,  if  written  down,  were  written 
in  Roman  numerals.  The  Roman  fractions, 
when  written,  were  expressed  in  the  same  way 
and  took  our  present  fraction  form — the 
numerator  over  the  denominator  with  a  hori- 
zontal line  between.    -^  was  i,  10  was  5^1,  etc. 

The  aim  of  this  chapter  is  to  show  how 
fractions  were  expressed  on  the  abacus  and 
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how  fractions  on  other  bases  than  12  would 
have  been  expressed  on  the  same  principle. 
With  these  experiences  in  using  fractions  of 
several  bases,  the  pupil,  when  the  final  step  in 
number  development  is  taken — the  inven- 
tion of  zero — and  we  suggest  the  expression  of 
loths  and  looths  with  the  zero  and  without  the 
abacus,  will  be  ready  to  write  and  read  them 
by  unhesitating  inference. 

2.   Fractions 

As  has  been  said,  the  fractions  that  the 
Romans  used  in  computations  were  based 
upon  12 — I2ths,  I44ths,  I728ths,  etc.  These 
fractions  were  used  on  the  abacus  in  spaces 
below  (to  the  right  of)  the  spaces  for  integers. 
^  was  expressed  by  VI  in  the  first  fraction 
space  (y%),  ^  by  IV,  |  by  III.  X  in  the  2d 
fraction  space  meant  t2  of  3^  or  ■^^.  -J  was 
expressed  by  I  in  the  first  fraction  space 
and  VI  in  the  2d  fraction  space.  Their 
reduction  of  |-  was  somewhat  as  follows:  -J 
<^f  t1  =  ri-  This  gives  I  in  the  first  frac- 
tion space.  1^  =  i  of  3V  =  i  of  m  =  ifi  or 
VI  in  the  2d  space.  Their  reduction  of  -J 
was  after  the  same  manner — J  of  -fa  =  "rl- 
This  gave  I  in  the  first  fraction  space.  -^  =i 
of  A  =¥  of  1%  =TTi'  This  gave  IV  in  the  2d 
fraction  space. 
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In  this  way  all  fractions  other  than  I2ths 
were  changed  to  the  I2ths  series  and  expressed, 
in  making  computations,  in  the  fraction  spaces 
of  the  abacus.  Exercises  should  be  given  to 
teach  the  pupils  this  process  of  changing  other 
fractions  to  duo-decimals. 

The  teacher  will  bear  in  mind  that  at  this 
time  (the  period  in  which  the  apices  were  on 
discs)  the  "o"  was  not  known  in  Rome, 
neither  the  position  system  of  the  Arabs.  On 
this  account  apices  could  not  be  used  for  frac- 
tions. \%  could  not  be  expressed  except  by 
5^1,  or  by  X  in  the  first  fraction  space,  because 
neither  lo  nor  12  could  be  expressed  with 
Arabic  symbols  (apices)  in  a  single  abacus 
space.  The  same  would  be  true  of  yj.  It 
could  be  expressed  only  by  Roman  letters  ^i 
or  by  XI  in  the  first  fraction  space.  For  these 
reasons  the  Romans  used  the  Roman  numerals 
on  the  abacus  when  expressing  fractions.  A 
mixed  number  on  the  abacus  would  show 
apices  in  the  integral  spaces  and  Roman 
numerals  in  the  fraction  spaces. 

Note. — As  our  decimal  fraction  system  developed 
from  these  Roman  "duodecimals,"  it  is  important 
that  the  latter  should  be  understood  fully.  To  this  end 
the  duodecimals  should  be  written  out  in  table  form  and 
pupils  should  be  able  to  give  this  table  orally : 
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12 
12 
12 
12 
12 


This  shows  the  Ro- 
man number  table  from 
'the  5th  fraction  order  to 
the  3d  integer  order. 


=  1 

=  1  ' 

=  I  unit  (whole) 
10  units  =  I  ten 
10  tens    =  I  hundred,  etc. . 

For  convenient  oral  expression  the  above  tables  may 
be  read — 

12  fives  =  I  four 

1 2  fours  =  I  third 

12  thirds  =  I  second 

12  seconds  =  I  prime 

12  primes  =  I  integral  tinit 

10  integral  units  =  i  ten 

10  tens  =  I  hundred 

The  table ;  exercises  in  expressing  fractions  and  mixed 
numbers  on  the  abacus;  and  exercises  in  addition,  sub- 
traction, and  multiplication,  will  give  the  pupils  the 
necessary  familiarity  with  the  system. 

B.  The  Abacus  With  Fractions 

I.  The  Discs 

For  work  with  fractions,  therefore,  it  will 
be  necessary  to  prepare  sets  of  counters  with 
the  Roman  letter  numbers — 

©(S)(S)@©@@@@(x)(§) 

these  counters  (discs  if  possible)  to  be  used  in 
the  fraction  spaces,  the  apices  in  the  integer 
spaces. 
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2.  The  Fraction  Spaces 

The  form  of  the  abacus  must  now  be 
changed  to  provide  fraction  spaces.  Its  form 
should  be  as  follows,  the  wide  space  between 
grooves  being  the  space  between  integral  and 
fractional  numbers: 


©I     I®  I® 


(The  teacher  should  ask  frequently  what 
this  wide  space  between  the  integer  and  frac- 
tion spaces  is.  The  pupils  will  call  it  "the 
stopping  place  of  integers."  This  should  be 
satisfactory.) 

This  abacus  diagram  shows  the  abacus 
expressing  20^.  < 

J.  Exercises  in  Expressing  Fractions 

A.      EXERCISES  WITHOUT  REDUCTIONS 

Exercises  like  the  following  should  be  dic- 
tated orally  for  pupils  to  express  on  the  abacus : 


10 


144>  1728» 
29     97    29 


9 

12> 


144> 
110 


18 

144» 
250 


25 


35 


19    6  5 


1728»  12>  144»  12> 
39   39   44    109 


1728»  144»  144>  1728»  1728>  144>  12»  144>  144» 

^-§—  etc. 


172S> 

Note. — In  yW,  the  pupil  expresses  it  as  y^,  yf^.  In 
l^f I  the  pupil  constructs  j^,  y^.  ff  is  sf ^.  The  aim 
of  these  exercises  is,  in  this  way,  to  give  the  pupil  a 
practical  insight  into  the  fraction  scheme.  This  form 
of  expression  will  be  particularly  valuable  in  the  decimal 
fraction  work  later. 
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B.    EXERCISES  WITH  REDUCTIONS 


3ii 

96I 

36f 

io8f 

I9t*« 

2ii 

200f 

39i 

24^ 

3104 

58t 

35A 

C.  Reductions  of  Fractions 

I.  Forms  of  Reductions 
The  pupils  must  be  taught  to  make  reduc- 
tions to  duodecimals  in  two  ways,  both  of 
which  will  be  required  in  reducing  common 
fractions  to  decimals  when  the  latter  are 
introduced. 

a.  The  Long  Way 

(i)  i=}ofli=fof|f=A- 

We  now  put  III  in  first  fraction  space  of 
the  abacus. 

(ii)  f  =f  of  I  =f  of  i|  =  A  =VIII  in  first 
fraction  space.     (See  diagram  (i)  below.) 


I 


(I) 


(iii)  iV  =^  of  I  =  iV  of  tI  =Ti  =  I  in  first 
s.pcn^t;.  12—10  ^^  12—10'-'^  i4i~ioOi  144  — 
Y^  =  II  in  second  space 
of  -Air=-^  of 


iV      _    4 
144  —  10 
* 


12   '  _    1 
1728   ~ 10 


of 


^.*    (See  diagram  (2.) 


1728  ~ 


1728 


■  This  is  approximately  V  in  the  third  fraction  space. 
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I 


® 


© 


© 


(2) 

Note  i. — The  terms  approximate  and  approxi- 
mately must  be  developed  and  must  be  used  very  fre- 
quently so  that  the  pupil,  in  the  case  of  an  indeterminate 
duodecimal  fraction  like  that  for  -^^  as  above,  may 
learn  to  say  in  stating  the  result  of  the  reductions, 
"yV  is  approximately  r^,  yfj,  ytts-"  ^^  '^^  t)e  neces- 
sary to  dictate  a  reduction,  "Give  the  approximate  of 
f  to  the  third  term  of  the  duodecimal  series. ' '  *  'Express 
the  4th  term  approximate  of  f ."  The  child  will  learn 
to  say  of  a  reduction,  "it  is  exact";  or  "it  is  approxi- 
mate." These  same  terms  will  be  needed  in  decimals 
later. 


26.  space.    (See  diagram  (3).) 


144  * 

144 


144 


=  IXm 


I 


® 


(3) 

(v)  f  =1  of  I  =t  of  H  =i  of  fl  =7A  =VII 
m  1st  space.    ■^=i  of  -^=1  of  -^=i  of 

(See diagram  (4).) 


1 

1  2  ~  8      ^^      12 

1^  =TfT  =VI  in  26.  space. 


I 


(4) 


*  tV  being  smaller  than  y^^  cannot  be  made  into 
units  of  the  first  order  (i2ths).  This  the  child  will 
observe.  He  passes  to  units  of  the  2d  term  of  the  series 
i44ths). 
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=  VIII  in  the 


60    _   8? 
12—12 


(vi)   A=^   of    I  =1  of 
1st  Space.    tV  =  f  of  iV  =  f  of 
=  ii  =  VII  in  26.  space  approximately, 
diagram  (5).) 


-i^  =  i  of 

14  4         7    Oi 


48 
144 

(See 


I 


(5) 


(This  "long  way  "  will  be  needed  in  decimal 
fractions  in  extending  mixed  decimals.  .3^, 
for  illustration 

=  .08.     .3i=.38) 


-^  =^  of  -^  -^  nf 
105   ^^   10—5  Oi 


10 
TWO 


=io£ 


40     _      8 
UTO   —  10 


h.  The  Short  Way 

This  short  way  is  the  regular  process  of 
reducing  common  fractions  to  duodecimals 
and  it  will  be  the  regular  way  of  reducing 
common  fractions  to  decimals  when  we  reach 
that  subject. 

Note  2. — In  this  form  of  reductions  the  dictations 
are  given  with  instructions  definitely  limiting  the  nuni- 
ber  of  the  term  to  which  a  reduction  is  to  be  carried. 
The  direction  "exact  or  to  the  4th  term"  would  mean 
that  in  case  the  duodecimal  does  not  terminate  in  or 
before  that  term  the  pupil  will  give  the  approximate 
series  to  the  4th  term.  There  is  nothing  gained  in  this 
development  work  by  carrying  reductions  beyond  the 
3d  or  4th  term  of  the  series. 
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In  preparing  to  make  the  reduction,  the  pupil  must 
first  fimd  where  the  duodecimal  will  terminate.  He 
then  changes  to  that  term  direct. 

(i)  f ,  exact  or  to  the  3rd  term,     f  =f  of  i 


I®     @ 


The  pupil  by  trying  finds  that  8ths  could  be 
changed  to  I44ths.  He  then  proceeds  to 
change  to  I44ths.    He  finds  that  there  are  90. 


90     __8     4._fi_ 

144    —   lJ^14:4' 

(ii)  f ,  exact  or  to  the  3rd  term  approximate. 

4—4.     nf      T   =-4    of      1729   —  1.    of     6912   _   1382?    _ 
3^—5      ^^      ^        5    ^^      1728~5^^1728~1728     — 

9'  7''  2'"  approximate. 

The  pupil  changes  the  1728th  (''')  to  I44ths 
(")  and  the  i44ths  to  I2ths  (0- 

Note  3. — This  will  be  the  regular  process  of  reduc- 
tions in  decimals  when  we  reach  them.  This  process 
applied  to  reductions  in  decimals  later  is  shown  in  thefol- 
lowing-|  =  |of  i=|of  Hn  =  iof  nn  =  T\¥u  =  .62S. 

This  being  the  case  this  must  be  used  very  many 
times  for  the  sake  of  the  analytical  process. 

2.  Questions  to  be  Used 
The  question  as  to  position  (first  integral, 
first  fractional,  second  fractional,  second  in- 
tegral, etc.),  nimiber  of  used  spaces  (positions), 
and  number  of  empty  spaces  (positions)  must 
be  in  constant  use.    The  question,  "What  is 
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this?"  must  be  applied  again  and  again  to 
the  wide  division  line  between  the  integral 
and  fraction  spaces.  ''It  is  the  place  where 
integers  stop  and  fractions  begin."  "It  is  the 
stopping  place  for  integers." 

Note. — Reading  Duodecimals. — In  reading  duodeci- 
mal fractions,  the  pupil  calls  them  i2ths,  i44ths, 
i728ths,  etc. 


I 


m 


m 


v;ould  be  read 
_3 ,8_      1 1 

12'  14  4'  1  728- 


The  teacher  in  dictating  them  for  expression  on  the 
abacus  would  give  them  these  names. 

J.  Exercises  for  Reductions 

a.  Long  Way 

Change  to  duodecimals  exact,  or  approxi- 
mate to  tnree  terms  5^,  -q,  -^,  9,  y,  8»  lUf  6>  ¥> 
±   3  3.  A 

5>    7»    8»    9- 

b.  Short  Way 

Change  to  duodecimals  exact  or  approxi- 
mate to  three  terms — |,  -^j,  ^,  -^y  -^^  I,  f,  |, 

4     i5.    ii    _S_    ± 
'Sf    16»    15'    10»    9' 


D.  Operations  on  the  Abacus 

/.  Addition 


20# 


2o6f 

375f 


2070^ 
30o6f 

5i78ff 


3i5i 
293^ 
309^ 


6009I 

3907M 
5093t 
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^C  S-       7   6_ 

OD  12  TT4  172 


"^^O    12  14  4  17: 

250  TT4  1  7  2^         250  T2  T4T  1728 

Many  other  similar  exercises  should  be 
given. 

Note. — There  are  two  ways  in  which  dictations  of 
duodecimal  fractions  for  abacus  work  may  be  written — 
(i)  with  the  denominators  as  in  •;^,  yf-j,  p^ ;  and  (2) 
with  the  signs  '  "  '"  "",  etc.,  as  in  3',  4",  5'",  and 
6"".  There  are  also  two  ways  of  reading  such  frac- 
tions—(i)  with  the  denominators,  as  in  the  example 
above — 3  twelfths,  4  one  hundred  forty-fourths,  etc.; 
and  without  the  denominators,  as  3  primes,  4  seconds, 
5  thirds,  etc. 

The  pupils,  however,  should  be  required  to  read 
with  the  denominators  almost  entirely — only  occasional 
readings  being  permitted  in  the  prime,  second,  third, 
etc.  language.  The  habit  of  reading  with  denominators 
is  essential  in  decimal  fraction  development. 

Besides  being  essential,  the  reading  with  denomina- 
tors is  the  only  reading  that  is  expressive  of  anything 
that  is  definite.  36  4'  5"  6'"  means  36  and  y|,  y^, 
nVs;  or  36  and  |,  /^,  gf^;  or  36  and  j\,  jl^,  toVo- 
according  as  the  fraction  basis  is  12,  8,  or  10.  If  the 
fraction  basis  is  6,  36  and  4'  4"  5'"  would  mean  36 
and  |,  "3^,  yfe-  If  the  fraction  basis  is  9,  the  above 
expression  would  mean  36  and  f ,  ^i,  -jts-  Whatever 
the  system,  the  reading  "without  the  denominator  would 
be  in  terms  of  primes,  seconds,  thirds,  etc.  As  this  out- 
line goes  (later)  from  one  fraction  basis  to  another 
(12's,  8's,  lo's,  6's,  etc.)  the  prime-second-third  reading 
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should  be  used  with  each  system  just  enough  to  estabHsh 
in  the  child's  mind  that  that  language  applies,  whatever 
the  system — that  the  signs  '  "  '"  and  the  prime- 
second -third  language  refer  to  fractional  positions  (first, 
second,  third,  etc.)  regardless  of  whether  the  system  is 
based  on  12  or  10  or  8  or  6  or  some  other  number.  As  a 
matter  of  historical  fact,  the  prime-second- third,  etc. 
signs  were  used  with  decimal  fractions  (853  i'  2"  5'" 
meaning  853  and  ^V-  Too-.  lAo;  or,  in  our  language, 
253.125)  in  the  period  between  duodecimals  and  the 
discovery  and  adoption  of  our  present  position  system 
with  decimals.  It  was  the  intervening  step  between 
the  one  and  the  other.  (See  Fink,  p.  50  and  Ball,  p.  203.) 


2.  Exercises  in  Subtraction 

3oof      406I     7003i 
-2oi|i    -183I    -2124^ 


From  255  6'  2"  ^"'  take  17  5'  8''  2'" 
From  790  3'  10''  2'"  take  201  5'  8''  5'" 
From  900  2'  2"  2'"  take  loi  6'  ^"  e" 
Several  exercises  in  subtraction  should  be 
given. 

J.  Exercises  in  Multiplication 

Multiply  34  2'  S"  5"'  by  5 
Multiply  106  8'  8''  8'"  by  3 
Multiply  2005  6'  i"  6'"  by  7 
Many    other    exercises    in    multiplication 
should  be  given. 
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4.  Division 

The  operation  of  division  of  integral  num- 
bers on  the  abacus  was  very  complicated  and 
difficult.  On  this  account  it  has  no  develop- 
ment value  and  should  not  be  attempted.  The 
other  processes  have  served  every  purpose 
of  leading  the  child  over  the  path  of  the  evolu- 
tion of  decimals  from  the  Roman  fractions. 
Division,  if  it  could  be  taught,  would  add 
nothing  in  the  way  of  clearer  or  more  complete 
imagery. 

Summary. 

1 .  How  the  Romans  expressed  integral  num- 

bers without  the  use  of  the  abacus, 
using  Roman  nimierals.    {A,  i.) 

2.  How  in  their  computations  the  Romans 

used  the  abacus  with  the  apices.  {A,i.) 

3.  The   Roman   fraction   notation  was   in 

Roman  numerals  and  was  based  on  12. 
Each  denominator  was  some  power 
of  12.     {A,  2.) 

4.  Roman  calculation  required  the  abacus 

with  apices  for  integers  and  Roman 
discs,  or  the  position  signs  ('  "  '"  etc.), 
for  fractions.    {B  and  D  note.) 

5.  Methods  of  reducing  other  fractions  to 

the  Roman  duodecimal  basis  for  ex- 
pression and  calculation.    (C,  7.) 
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The  "long  way"  method.  (C,  /  a.) 

The  "short  way"  method.  (C,  i  b,) 

How  to  question.    (C,  2).  How  to  read 

fractions.    (C,  2  Note.) 
6.  Operations  in  addition,  subtraction,  and 

multipUcation    on    the  abacus    with 

Roman  fractions.    (D.) 

Time  required  for  the  work  of  this  chapter  with  neces- 
sary reviews  of  previous  work,  Chapter  I,  twenty 
days. 


CHAPTER  III 

FRACTIONS  HAVING  OTHER  BASES,  DUODECIMAL 
IN  FORM 

Topic: — If  the  Romans  Had  Used  6  or  8  or  lo,  Etc.,  as  a 
Fraction  Basis 

A.  Aim 

To  introduce  other  fraction  bases  with  exer- 
cises in  reading  and  writing,  addition,  sub- 
traction, and  multiplication  under  each.  Ex- 
perience with  8,  6,  10,  4,  etc.,  as  bases,  will 
give  the  child  (i)  better  insight  into  fractions 
of  this  kind,  and  (2)  an  opportunity  to  dis- 
cover, without  its  being  suggested  to  him,  that 
10  is  the  most  workable  basis  for  fractions  in 
abacus  computations.  The  men  who  dis- 
covered decimals  discovered  first  the  superior 
workableness  on  the  abacus  of  fractions  of  the 
lo's  basis;  then,  their  adaptation  to  the  posi- 
tion system  with  o.  They  discovered  that  it 
is  easier  and  that  there  is  less  likelihood  of 
errors  to  multiply  84  and  2'  5"  6'"  by  9  when 
that  expression  means  84  and  3^,  y§o"»  two» 
than  when  it  means  84  and  ^,  y}^,  -^jte  ^^  ^4 
and  f ,  6^,  5-f^.  The  aim  of  the  step  is  to  give 
the  pupil  experience  in  rapid  work  in  addition, 
subtraction,  and  multiplication  under  now 
one,  then  another,  and  then  another  fraction 
518 


FRACTIONS  HAVING  OTHER  BASES    519 

basis.  In  this  way  he,  too,  will  discover  the 
facility  with  which  fractions  on  the  lo's  basis 
are  handled.  He  will  prefer  to  use  them,  to 
write  and  read  them,  and  to  compute  with 
them.  From  this  to  real  decimal  fractions  is 
but  a  step. 

B.  Fractions  on  Various  Bases 

7.  On  8  Basis 

a.  Introduction. 

This  is  introduced  by  asking  the  question, 
"If  the  Romans  had  used  8  as  their  fraction 
basis  instead  of  12,  what  would  have  been  the 
denominators  of  their  fraction  series?"  It  is 
usually  found  that  the  pupils  will  respond  at 
once,  "8ths,  64ths,  5i2ths,  etc." 

b.  Exercises  in  Expressing  Fractions. 

In  expressing  these  numbers,  fractional  as 
well  as  mixed,  on  the  abacus,  the  pupils  should 
use  the  discs  with  the  apices.  There  is  no 
necessity  for  discs  having  the  Roman  letter 
numerals  (I,  II,  III,  IV,  etc.)  with  fractions 
on  a  basis  less  than  11.  The  Romans  used  them 
because  there  were  no  apices  for  10  and  11. 

Express      2  and  J,  q\. 

19  and  8^,  gif,  -Qi^. 

20  and  ■^. 

305  and  ^,  sfg. 
Vol.  111-3 
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(The  questions  as,  How  many  spaces  are 
used?  How  many  are  empty?  How  many 
fraction  spaces  used  and  how  many  empty? 
How  many  integral  spaces  used  and  how 
many  empty?  and,  What  does  the  wide  division 
line  on  the  abacus  mean? should  be  in  constant 
use  as  before.) 

Fvnrpcic  JL     3.     7.     3.    U,    _1_    _7_ 
j-/ApicS)S>   2'4>8»2»     8'    16»16* 

Express  exactly  or  approximately  to  three 
terms — 

A     JL.      2.     2.     5.     _1_     _1_     _5_     5.     I.     A 
8'    16»    5'    3»    9'    20»    30'    12»    7'    8'    5* 

The  process  of  changing  ^  to  fractions  on 
this  8  basis  is  like  that  used  with  I2ths,  I44ths, 
etc. — 

^  =  ^  of  1^  =  If .  We  put  a  3-disc  in  the 
second  fraction  space. 


A     _    4     p,f     1 
64   ~20   ^^    64 


=-io  of  5T2  =TT2  =  5TT  approx- 


imately. 

We  put  the  2-disc  in  the  third  abacus  space 
for  the  approximate  result. 


I 


® 


© 


Many  exercises  in  expressing  fractions  on 
this  basis  should  be  given, 

c.  Exercises  in  reading  fractions  with  de- 
nominators when  dictated  in  terms  of  primes, 
seconds,  etc.  (31  4'  6"  2'"). 
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d.  Exercises  in  Addition,  Subtraction,  and 
Multiplication. 

No  suggestions  are  needed  here. 

This  is  the  same  kind  of  work  as  was  done 
with  I2ths,  I44ths,  etc. 

2.  On  6  Basis 

This  repeats  with  6ths,  36ths,  2i6ths,  etc., 
the  work  that  was  done  with  fractions  on  the 
8  basis  in  i  above. 

J.  On  10  Basis 

This  repeats  the  work  that  was  done  with 
fractions  on  the  12,  8,  and  6  bases  above. 

4.  Mixed  Exercises 

a.  Under  this  head  the  teacher  gives  exer- 
cises (i)  in  addition — adding  now  an  exercise 
with  fractions  on  a  12  basis,  then  one  on  an 
8  basis,  then  one  on  a  10  basis,  then  one  on  a 
12  basis,  then  one  on  a  6  basis,  no  two  succes- 
sive exercises  on  the  same  basis;  (2)  in  multi- 
plication, going  from  one  basis  to  another  in 
the  same  manner. 

The  child  should  solve  each  problem  as 
rapidly  as  possible  consistent  with  accuracy. 

Very  many  exercises  in  each  of  the  two 
processes  (addition  and  multiplication)  should 
be  given. 

h.  The  aim  of  the  work  is  to  give  the  pupil 
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an  opportunity  to  discover  that  fractions  on 
the  10  basis  are  very  much  easier  to  use  in 
computations,  easier  and  with  less  tendency 
to  error. 

c.  Comparing  the  Different  Bases. 

Our  forefathers  made  this  discovery  and 
from  it  came  eventually  the  application  of 
our  integral  position  system  to  fractions  on  a 
10  basis — our  present  decimal  fractions.  After 
several  exercises  have  been  given,  the  teacher 
should  seek  the  opinions  of  individual  pupils 
as  to  which  of  the  fraction  bases  is  the  easiest 
to  work  with.  The  choice  will  fall  to  fractions 
on  the  10  basis. 

d.  Choosing  a  Basis  for  Future  Use. 

The  pupils  should  now  be  told  that  our 
forefathers  made  the  same  discovery  and  act- 
ually changed  their  fraction  system  from  the 
12  to  the  lo  basis  form.  It  should  now  be 
understood  by  the  pupils  that,  in  their  work 
in  writing  fractions  on  the  Roman  plan,  in  the 
absence  of  specific  directions  to  use  the  I2 
basis,  they  must  use  this  simpler  and  better 
ID  form. 

Summary. 

I.  The  aim  in  this  chapter  is  to  give  the 
pupil  such  familiarity  with  the  Roman 
fraction  scheme  as  will  prepare  him  to 
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discover  for  himself  in  the  next  chapter 
our  present  system  of  decimal  fraction 
notation.    It  aims  to  do  this  by  giving 
him  experience — 
(i)  In  working  out  fraction  systems  on 
the  Roman  model  using  various 
bases — with  8  as  a  basis,  with  6, 
with  9,  but  particularly  with  10. 
(2)  In  computing  with  each  system  thus 
worked  out,  to  enable  him  to  dis- 
cover the  superiority  for  computa- 
tion work  of  the  system  on  the  lo's 
basis  over  that  on  any  other  basis. 
2.  Exercises  in  writing  fractions  based  on 
the  powers  of  8,  on  the  powers  of  6,  on 
the  powers  of  10.     {B,  1-3.) 
Reductions  and  computations  imder  each 
of  these  systems.     {B,  4.) 
~   Opinions  as  to  the  comparative  work- 
ableness of  these  Roman-model  sys- 
tems.   {B,  4.) 

Time  required  for  the  work  of  this  chapter,  including 
necessary  reviews  of  the  subject,  ten  days. 

4  9  i  9  ?] 


CHAPTER  IV 

THE  PASSING  OF  THE  ABACUS — ZERO  INVENTED 

Topics: — The  History  of  Zero  With  Integral   Numbers.     The 

Use  of  Zero  With  Fractions.    The  Need  of  a  Decimal  Point. 

The  Period  Adopted 

A.  The  Historical  Connections 

We  have  brought  the  development  work  up 
to  the  point  where  the  child,  as  was  the  race, 
is  ready  for  the  discovery  of  the  zero  and  the 
position  system  in  both  integers  and  fractions. 
Historically,  as  has  been  stated,  the  applica- 
tion of  zero  and  the  position  system  to  frac- 
tions, which  gave  us  our  decimal  fraction  sys- 
tem, was  150  years  after  the  use  in  Europe  of 
zero  with  integers. 

For  development  work  this  difference  of  time 
is  ignored  and  the  work  proceeds  on  the  basis 
of  the  full  introduction  of  zero  (with  both 
integers  and  fractions)  at  one  time.  That  150 
years  was  a  period  of  assimilation.  It  recorded 
no  step  in  advance,  hence  furnished  no  element 
to  represent  it  in  the  development  sequence. 

The  zero  was  not  invented  in  Europe  and 
consequently  we  must  drop  the  history  of 
Roman  number,  go  back  in  time  1000  years, 
find  our  zero  and  the  position  system  where  it 
originated  (in  India),  and  trace  its  connection 
with  the  Roman  number  system.  The  apices 
524 
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as  has  been  stated  were  brought  from  India  to 
Alexandria  and  thence  to  Rome.  This  was 
three  or  four  hundred  years  before  the  zero 
was  invented. 

We  owe  our  knowledge  of  this  sign  and  the 
principle  of  position  to  the  Saracen  conquests. 
They  were  brought  by  these  people  to  North- 
em  Africa  and  to  Europe  through  Spain.  In 
France,  the  Netherlands,  and  Italy,  Arabic 
and  Roman  number  met.  The  Arabic  system 
of  integral  number  with  its  zero  applied  to 
fractions  as  well  as  to  whole  numbers,  and  the 
Roman  system  of  fractions,  changed  from  a 
basis  of  12  to  a  basis  of  10,  became  the  Etiro- 
pean  system. 

The  pupils  should  know  these  facts — where 
zero  was  invented  and  how  it  came  to  Europe 
— but  the  development  work  must  proceed  as 
if  the  zero  were  an  invention  of  the  period 
when  the  "Arabic"  system  practically  sup- 
planted that  of  Rome. 

B.  The  Introduction  of  Zero 

I.  With  Integers  ^ 
The  teacher  tells  how  some  ingenious  Indian 
invented  a  sign  for  "empty."  This  sign  was 
our  zero.  He  told  people  that  if  they  would 
use  his  zero  (o)  there  would  be  no  need  of  an 
abacus  and  discs.     He  told  them  that  vmder 
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his  new  plan  (without  an  abacus),  when  one 
writes  a  nimiber  (5,  for  illustration),  it  must 
be  understood  to  be  in  the  first  integral  space. 
4  written  alone  must  be  understood  to  be  four. 
If  we  wish  to  write  5  in  the  second  integral 
space  we  must  say  that  the  first  space  is  empty 
— 50.  The  expression  300  means  the  first  and 
second  integral  spaces  empty  and  the  3  in  the 
third  space.  The  number  is  three  himdred. 
There  are  three  used  spaces  and  one  of  these, 
the  3d,  is  occupied. 

"Write  a  nimiber  having  4  in  the  third  and 
3  in  the  first  integral  space."    ("403.") 

"What  is  the  nimiber?" 

"How  many  empty  spaces?" 

"How  many  used  spaces?"     ("Three.") 

"Write  5  in  the  fourth  integral  space." 
("5000.") 

"What  does  it  say  as  to  used  and  empty 
spaces?" 

('Tt  says  that  there  are  4  used  spaces,  the  4th 
space  occupied,  the  ist,  2d,  and  3d  empty.") 

"Why  the  zeros?" 

"Read  the  number."    ("Five  thousand.") 

Several  additional  exercises  with  integral 
numbers  should  be  given  and  the  pupils  asked 
about  the  used,  the  occupied,  and  the  empty 
spaces,  and  why  the  zero;  as — "Write  a  num- 
ber having  6  in  the  4th  integral  space  and  5  in 
the  2d."    ("6050.") 
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2.   With  Fractions 

"Write  a  number  having  6  in  the  first  inte- 
gral space  and  4  in  the  first  fraction  space." 
("6|4."*)    (See  Chapter  III,  B,  4  d.) 
"Yes,  this  is  good." 
"How  many  used  spaces?"    ("Two.") 
"How  many  integral  spaces  used?" 
"How  many  fraction  spaces  used?" 
"What  is  the  vertical  line  f or ? "    ( " To  show 
where  integers   stop   and   fractions   begin.") 
(See  Chapter  II,  C2.") 

"Read  it."    ("Six  and  four  tenths.") 
"Write  the  number  in  the  regular  way  of 
writing  numbers."     ("63^.") 

"Write  a  number  having  4  in  the  2d  integral 
space,  4  in  the  ist  fraction  space,  and  5  in  the 
2d  fraction  space."     ("40I45.") 

(The  questions  as  to  the  used  spaces,  the 
occupied  spaces,  the  used  integral  spaces,  the 
used  fraction  spaces,  and  what  the  verticle  line 
is  for  should  be  asked.) 


*  The  child  will  certainly  write  the  number  and 
will  write  it  as  above.  The  vertical  line  is  the  only 
means  of  separating  integral  from  fraction  spaces  that 
he  has  known.  It  will  occur  to  him  here  that  such 
separation  must  be  made  and  he  will  indicate  it  as  it 
was  indicated  on  his  abacus.  The  teacher  must  permit 
the  use  of  the  line  in  several  expressions.  She  then 
teaches  the  simpler  "stopping-place"  sign — the  period. 
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"Read  the  niimber."  (Forty  and  four  tenths 
and  five  hundredths."  *) 
"Write  six  tenths."    C'|6"). 
"Write  8  tenths  and  9  hundredths."  ("I89.") 
"Write  3  and  7  hundredths."    ("3I07.") 
"How  many  used  fraction  spaces?" 
"How  many  empty  fraction  spaces?" 
"What  fraction  space  is  empty?" 
"What  fraction  space  is  occupied?" 
"What  is  the  vertical  line  for?" 
"Write  3  hundredths  and  4  thousandths." 

("I034.") 

(Ask  with  this,  and  with  every  other  exercise, 
about  the  used,  empty,  and  occupied  spaces 
and  the  vertical  line.) 

C.  The  Stopping  Place  Sign — Written 

I.  The  Period  Introduced 
The  pupils  are  now  taught  that  our  fore- 
fathers agreed  that  the  sign  for  the  "stopping 
place"  for  integers  should  be  the  period.  So, 
instead  of  the  vertical  line,  we  will  use  that 
sign  hereafter. 

*  This  "long  way"  of  reading  fractions  is  the 
child's  natural  way  of  reading — natural  because  he 
so  read  fractions  on  the  abacus.  The  "short  way"  of 
reading  fractions  is  a  later  development.  (See  C,  5, 
below.)  In  the  meantime  the  teacher  must  not  permit 
herself  to  read  a  fraction  in  other  than  this  "long 
way." 
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2.   Written  Dictations  for  Pupils  to  Read 
.3,  1.4,  30.04,  3.125,   14.006,    1.012,  3.101, 

4.002,  1. 123,  3.0102,  7.7071,  etc.     Many  such 

expressions  should  be  dictated. 

The  pupils  should  read  these  fractions  "the 

long  way." 

Note. — Questions  to  be  used  constantly — 
(a)    "What  does  the  period  mean ? "    ("Itshowsthe 
stopping  place  of  integers.     It  separates  the  integral 
from  the  fraction  spaces.") 

(6)    "In  what   space  is  the  3?"      ("In   the  first 
fraction  space.") 

"How  many  used  spaces?"     ("One.") 
"How  many  occupied  spaces? " 
(c)    "Where  do  we  always  write  tenths? " 

"Where  do  we  always  write  hundredths?" 
"Where  do  we  always  write  thousandths?" 
{d)   "When  I  write  a  ntimber  in  the  2d  fraction  space 
what  is  its  value  ? "    ( "Hundredths. ") 

"When  I  write  a  number  in  the  3d  fraction  space 
what  is  its  value?"  "In  the  ist  fraction  space?"  "In 
the  4th  fraction  space?" 

{e)  "What  is  the  ist  term  of  the  lo's  series  of  frac- 
tions?" "The  3d  term?"  "The  2d?"  "The  4th?" 
The  questions  in  (a)  and  (6)  apply  to  all  dictations 
for  reading  or  writing  mixed  or  fractional  numbers. 
Those  in  (c)  {d)  and  ie)  may  be  asked  at  any  time  and 
shoxild  be  used  very  many  times. 

J.  Oral  Dictations  j or  Pupils  to  Write 
3  tenths,  9  tenths,  6  tenths,  4  hundredths, 
8  hundredths,    i   hundredth,   8  thousandths, 
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5  thousandths,  3  ten- thousandths,  6  tenths, 
9  tenths,  12  tenths,  18  tenths,  25  tenths,  46 
tenths,  8  hiindredths,  12  hundredths,  24  hun- 
dredths, 141  hundredths,  6  thousandths,  95 
thousandths,  251  thousandths,  4  thousandths, 
422  thousandths,  15  ten-thousandths,  224 
tenths,  735  hundredths,  etc. 

Many  exercises  should  be  given  in  writing 
fractions  of  these  kinds  from  oral  dictation  and 
the  exercises  should  be  given  frequently  later. 

The  teacher  will  understand  that  when  12 
tenths  is  dictated  for  the  first  time  as  above, 
no  help  or  suggestions  are  allowable.  The 
teacher  may  ask  the  questions  in  (c)  and  {d) 
in  Note  under  2  above  when  a  pupil  hesitates 
over  12  tenths  or  18  tenths  or  141  hundredths 
or  251  thousandths  These  questions  are 
enough.  Give  the  pupil  time.  With  these  be- 
fore him,  he  will  overcome  any  difficulties  that 
such  dictations  present.  This  form  of  exercise 
is  of  great  value  in  establishing  the  place 
value  in  the  pupil's  mind.  Many  dictations 
should  be  given  at  this  time  and  similar  exer- 
cises frequently  in  the  futiu-e. 

4.  Written  Dictations  for  Pupils  to  Read — 
''Long  Way.''  {Footnote  p.  528.) 
.45,  .62,  .125,  .283,  12758,  .675,  .842,   .1756, 
.2345,  .18,  .182,  1.8,  2.75,  2,-^2,  5.16,  3.8,  7.52, 
38.1,  27.9,  etc. 
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5.  The  "Short  Way"  of  Reading  Decimals. 
The  teacher  writes  on  the  blackboard  a 
fraction  as — 

a.  .35- 

"Read  it."     (The  pupil  reads  it  as  ^  and 

" How  many  fractions?  "    ("  Two.") 
"The  denominator  of  the  first? "    (loths.") 
"The  denominator  of  the  2d? "    ("  looths.") 
"What  is  the  lowest  common  denominator?" 
("looths.") 

"Read  the  expression  in  this  common  de- 
nominator." (The  pupil  will  read  it  as  looths 
— thirty-five  hundredths.) 

"Read  it  as  fractional  units  of  one  kind." 
("  Thirty-five  hundredths.")  "This  is  the  short 
way." 

b.  .47.    "Read  it." 
"How  many  fractions?" 

"The  denominator  of  the  1st?"  "Of  the  2d?" 
"The  lowest  common  denominator?" 
"Read  it  in  this  common  denominator." 
The  teacher  should  very  frequently  speak 

of  this  as  the  "short  way"  of  reading  the 

fraction. 

c.  .023. 

The  teacher  asks  in  the  same  way  for  pupils 
to  read  it,  to  state  the  number  of  fractions,  2, 
to    state    the    lowest    common    denominator 


532  NUMBER  BY  DEVELOPMENT 

(loooths),  to  read  it  in  that  denominator,  and 
to  read  it  as  fractional  units  of  one  kind. 

d.  Other  similar  exercises  with  .29,  .065, 
.203,  .024,  .307,  .0025,  .1004,  .0106,  .01002, 
.1003,  .256,  .167, .0142,  .01023,  etc. 

In  each  of  these  the  pupiOs  required  to  read 
the  expression  the  long  way,  to  state  the  num- 
ber of  fractions,  to  name  the  several  denomi- 
nators, to  give  the  lowest  common  denomi- 
nator, and  to  read  the  expression  in  its  lowest 
common  denominator — the  short  way. 

Note. — Hereafter,  the  teacher  will  keep  in  use,  in 
connection  with  reading  decimals,  the  terms  "long 
way,"  "short  way,"  "in  the  common  denominator," 
and  "as  fractional  units  of  one  kind."  It  should  be 
unnecessary  to  suggest  that  frequent  exercises  in  writing 
decimal  fractions  from  oral  dictations  and  reading 
written  exercises  are  of  highest  importance. 

D.  The  "  Stopping=Place  "  Sign— Oral 

This  section  aims  to  train  the  child  in  the 
proper  use  of  ''and''  in  reading  decimal  frac- 
tions and  mixed  nimibers.  This  is  the  oral 
stopping-place  sign. 

I.   Written  Exercises  for  Reading 


259 

412.31 

32.0302 

I2.0I0I 

I.IO9I 

3-256 

467.67 

15.001 

2.0225 

3-3003 

81.18 

21.0021 

I0I.I02 

102.201 

4.0004 

.171 

.0012 

.356 

.5786 

.1111 
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Special  attention  must  be  given  to  the 
"and"  between  the  integral  and  fractional 
parts  of  mixed  numbers.  Such  attention  to 
"and"  and  its  banishment  from  every  other 
place  is  a  very  important  feature  of  these  exer- 
cises. Very  many  exercises  should  be  prepared 
under  this  head. 

2.  Oral  Exercises  for  Writing 

Exercises  like  those  in  (i)  should  be  dictated 
orally  by  the  teacher  for  pupils  to  write.  In 
these  exercises  fiirther  opportunity  offers  for 
giving  experience  in  the  proper  use  and  inter- 
pretation of  "and."  The  teacher  must  be 
especially  careful  not  to  use  "and"  except  at 
the  "stopping  place." 

J.  Exercises  for  Writing  in  Words 

These  are  exercises  like  those  in  (/)  for 
pupils  to  write  out  in  words.  "Written  out" 
exercises  of  this  kind  test  the  pupil's  knowledge 
of  the  proper  use  of  "and"  in  reading  and 
writing  numbers. 

4.  Exercises  in  "Written  Out"  Numbers 
These  are  exercises  in  which  the  dictations, 
fractions  and  mixed  numbers,  are  written  out 
in  words  for  pupils  to  write  with  figures — 
numerical  signs.  These  dictations  must  use 
"and"  properly. 
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Summary. 

1.  The  origin  of  the  zero  in  India.    How  it 

reached  Europe  in  form  without  the 
abacus.    (A.) 

2.  The  pupil  is  taught  how  the  inventor  of 

zero  (o)  used  it  to  signify  "empty" — 
empty  abacus  space,  how  he  used  it 
and  the  other  nine  numeral  signs  to  in- 
dicate "used"  and  "occupied"  spaces, 
and  how  in  this  way  he  made  an  abacus 
imnecessary  in  expressing  written  num- 
ber, completing  the  present  system  for 
integers.    {B,  i.) 

3.  Pupils  are  required  to  write  mixed  nimi- 

bers  and  fractions  on  Roman  plan  (the 
lo's  basis)  and  read  them.  This  intro- 
duced decimal  fractions  with  pupil's 
improvised  "decimal point."     {B,  2.) 

4.  The  period  as  the  "decimal  point,"  the 

sign  of  dividing  line  between  integer 
and  fraction  spaces,  is  taught.  (C,  i.) 
Exercises  are  given  in  reading  decimal 
fractions  and  in  writing  fractions  from 
oral  dictations.    (C,  2-5.) 

5.  The    oral    "decimal    point"    sign    and. 

Pupils  are  taught  that  oral  and  is  a 

"decimal  point"   sign  and   they  are 

given  exercises  in  its  proper  use.    (D.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  previous  chapters,  fifteen  days. 


CHAPTER  V 

DECIMAL  FRACTION   FORMS   AND   DEFINITION 

Topics: — ^The    Denominator    Understood.      The    Denominator 

Written.     Powers  of  Numbers  Developed.     The  Definition 

of  Decimal  Fraction 

A.  The  Two  Decimal  Fraction  Forms 

I.  Changing  from  Decimal  Form  to  Common 
Form 

The  dictations  in  this  section  are  written  on 
the  blackboard  for  the  pupils  to  discuss  as 
follows: 

3.6.    "Read  it."    ("Three  and  six  tenths.") 
"What  kind  of  a  number? "    ("  Mixed. ' ') 
"What  is  the  integral  part? "    ("Three.") 
"What  is  the  fraction?"    ("6-tenths.") 
"What  is  the  numerator?"    ("Six.") 
"What  is  the  denominator?"    ("Ten.") 
"Is  the  denominator  written  or  is  it  under- 
stood? "    (" It  is  understood.") 

"How  do  we  understand  the  denominator? " 
("By  the  position  of  the  6 — in  the  first  fraction 
space.") 

"Write  the  number  with  the  denominator 
writtenr    ("3i%.") 
.21.     "Read  it." 
"What  kind  of  a  number? "  ("Fractional.") 
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"What  is  the  numerator?"  ("Twenty- 
one.") 

"What  is  the  denominator?" 
"  I  s  t he  denominator  written  or  imderst ood  ? ' ' 
"How  do  we  understand  the  denominator? " 
"Write  the  number  with  the  denominator 
written."     ("3^.")^ 

Many  exercises  Uke  the  above  should  be 
given  with  the  aim  to  apply  in  decimal  frac- 
tions the  terms  integer,  mixed  number,  and 
fraction;  to  use  with  such  fractions  the  terms 
numerator,  denominator,  denominator  written, 
and  denominator  understood. 

2.  Changing  from  Common  to  Decimal  Form 

iiwo-    "Read  it." 

"Kind  of  a  number?"    ("Mixed.") 

"Integral  part?" 

"The  fraction?" 

"The  numerator?" 

"The  denominator?" 

"Denominator  written  or  understood?" 
("Written.") 

"Write  the  number  with  the  denominator 
understood."    ("1.016.") 

This  is  the  reverse  of  i.  The  aim  is  to 
complete  the  establishment  of  the  term  "writ- 
ten" and  "understood"  as  applied  to  denomi- 
nators. Very  many  exercises  should  be  given 
in  2  and  then  many  in  i  and  2  mixed  or 
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alternating.  In  connection  with  this  work  in  / 
and  2  alternating,  the  teacher  must  develop 
{B  and  C  below)  and  then  use  the  definition 
of  decimal  fraction.  It  is  very  important  that 
this  definition  be  learned  and  retained. 

B.  Powers  of  Numbers 

I.  The  Need  of  the  Term 
The  proper  definition  of  decimal  fraction 
involves  the  use  of  the  term  power — "whose 
denominator  is  some  power  of  10." 

The  development  of  this  definition  necessi- 
tates the  previous  development  of  the  term 
power.  The  proper  place  for  the  introduction 
of  this  term  is  at  this  point  where  the  first 
need  of  it  or  opportunity  for  its  use  occurs. 

2.   The  Development 

The  development  is  naturally  in  two  parts: 
The  written  work  in  which  the  pupil  is  able 
to  see  the  factors  of  each  power  of  a  num- 
ber and  the  product  of  these  factors.  By 
seeing  and  counting  the  factors  he  more  readily 
imderstands  what  ist  power  and  26.  power  and 
3d  power  mean.     The  oral  and  mental  work. 

The  following  outline  indicates  the  order  of 
work  in  the  development : 

a.  The  written  work. 

2X2X2  = 


2X2  =4 
2  =2 


The  teacher  writes  these  on  the 
blackboard. 
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"In  the  first  expression  we  have  2X2X2. 
The  product  is  8." 

"We  say  that  8  is  a  power  of  2 — the  3d 
power." 

"In  the  2d  expression  we  have  2X2.  The 
product  is  4." 

"We  say  that  4  is  a  power  of  2 — the  2d 
power." 

"Look  at  the  third  expression." 

"We  say  that  2  is  the  first  power  of  2." 

3  X3  X3  =271  Written  on  the  blackboard. 
4X4  =i6J 

"We  say  that  27  is  the  3d  power  of  3." 

"We  say  that  16  is  the  2d  power  of  4." 

"You  may  write  an  expression  showing  the 

4th  power  of  5.    The  ist.    The  4th." 

Other  exercises  of  this  kind  should  be  given  in 

which  the  child  is  required  to  write  powers  of  6, 

8,5, 7, 12, 10,  etc.   The3d  power  with  the  higher 

numbers  is  as  high  as  the  exercises  need  to  go. 

h.  The  oral  and  mental  work, 
(i)  What  is  the  2d  power  of  2?     (4).     The 
4th?    (16). 
What  is  the  3d  power  of  3?    (27).    The 

2d?    (9). 
What  is  the  2d  power  of  5?    The  ist? 

The  3d? 
The  3d  power  of  6?    The  ist?    The  2d? 
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The  2d  power  of  10?    The  3d?    The  ist? 

The  4th? 
The  3d  power  of  7?    Of  5?    Of  2?    Of  4? 

Of  3? 
The  2d  power  of  10?    Of  8?    Of  9?    Of  3? 

Of  5? 
(ii)  36  is  what  power  of  6?    16  is  what  power 

of  2? 
25  is  what  power  of  5?    16  is  what  power 

of  4? 
81  is  what  power  of  9?    64  is  what  power 

of  2? 
81  is  what  power  of  3?    64  is  what  power 

of  2? 
100  is  what  power  of  lO?     10  is  what 

power  of  10? 
1000  is  what  power  of  10?     125  is  what 

power  of  5  ? 
(iii)  Is  8  a  power  of  2?    (Yes,  the  3d). 

Is  16  a  power  of  3?    (No.)    Is  16  a  power 

of  4?    (Yes,  the  2d.) 
Is  32  a  power  of  8?    Is  48?    Is  64?    (Yes, 

the  2d.) 
Is  20  a  power  of  5?    Is  5?    Is  25?    Is  100? 

Is  125? 
(iv)  Give  me  the  full  series  of  the  powers  of  2 

to  the  4th  term.    (2,  4,  8,  16.) 
Give  me  the  series  of  the  powers  of  5  to 

the  3d  term.     (5,  25,  125.) 
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The  series  of  the  powers  of  6  to  3d  term. 

(6,  36,  216.) 
The  series  of  the  powers  of  10  to  the  4th 

term.    (10,  100,  1000,  loooo.) 
(v)  What  are  4,  16,  64?    (The  powers  of  4  to 

the  3d  term.) 
What  are  2,  4,  8,  16,  32?    (The  powers  of 

2  to  the  5th  term.) 
What  are  the  following  series: 

8,  64,  512? 

5,  25,  125,  625? 

3,  9»  27,  81? 

10,  100,  1000,  loooo? 
(vi)  Write  the  full  series  of  the  denomina- 
tors of  a  decimal  fraction  which  oc- 
cupies the  first  three  fraction  positions. 

(10,  100,  1000.) 
Write  the  full  series  of  the  denominators 

of  a  fraction  which  occupies  the  first 

two  positions.    (10,  100.) 
Write  the  full  series  of  decimal  fraction 

denominators  to  the  4th  position.    (10, 

100,  1000,  lOOOO.) 
What  are  these  numbers?     (The  powers 

of  10  to  the  4th  term.) 
(Exercises  like  those  in  (iv),  (v),  and  (vi), 
are  the  special  preparation  for  the  definition 
of  decimal  fraction  in  C,  below. 
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C.  Decimal  *  Fraction  Defined 

"A  decimal  fraction  is  a  fraction  whose 
denominator  is  some  power  of  10.  The  de- 
nominator may  be  written  or  it  may  be  tinder- 
stood."  This  is  the  definition.  It  should  be 
memorized  and  must  be  called  for  very  fre- 
quently. 

i.  "Is  it  a  decimal  fraction?"  ("No.") 
"Why?"  ("Its  denominator  is  not  a  power 
of  10.") 

f.    "Is  it  a  decimal  fraction?"    "Why?" 

^.  "Is  it  a  decimal  fraction?"  ("Yes.") 
"Why?"  ("Its  denominator  is  a  power  of 
10.") 

.14.  "Is  it  a  decimal  fraction?"  ("Yes.") 
"Why?" 

OtVipr   frapfinrm 2.     J.     5.     _2_     _3_     _4_       25 

wnici    iiactiuiia       5,    g,    g,     jQ,    2o»    50>     ioo» 

.36,    .108,    etc. — should   be    discussed   as   to 
whether  they  are  decimal  fractions  or  not. 

(.4 //fractions having  10,  100,  1000,  or  loooo, 
etc.,  as  denominators  are  decimal  fractions 
whether  the  denominators  are  written  or  under- 
stood.) 

*  It  would  be  well  in  connection  \\nth  this  to 
teach  the  definition  of  duodecimal  fractions — "A  duo- 
decimal fraction  is  a  fraction  whose  denominator  is 
some  power  of  12,  as  12  or  144  or  1728,  etc.  Duodecimal 
fractions  were  used  by  the  Romans  before  decimal 
fractions  were  invented." 
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D.  Fraction  Forms 

/.   Forms  Described 

Fractions  written  numerically  are  in  two 
forms — 

{a)  Common  fraction  form  in  which  the 
denominators  are  written;  and, 

{h)  Decimal  fraction  forra  in  which  the 
denominators  are  understood. 

!%•>  TW'  ^^^  lioo  ^^^  common  fractions 
because  the  denominators  are  written.  They 
are  also  decimal  fractions  because  their  denom- 
inators are  powers  of  lo. 

•9»  -75.  s-iid  -125  are  not  common  fractions. 
They  are  decimal  fractions  in  decimal  fraction 
form. 

3^,  ^,  and  1^^  are  decimal  fractions  in 
common  fraction  form. 

It  is  necessary,  therefore,  to  use  the  terms 
common  fraction,  common  fraction  form,  and 
decimal  fraction  form,  and  to  introduce  them 
here.  Their  introduction  enables  the  teacher 
to  dictate  orally,  clearly,  and  briefly  the  form 
in  which  she  may  wish  a  decimal  fraction  to  be 
written.  It  enables  the  pupil  to  express  the 
fact  about  -f^,  that  it  is  a  decimal  fraction  in 
the  common  form,  and  that  as  .2  it  is  a  decimal 
fraction  in  regular  form. 

The  pupil  must  learn  to  discriminate  be- 
tween decimal  fraction  and  decimal  fraction 
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form.  When  we  speak  of  decimal  fraction  we 
refer  to  a  fraction  having  as  a  denominator 
10  or  100  or  1000,  etc.  There  is  in  the  expres- 
sion the  presimiption  that  it  is  to  be  written  in 
the  decimal  fraction  form.  When  we  speak  of 
decimal  fraction /orm,  we  refer  to  the  method 
of  indicating  the  denominator — the  form  in 
which  the  position  of  the  numerator  from  the 
decimal  point  determines  the  denominator. 

2.   The  Terms  Defined 

(a)  Decimal  Fraction. — This  is  defined 
in  C. 

(b)  Common  Fraction. — ^A  common  fraction 
is  a  fraction  in  which  the  denominator  is 
written. 

(c)  Common  Fraction  Form. — The  common 
fraction  form  is  that  form  in  which  the  de- 
nominator is  written. 

(d)  Decimal  Fraction  Form. — The  decimal 
fraction  form  is  that  form  in  which  the 
denominator  is  vinderstood. 

Summary. 

I.  There  are  two  forms  in  which  decimal 

fractions  may  be  written — 

1st.  The  form  in  which  the  denominator 

is  indicated   by   the  position   of 

the  numerator  from  the  decimal 

point;  and, 
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2d.  The  form  in  which  the  denominator 

is  written. 
Exercises  are  given  in  changing  decimal 
fractions  from  one  form  to  the  other. 
(A.) 

2.  The  term  power  as  applied  to  numbers 

(the  powers  of  2,  the  powers  of  5,  etc.) 
is  developed  preparatory  to  the  de- 
velopment of  the  definition  of  decimal 
fraction.    (B.) 

3.  The  definition  of  decimal  fraction.    (C.) 

4.  The  terms  "common  fraction,"   "com- 

mon fraction"  form,  and  decimal  frac- 
tion form  are  described.    {D,  i.) 
Definitions  of  terms — (D,  2.) 
Common  fraction. 
Common  fraction  form. 
Decimal  fraction  form. 

Time  required  for  the  work  of  this  chapter,  including 
reviews,  five  days. 


CHAPTER  VI 

TRAINING  IN  READING   AND  WRITING    DECIMAL 
NUMBERS 

Topic: — Emphasis   Points  in  Reading  and  Writing  Decimals; 
In  Fractions — the  Numerator,  the  Denominator;  In  Mixed 
Numbers — the  Integer,  the  And,  the  Numerator,  the 
Denominator 

A.  Aim 

Very  many  pupils  who  may  be  able  to  read 
and  write  integral  numbers  with  facility,  have 
great  trouble  in  reading  and  writing  decimal 
mixed  nimibers  that  are  not  perfectly  simple. 
This  is  not  because  such  numbers  are  more 
difficult  to  read  and  write  than  integers  but 
because  the  individual  has  not  been  trained 
in  system  and^order  in  such  work. 

The  aims  of  this  section  are — 

(i)  To  call  the  child's  special  attention  to 
the  emphasis  points  in  mixed  numbers  and 
fractions  (the  integer,  the  and,  the  numerator, 
the  denominator,  in  mixed  numbers ;  the  num- 
erator, the  denominator  in  fractions)  and  to 
the  order  in  which  he  has  been  accustomed  to 
read  and  write  common  fractions  and  simple 
decimal  fractions  alike  (the  integer,  the  and, 
the  numerator,  the  denominator;  or  the  num- 
erator, the  denominator,  if  the  number  is  a 
common  or  a  decimal  fraction) . 

545 
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When,  for  illustration,  he  reads  1.6,  he  sets 
off  with  emphasis  and  distinct  voice  pause  the 
following  "points" — one,  and,  six,  and  tenths. 
The  one  is  the  integer;  the  and,  the  notice  to 
himself  and  to  the  listener  that  the  reading  is 
passing  over  from  the  integral  to  the  fractional 
spaces  of  the  abacus;  the  six,  the  numerator; 
and  the  tenths,  the  denominator.  There  is  a 
voice  pause  after  each  "point."  He  reads  it, 
One-and-six-tenths.  These  are  the  emphasis 
points  in  their  proper  order.  His  "points" 
and  order  with  f  (a  common  fraction)  are, 
Eight-fifths;  with  8f  (a  common  fraction 
mixed  number),  Eight-and -five-sixths. 

(2)  To  train  him  to  note  these  emphasis 
points,  to  give  them  invariably  in  the  same 
order,  and  to  set  them  off  distinctly  and  em- 
phatically whenever  he  reads  or  thinks  (for 
writing)  any  kind  of  fractional  expression — 
expecially  a  decimal  fraction.  All  this  is  for 
the  purpose  of  habit-forming  in  thinking  frac- 
tions properly. 

Systematic  and  orderly  reading  and  writing 
in  decimal  fractions  consists  in  thus  distinctly 
setting  off  and  ordering  the  emphasis  points. 
When  the  individual  acquires  the  habit  of 
regularly  reading  and  writing  decimals  with 
attention  to  and  emphasis  upon  these  "points  " 
in  their  order  as  given,  an  error  in  reading  and 
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writing  the  difficiilt  expressions  will  seldom  be 
made.  Pupils  will  not  form  this  habit  irnless 
the  teacher  has  it. 

B.  Reading  and  Writing  Fractional  Numbers 

I.  Reading  Fractions 

The  aim  in  this  is  to  lead  the  pupil  to  notice 
the  order  in  which  he  reads  a  fraction. 

f .    (Written  on  the  blackboard.) 

What  kind  of  a  number?    (A  fraction). 

Read  it.    (Three  fourths). 

What  did  you  read  first?    (The  numerator). 

What  is  the  numerator?    (Three). 

What  did  you  read  next?  (The  denomi- 
nator) . 

What  is  the  denominator?    (Fourths). 

Is  this  fraction  proper  or  improper?   Why? 

Other  fractions  are  dictated,  read,  and  ques- 
tioned upon  in  the  same  way — |,  .2,  .8,  f,  .12, 

i2      2J^     19      8.     1,2     ^fr. 
15'    32'   YOi    7'     5   '   ^^'-• 

After  two  or  three  of  these  exercises — |,  f , 
and  .2 — have  been  read  and  the  questions 
asked  upon  them,  the  full  statement  of  how 
the  individual  reads  a  given  fraction  should 
be  formulated  as  follows:  "When  I  read  the 
fraction  I  read  the  numerator,  then  the  deno- 
minator." This  full  statement  should  be 
required  each  time  after  the  pupil  has  read 
the  fraction. 
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.1     (On  the  blackboard). 

What  kind  of  a  number  is  this  ?  (A  fraction) . 

Read  it. 

What  did  you  read  first? 

What  is  the  numerator?    (One). 

What  did  you  read  next? 

What  is  the  denominator?  (Tenth).  Is  the 
fraction  proper  or  improper?    Why? 

Tell  me  all  about  how  you  read  the  fraction. 
(When  I  read  the  fraction,  I  read  the  numera- 
tor, then  the  denominator.) 

2.  Writing  Fractions 

Exercises  of  the  same  kind  are  now  taken 
up  for  writing.  The  teacher  dictates  the  frac- 
tion orally  and  the  pupils  write  it : 

Seven  ninths. 

What  kind  of  a  number  is  this?  (A  fraction.) 

Write  it.     (^.) 

What  did  you  write  first ?    (The  numerator.) 

What  is  the  numerator?    (Seven.) 

What  did  you  write  next?  (The  denomina- 
tor.) 

What  is  the  denominator?    (Ninths.) 

Is  this  fraction  proper  or  improper?    Why? 

Three  tenths. 

What  kind  of  a  nimiber  is  this? 

Write  it  with  the  denominator  understood. 

(.3.) 
What  did  you  write  first  ?    (The  numerator.) 
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What  is  the  numerator?    (3.) 

What  did  you  do  next?  (I  put  the  3  into 
the  first  fraction  position.) 

What  is  the  denominator?    (Tenths.) 

Is  this  fraction  proper  or  improper?    Why? 

Other  fractions— i,  -^,*  .04,}  f ,  },  .5,!  .i8,t 
-^*  .i2,t  V.  f  -H't  etc. — are  now  given  in 
the  same  way. 

After  two  or  three  of  these  have  been  given, 
the  full  statement  of  how  the  individual  writes 
a  given  fraction  is  formulated,  "When  I  write 
a  fraction,  I  write  the  nimierator  and  then  the 
denominator." 

With  decimal  fractions  written  with  the 
denominator  understood  the  teacher  should 
ask  an  additional  question — How  did  you 
write  the  denominator?  (By  giving  the  nu- 
merator its  position  from  the  decimal  point.) 

C.  Reading  and  Writing  Mixed  Numbers 

I.  Reading  Mixed  Numbers 

(a)  2f.     (On  the  blackboard). 
What  kind  of  a  number  is  this?    (A  mixed 
number.) 


(*  The  teacher  in  dictating  directs  that  it  be  written 
with  the  denominator  expressed.) 

(t  The  teacher  in  dictating  directs  that  it  be  written 
with  the  denominator  understood.) 


550         NUMBER  BY  DEVELOPMENT 

Read  it.    (Two-and-five-sevenths.) 

(The  pupil  must  be  required  to  read  this  as 
indicated — with  the  voice  pause.) 

What  did  you  read  first?    (The  integer.) 

What  is  the  integer?    (Two.) 

What  did  you  read  next?    (I  read  the  and.) 

What  does  the  and  mean?  (Integers  end, 
fractions  begin.) 

What  did  you  read  next?    (The  numerator.) 

What  is  the  numerator? 

What  did  you  read  next  ?  (The  denominator. ) 

What  is  the  denominator? 

Is  this  fraction  proper  or  improper?    Why? 

{h)  4.03.     (On  the  blackboard.) 

What  kind  of  a  number  is  this?  (A  mixed 
number.) 

Read  it.    (Four-and-three-hundredths.) 

What  did  you  read  first? 

What  is  the  integer? 

What  did  you  read  next?    (The  and.) 

What  does  the  and  mean?  (Integers  end, 
fractions  begin.) 

What  did  you  read  next?    (The  numerator.) 

What  is  the  numerator? 

What  did  you  read  next? 

What  is  the  denominator? 

Is  this  fraction  proper  or  improper?  (Proper.) 

{e)  3.125.    (On  the  blackboard.) 

What  kind  of  a  nimiber? 
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Read  it.  (Three-and-one  hundred  twenty 
five-thousandths.) 

What  did  you  read  first?  etc.  Is  the  frac- 
tion proper  or  improper? 

{d)  Statement  Formulated. 

After  several  exercises  of  this  kind — 12.21, 
4A.  7It'  15104.  125.0134,  7.0101.  91.9001— 
the  pupils  formulate  the  full  statement  of  how 
they  read  a  mixed  number,  "When  I  read  a 
mixed  number,  I  read  the  integer,  then  the 
and,  then  the  numerator,  then  the  denominator. 

This  full  statement  must  be  required  with 
every  exercise.  It  involves  the  essential  points 
in  the  system  and  order  that  this  development 
seeks  to  establish. 

{e)  Hereafter,  without  the  questions,  the 
pupil  states  in  full,  after  reading  an  exercise 
(always  with  the  voice  pauses) , ' '  When  I  read 
a  mixed  number  I  read  first  the  integer,  then 
the  and,  then  the  numerator,  then  the  denomi- 
nator.^* This  full  statement  will  be  referred  to 
by  the  teacher  as.  The  rule  for  reading  mixed 
numbers.  After  the  pupil  has  stated  the  rule, 
it  would  be  well  to  ask  the  three  questions, 
What  is  the  numerator?  What  is  the  denomi- 
nator?   Is  this  fraction  proper  or  improper? 

Many  exercises  must  be  given  as  follows, 

each  exercise  being  read  with  voice  attention 

to  the  four  emphasis  points  and  followed  by 

the  rule  for  reading :  25.125,  306.0016,  28.1011 

Vol.  111-5 
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lOI.OII,    202.0202,    35.202,    70.0701,    38.0707, 
700.007,     80.801,     700.01,     200.02,     3000.003, 

301.0301,  400  1^,  75|,  75.0075,  800.00008,  etc. 
The  questions  as  in  (a)  or  (b)  should  be  used. 

2.  Reading  Decimal  Improper  Fractions 

These  numbers  unless  written  with  the 
denominator  expressed  (ff,  j^f ,  etc.)  are,  of 
course,  mixed  numbers  in  form.  Each  exer- 
cise should  be  read  as  a  mixed  number  and 
afterwards  as  a  fraction.  The  questions  or 
the  rule  followed  by  questions  should  be  a 
part  of  each  exercise. 

When  the  teacher  asks,  in  a  mixed  nimiber 
reading  exercise,  for  the  numerator,  the  pupils 
must  give  the  numerator  as  it  is  written.  The 
pupil  should  give  the  numerator  of  the  improper 
fraction,  only  when  such  numerator  is  specifi- 
cally called  for. 

The  questions  as  in  i  are  used. 

I.I.    (Written  on  the  blackboard.) 

What  kind  of  a  number?    (Mixed.) 

Read  it. 

What  did  you  read  first,  etc.?  Is  the  frac- 
tion proper  or  improper?    (Proper.) 

Read  the  number  as  an  improper  *  fraction. 
(Eleven-tenths.) 

*  Decimals  when  in  decimal  form  have  no  im- 
proper fractions  except  as  the  individual  chooses  to 
consider  a,  mixed  number  an  improper  fraction  as  here. 
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What  is  the  rule  for  reading  a  fraction? 
("When  I  read  a  fraction,  I  read  first  the  nu- 
merator, then  the  denominator.") 

What  is  the  numerator?    (Eleven.) 

What  is  the  denominator?    (Tenths.) 

Is  this  fraction  proper  or  improper?  (Im- 
proper.) 

I -SOS-     (On  the  blackboard.) 

What  kind  of  a  number? 

Read  it. 

What  is  the  rule  for  reading  a  mixed  number? 

Is  the  fraction  proper  or  improper?  (Proper.) 

What  is  the  nimierator?    The  denominator? 

Read  it  as  an  improper  fraction.  (One 
thousand  three  hundred  three — thousandths.) 

The  rule  for  reading  a  fraction? 

The  nimierator?  (One  thousand  three  hun- 
dred three.) 

The  denominator? 

Is  this  fraction  proper  or  improper?  (Im- 
proper.) 

Similar  Exercises  with — 

3.05,  5.2,  1. 12,  i.ioi,  80.2,  12.000,*  1.09, 
lo.ioi,  4010. 1,  5.02,  1.75,  1.09,  1.203,  50-9» 
2.51,   .1001,   loo.i,   401.01,    .35,   .305,  10.01, 

*  Expressions  like  these  should  be  read  as  integers — 
twelve,  three,  five,  six — and  afterwards  as  improper 
fractions.  It  woiild  be  careless  teaching  to  permit  a 
pupil  to  read  10. o  as  ten  and  no  tenths,  or  5.00  as  five 
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12.013,  3256,  300»*  -2011,  20.02,  3.007,  4.3, 
i.ioi,  8. II,  61. 1,  .171,  8.92,  3.001,  40.101, 
10.00,  5.00,*  .600,  10.201,  .01002,  10.02,  5.0, 
6.0,*  1020. 1,  1. 0201,  .1002,  100.2,  6.00,  1.06, 
102.01,  .10201,  1.002,  1002.  8.000. 

It  is  very  essential  that  in  reading  exercises 
as  improper  fractions  the  pupil  set  off  clearly 
by  voice  pause  the  numerator  and  the  de- 
nominator, also  that  he  state  the  rule  for 
reading  a  fraction.  Systematic  reading  con- 
sists in  noting  thus  very  carefully  the  numer- 
ator then  the  denominator.  The  question, 
What  is  the  numerator?  is  very  important  and 
must  be  asked  regularly.  Attention  is  thus 
brought  to  the  numerator  in  two  ways — by  the 
emphasis  in  the  reading  and  by  the  question. 
The  work  in  this  section  (2)  must  be  reviewed 
frequently  for  months. 

J.  Writing  Decimal  Mixed  Numbers  and 
Fractions 

(a)  Presentation. — It  is  in  this  work  of 
writing  decimal  mixed  numbers  and  fractions, 
particularly  improper  fractions,  that  system 
and  order  has  practical  value  for  accuracy. 

and  no  hundredths.  3.00  is  three  as  it  is  written.  It 
is  three  hundred  hundredths  as  an  improper  fraction. 
The  pupil  should  be  given  considerable  experience 
with  such  numbers. 
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If  the  integer,  the  and,  the  numerator,  the 
denominator,  with  mixed  numbers;  or,  the 
numerator,  the  denominator,  with  fractions 
improper  or  proper,  has  consideration,  each 
in  its  turn,  the  resulting  written  expression 
will  be  correct. 

The  dictations  are  given  at  first  orally  and 
later  in  written  form,  the  teacher  exercising 
care  to  word  them  correctly — using  and  only 
between  the  integral  and  the  fractional  parts 
of  a  mixed  number.  100.  i  as  an  improper 
fraction  is  one  thousand  one  tenths ;  as  a  mixed 
ntmiber,  it  is  one  hundred  and  one  tenth. 
1.02,  as  a  mixed  number,  is  one  and  two  him- 
dredths;  as  an  improper  fraction  it  is  one 
himdred  two  hundredths.  20.09  is  twenty 
and  nine  hundredths;  or,  two  thousand  nine 
hundredths. 

In  expressing  denominators  orally  the  pupil 
should  be  required  to  say  hundredths,  not  one- 
hundredths ;  thousandths,  not  one -thousandths. 
1.55  is  not  one  and  fifty-five  one-hundredths, 
but  one  and  fifty-five  hundredths.  The  frac- 
tion in  3.009  is  nine  thousandths,  not  nine 
one-thousandths . 

Three  and  nine  hundredths.  (Oral 
dictation.) 

The  pupil  goes  to  the  blackboard  and  writes 
giving  orally  the  emphasis  points  as  he  writes — 
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( ' '  This  is  a  mixed  number. "  "  The  integer ' ' 
(3),  "the  and''  (3.),  "the  numerator"  (3.9), 
"the  denominator"  (3.09).) 

The  nimibers  in  the  parentheses  show  the 
progress  of  the  written  work  as  he  talks  or 
states  each  "point."  He  writes  the  3,  then 
withthe"and"  the  ".",thenthe9as"nimiera- 
tor,"  then  the  cipher  as  estabHshing  the  de- 
nominator— ^giving  9  its  proper  position. 

("  I  wrote  the  integer,  then  the  and,  then  the 
numerator,  then  the  denominator.") 

"How  did  you  write  the  denominator?" 
("By  giving  the  numerator  its  position  from 
the  decimal  point.") 

One  thousand  one  himdred-thousandths. 
(Oral  dictation.) 

("This  is  a  fractional  nimiber." 

"The  ntimerator  (looi),  the  denominator 
(.01001)." 

"I  wrote  the  nimierator,  then  the  denomi- 
nator.") 

Twenty  and  five  hundred  thousandths. 
(Oral  dictation.) 

("This  is  a  mixed  number." 

"The  integer  (20),  the  and  (20.),  the  nu- 
merator (20.500),  the  denominator  (20.500.)" 

"I  wrote  the  integer,  then  the  and,  then  the 
numerator,    then   the   denominator.") 

(The  pupil  makes  no  change  when  he  says 
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"denominator"  because  the  5   already  has 
its  proper  position.) 

Two  htindred  thousand  twenty  hundredths. 

("This  is  a  fractional  number." 

"The  numerator  (200020),  the  denominator 
(2000.20)." 

"I  wrote  the  numerator,  then  the  denom- 
inator." 

"The  number  *  is  two  thousand  and  twenty 
himdredths.") 

Many  additional  exercises  should  be  given 
at  this  time  and  a  few  occasionally  for  weeks 
later.  This  rule  and  the  emphasis  points 
should  not  be  neglected.  These  exercises  are 
for  habit  forming,  hence  the  need  of  atten- 
tion to  the  way  the  pupil  writes — the  integer, 
then  the  and,  then  the  numerator,  then  the 
denominator — and  to  his  statements  of  the 
order  of  writing  (the  rule). 

Note. — The  teacher  must  insist  upon  a  clear-cut 
adherence  to  the  emphasis  points  in  writing  these 
numbers.  In  "three  and  five  thousandths,"  he  must 
write  it  (talking  as  he  writes)  "three"  (3) — "and"  (3.) 
—  "five"  (3.5)—  "thousandths"  (3.005). 

The  following  illustrate  the  character  of  the 
dictations : 


*  Every  improper  fraction,  after  it  has  been  written, 
must  be  read  as  a  mixed  nvmiber. 
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(b)  Exercises  for  Oral  Dictation. 
Three  and  five  thousandths. 
Foiir  thousand  six  hundredths. 

One  hundred  fifty  thousand  eight  tenths. 
Seven   thousand    one   hundred    nine   hun- 
dredths. 

Two  hundred  and  fifty  thousand  milHonths. 
One  thousand  and  two  thousandths. 
Many  others  should  be  given. 

(c)  Exercises  in  Written  Dictation. 
These  are  like  those  in  (b)  excepting  that 

the  dictations  are  written  out  in  words. 

Twenty-two  and  twenty-two  thousandths. 

Three  hundred  and  three  thousandths. 

Forty  and  forty  hundredths. 

Two  hundred  two  thousand  ten-thousandths 

Many  others  should  be  given. 

In  each  written-out  exercise  like  this  the 
pupil  should  state  whether  the  expression  is 
mixed  or  fractional.  If  mixed,  he  should 
point  out  the  integer,  the  and,  the  numerator, 
the  denominator  before  attempting  to  write 
the  number.  The  suggestions  in  Note  under 
(b)  must  be  carefully  followed. 

(d)  Exercises  for  Writing  Out  the  Num- 
bers. 

These  are  exercises  dictated  in  nimierical 
form  for  pupils  to  write  out  the  nimibers  in 
words. 
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Summary. 

1.  The  aim  in  this  chapter  is  to  train  the 

pupil  to  habits  of  systematic  thinking 
when  reading  and  writing  fractions  and 
mixed  numbers.  There  are  in  reading 
or  writing  mixed  numbers  and  fractions 
four  emphasis  points — the  integer,  the 
and,  the  numerator,  and  the  denomi- 
nator.   {A.) 

2.  Training  in  reading  and  writing  fractions 

with  statements  by  the  pupil  of  his  two 
emphasis  points.     {B.) 

3.  Training   in  reading  and  writing  mixed 

numbers  with  statements  by  the  pupil 
of  his  four  emphasis  points.    (C,  /.) 

4.  Training   in   reading   decimal   improper 

fractions  with  statements  of  the  two 
emphasis  points.    {C,2.) 

5.  Training  in  writing  decimal  mixed  num- 

bers and  improper  fractions  with  state- 
ments by  the  pupil  of  the  emphasis 
points.    (C,  J.) 

Time  required  for  the  work  of  this  chapter  with  neces- 
sary reviews,  five  days. 


CHAPTER  VII 

DECIMAL   FRACTION    SERIES    AND    REDUCTIONS 

Topics: — Series  of  Decimal   Fraction  Equivalents.     Reducing 
Decimal  Fractions  to  Lower  and  Higher  Terms 

A.  Aim 

I.  Importance  of  the  Work 

The  pupil  has  had  training  in  series  work  in 
common  fractions  and  in  his  computations  is 
accustomed  to  change  fractions  to  higher  or 
lower  equivalents  according  as  necessity  or 
simpHcity  demands.  A  fraction  in  the  result 
of  a  computation,  if  not  in  its  lowest  terms, 
would  invaribly  be  reduced  to  that  form.  In 
addition  and  subtraction  he  immediately  seeks 
a  higher_form  for  each,  when  necessary,  in 
order  that  the  fractional  units  may  have  a 
common  denominator.  These  changes  to 
lower,  lowest,  or  higher  terms  have  entered  so 
fully  into  his  computation  habits  that  he  uses 
them  almost  imconsciously.  He  notes  in- 
stantly a  fractional  result  that  is  not  in  its 
lowest  terms,  and  computes  with  fractions, 
only  in  the  lowest  form  that  the  operation  will 
permit. 

Reductions  to  higher  and  lower  equivalents 

have  as  important  a  place  in  decimal  as  in 

common  fraction  computations.    For  illustra- 
560 
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tion,  in  the  subtraction  of  .21  from  .5,  the 
pupil  must  change  the  .5  to  its  next  higher 
equivalent — .50.  In  multiplying  36  by  1.50, 
he  should  operate  with  1.50  in  its  lowest  terms 
— 1.5.  In  dividing  8.1  by  .03,  there  must  be 
a  change  in  the  dividend  to  8.10 — the  next 
higher  term  of  the  series.  In  finding  \  of  3.1, 
it  is  necessary  to  find  J  of  the  third  term  of 
the  3.1  series — 3.100.  To  tell  the  pupil  that 
a  cipher  at  the  right  of  the  last  digit  in  a  deci- 
mal fraction  may  be  canceled  or  that  ciphers 
may  be  annexed  to  such  a  fraction  without 
affecting  its  value,  is  arbitrary  and  makes 
the  operation  mechanical.  It  gives  it  no  basis 
in  reason. 

2.  Aim 

The  aim  in  series  work  in  decimals  is  to 
develop  the  principle  imderlying  the  canceling 
or  annexing  of  such  ciphers,  giving  the  process 
in  this  way  a  foundation  in  intelligence. 

J.  Kinds  of  Series 

Fraction  series  are  of  two  kinds — 
1st.  Common  fraction  series  in  which  the 
terms  represent  all  the  possible  fraction  equiv- 
alents; and, 

2d.  Decimal  fraction  series  in  which  the 
terms  represent  all  the  possible  decimal  frac- 
tion equivalents. 
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Illustrations,  f ,  f ,  ^,  ^,  ^,  etc.  repre- 
sent, when  continued,  all  the  possible  equiva- 
lents of  f . 

•75»  -750,  .7500,  .75000,  etc.  represent,  when 
continued,  all  possible  decimal  fraction  equiv- 
alents of  .75. 

B.  The  Introduction 

The  step  preparatory  to  work  upon  decimal 
fraction  series  is  a  few  exercises  in  series  from 
common  fractions.  Such  review  gives  the 
pupil  the  opportunity  to  make  the  logical 
inference,  where  a  series  of  decimal  fraction 
equivalents  is  suddenly  called  for,  that  the 
problem  is  merely  the  extension  of  a  familiar 
common  fraction  operation  and  to  write  his 
first  series  of  this  kind  without  being  instructed 
or  assisted.    The  introduction  is  as  follows: 

/.  The  Common  Fraction  Series  Review 

f .    (Written  on  the  blackboard.) 

Write  the  series  of  equivalents  to  the  4th 
term. 

(The  pupils  write  f ,  f ,  ^,  ||.) 

Questions. 

What  is  the  3d  term?  The  4th?  The  lowest? 

Are  the  terms  proper  fractions  or  improper? 

What  is  a  proper  fraction? 

What  is  the  numerator  of  the  term? 

Of  the term?    Of  the  lowest  term? 
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What  is  the  denominator  of  the term? 

Of  the  lowest  term? 

Give  the  denominators  of  the  series  to  the 
6th  term. 

Which  is  the  larger  the term  or  the 

term  ?    ( "  They  are  equivalents . " ) 

Similar  work  with  |,  |,  ^*  |,  |,  ^h*  A.* 
is  now  given. 

2.  Proper  Fraction  Series 
a.  The  Introduction 

.2  (Written  on  the  blackboard). 

"Write  the  series  of  decimal  fraction  equiva- 
lents to  the  4th  term." 

The  pupils,  practically  without  exception, 
will  write  .2,  ^,  3^. 

The  teacher's  response  should  be  an  em- 
phatic repetition  of  the  direction  which  she 
gave — 

"I  told  you  to  write  the  series  of  decimal 
fraction  equivalents.  Listen  to  me — Decimal 
fraction  equivalents. 

This  will  serve  to  concentrate  attention 
upon  the  nature  of  the  series  to  be  written  and 
the  series  .2,  .20,  .200,  .2000  will  result. 

*  The  teacher  will  understand  that  the  pupils  will 
respond  at  this  time,  in  such  exercises  as  these,  with 
the  common  fraction  series — ^,  |^,  ^,  f|,  etc.;  and 

TTI7'  TIS'Tr'  TTB-'  tW'  ^^^- 
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b.  Questions 

The  questions  suggested  in  /  must  be  used 
again  here. 

Note, — The  points  which  the  questions  suggest  are 
very  important  in  this  decimal  series  work,  particularly 
those  which  relate  to  the  denominators.  The  questions 
on  the  denominators  of  the  series  (loths,  looths,  loooths 
looooths  in  this  case)  will  bring  to  the  pupil's  attention 
gradually  that  all  decimal  fraction  series  have  denomi- 
nators along  the  single  line — 10,  100,  1000,  loooo,  etc. 
The  question  about  which  of  two  given  terms  is  larger 
will  keep  before  the  pupil  the  fact  of  the  equality  of 
the  terms  of  a  series. 

c.  Kinds  of  Exercises 

Similar  exercises  with  .6,  .8,  .12,  .25,  .231, 
.  I  o  I , .  1 00 1 ,  etc.  The  questions  should  be  used 
with  each. 

Mixed  exercises  should  follow — the  teacher 
giving  an  exercise  in  writing  now  common 
fraction  equivalents  and  again  decimal  frac- 
tion equivalents.  (A  few  exercises  should  be 
given  in  writing  both  a  common  fraction  and  a 
decimal  fraction  series  from  one  fraction  as 
follows: 

.4,  .18,  y^,  ^,  ji^,  .11,  .15,  etc.  In  writ- 
ing the  decimal  equivalents  of  yfe*  iir>  ^^c., 
the  pupil  should  be  required  to  preserve  the 
common  fraction  form  and  write  the  common 
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traction  series  ^ oo»  tooo»  1  oooo»  ^^c.  j  yui  too » 
Yooof  ^^^'  1"^^  decimal  fraction  equivalents 
should  be  written  when  the  dictation  is  in 
regular  decimal  fraction  form — .8,  .55,  .102, 
etc. — ^and  the  common  fraction  equivalents 
when  the  dictation  is  in  common  fraction  form, 
imless  the  teacher  should  directly  ask  for  deci- 
mal fraction  equivalents.) 

These  exercises  fix  the  fact  of  two  distinct 
classes  of  series  of  equivalents  and  in  what 
respect  they  differ.  The  questions  should  be 
used  with  each  exercise. 

J.  Mixed  Number  and  Improper  Fraction  Series 

1. 01  (Written  on  the  blackboard.) 

What  kind  of  a  number?    (Mixed.) 

Read  it. 

What  is  the  numerator?    The  denominator? 

Read  it  as  a  fraction.  (One  hundred  one 
himdredths.) 

What  is  the  nimierator?    The  denominator? 

Write  the  series  of  equivalents  to  the  3d 
term,    (i.oi,  i.oio,  i.oioo.) 

What  are  the  denominators  of  the  series  to 
the  4th  term? 

Read  the  3d  term.  Read  it  as  a  fraction. 
(Ten  thousand  one  hundred  ten-thousandths.) 

Read  the  lowest  term.  Read  it  as  a  frac- 
tion. 
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Which  is  the  greater,  the term  or  the 

term?    (They  are  equivalents.) 


Similar  exercises  with  3,002,  15.001,  8.2, 
18. II,  25.202,  5.01,  10.001,  3.0101,  ii.oii,  etc. 

C.  Finding  the  Number  of  the  Term  and  the  Lowest 
Term 

.70    (Written  on  the  blackboard.) 

This  is  one  of  the  terms  of  a  series  of  decimal 
fraction  equivalents.  Which  term  is  it?  (The 
2d  term.) 

What  would  the  4th  term  be?    (.7000.) 

The  lowest  term?    (.7.) 

Read  the  term.    The  lowest  term. 

Which  is  greater  the  .7000  or  the  .70?  (They 
are  equivalents.) 

What  are  the  denominators  to  the  5th 
term? 

What  is  the  numerator  of  the  3d  term?  Of 
the  5th  term? 

8.500.    (Written  on  the  blackboard.) 

This  is  a  term  of  a  series  of  decimal  fraction 
equivalents. 

Which  term  is  it?    (The  3d.) 

Write  the  5th.    The  lowest.    The  2d. 

Read  the  5th.  Read  it  as  a  fraction.  (Eight 
hundred  fifty  thousand  hundred-thousandths.) 

The  numerator  of  the  4th  term?  The  nimi- 
erator  of  the  4th  term  as  a  fraction? 
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What  are  the  denominators  to  the  5th  term? 
(10,  100,  1000,  lOOOO,  lOOOOO.) 

The  denominators,  as  a  fraction,  to  5th term? 
(10,  100,  1000,  lOOOO,  lOOOOO.) 

Which  is  greater  the  8.500  or  the  8.5? 

Which  is  greater  the  8.50  or  the  8.50000? 

Read  the  lowest  term.    The  5th  term. 

Many  other  similar  exercises  with  10.10, 
i.oi,  .010,  i.oii,  2.303,  1.5,  3.00,*  5.00,*  3.010, 
.42,  .015,  4.00,*  6.0,*  .3,  .40,  .60,  .01050,  25.00,* 
7.0,*  1. 100,  etc.  There  should  be  dozens  of 
such  exercises  and  the  step  should  have  fre- 
quent reviews  for  weeks. 

D.  Reductions  to  Lower  and  to  Higher  Terms 

This  completes  the  development  of  decimal 
fraction  equivalents.  Hereafter,  in  all  compu- 
tations or  exercises  in  which  it  may  be  neces- 
sary to  annex  a  cipher  to  a  number,  it  must  be 
spoken  of  as  reducing  to  higher  terms.  When 
the  result  of  an  exercise  or  problem  is  not  in 
its  lowest  terms  it  must  not  be  accepted.  The 
removal  of  a  cipher  or  ciphers  in  order  to 
effect  the    proper  reduction  must  be   spoken 

*  The  pupils  should  regard  expressions  like  these 
as  integers.  He  will  read  them  as  integers — three, 
five,  four,  six,  etc.  When  asked  to  read  them  as 
improper  fractions,  he  will  read  them — three  hundred 
hundredths,  five  hundred  hundredths,  sixty  tenths,  etc. 
Vol.  III-6 
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of  as  reducing  to  lowest  terms.  The  teacher 
must  be  as  consistent  in  requiring  decimal 
fraction  results  to  be  in  lowest  terms  as  in 
computations  with  common  fractions.  (See 
Chapter  XII,  B,  3.) 

Summary. 

1.  The    importance    of    series    changes — 

changes  to  higher  terms  and  to  lower 
terms — ^in  the  fundamental  operations 
where  decimal  fractions  are  involved — 
(i)  In  making  additions,   subtractions, 
and   divisions   possible   in  many 
computations;  and, 
(2)  In  simplifying  or  shortening  opera- 
tions.   {A,  I.) 

2.  Common  fraction  equivalent  series  re- 

viewed as  the  basis  for  the  develop- 
ment of  series  from  decimal  fractions 
in  decimal  fraction  form.    (B,  i.) 

3.  Series   of   decimal  fraction  equivalents 

with  proper  fractions  developed  by 
requiring  the  pupil  to  adhere  to  the 
language  of  the  direction  given  them 
' '  decimal  fraction  equivalents . "  In  this 
way  the  pupil  learns  to  discriminate 
between  fraction  equivalents  and  deci- 
mal fraction  equivalents.    {B,  2.) 
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4.  Decimal  fraction  equivalents  from  mixed 

ntimbers  and  improper  fractions.  (5,  j.) 

5.  Finding  the  number  of  the  term  in  the 

series  and  the  lowest  term  when  a 
single  term  of  a  decimal  fraction  series 
is  given.     (C) 

6.  Reductions  to   Lower    and    to    Higher 

Terms. 
The  pupil  is  taught  that  all  results  of 
operations  must  be  in  lowest  terms  and 
that  annexing  ciphers  or  removing 
ciphers  must  be  spoken  of  as  reduc- 
tions.   (D.) 

Time  required  for  the  work  of  the  chapter,  including 
necessary  reviews,  fifteen  days. 


CHAPTER  VIII 

ADDITION,   SUBTRACTION,  AND  MULTIPLICATION 

Topic: — The  Development  of  "Pointing  Off"  in  addition,  Sub- 
traction, and  Multiplication 

A.  Addition 

I.  Written  Dictations 

There  need  be  no  explanations  or  instruc- 
tions in  this  work.  The  child  added  on  the 
abacus  and  that  work  is  the  only  preparation 
required.  Dictations  should  be  given  in  hori- 
zontal form,  the  child  being  required  to  write 
and  add  the  exercises  vertically: — 

25.1+2.2  .024+2.8  .001+3. 

3.6+34  .003 +.02  2.67+1.009 

3.5+2.6  24  +  .005  .39  +  1.005 

4-93 +3-08         1.67 +24.019        .46 +.087 

The  child  will  learn  by  experience  that  there 
is  greater  convenience  in  adding  by  writing 
units  of  the  same  kind  under  each  other.  This 
arrangement  of  "imits  imder  imits  and  tenths 
imder  tenths,"  as  it  is  sometimes  loosely  ex- 
pressed, is  secured  by  conducting  the  work 
for  the  first  dozen  or  more  exercises  as  class 
work — one  child,  then  another,  and  then 
another  going  to  the  blackboard  to  do  the 
work  and  giving  with  it  the  full  oral  work. 
570 
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In    I  ^'    the  pupil  writes  the  expressions  in 

vertical  form  and  then  begins  to  "talk."  ("Two 
tenths  and  one  tenth  are  three  tenths,  two  and 
five  are  seven,  I  write  two  tens.  The  sum  is 
twenty-seven  and  three  tenths.") 

In    I    ^^o  the  pupil  at  the  blackboard  says, 

"  8  hundredths  and  3  hundredths  are  1 1  hun- 
dredths. This  is  I  tenth  and  i  hundredth.  I 
write  the  i  hundredth,  i  tenth  and  9  tenths 
are  10  tenths.  This  is  i.  I  write  tenths  space 
empty,  i  and  3  and  4  are  8.  I  write  8.  The 
sum  is  8  and  i  hundredth." 

The  teacher  will  observe  that  the  full  oral 
work  will  lead  the  child  to  discover  the 
awkwardness  of  adding  when  one  of  the  add- 
ends is  in  one  column  and  the  other  or  the 
others  in  another  column,  and  to  arrange  units 
of  the  same  name  under  each  other  for  con- 
venience.    If  in   .024  2.8   the  pupil   should 

write    *     7  his  difficulties  in  adding  8  tenths 

and  4  thousandths  (if  he  should  attempt  so  to 
add)  will  lead  him  to  correct  himself  as  to 
adding  and  as  to  arrangement,  if  only  the 
teacher  will  wait  and  let  him  fight  it  out  alone. 
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Delay  in  order  to  give  the  child  a  chance  to 
overcome  the  diffictilty  alone  is  time  well  spent. 

2.  Addition — Oral  Dictation 
These  exercises  are  like  those  in  the  section 
above  excepting  that  the  dictation  is  oral.  It 
gives  additional  experience  in  writing  decimals, 
as  well  as  in  addition.  Exercises  should  be 
given  in  blackboard  solutions  with  full  oral 
work  as  in  the  section  above. 

B.  Subtraction 

/.  Written  Dictation 

No  explanation  or  instructions  should  be 
given.  The  dictations  should  be  written  on 
the  blackboard  in  horizontal  form — 3.6  —  i  .4  = , 
14.009— 2.12  =,  etc. — and  the  pupils  required 
to  write  and  subtract  in  the  usual  vertical  form. 
This  work  as  in  addition  should  be  introduced 
by  blackboard  exercises  with  full  oral  work  as 
there  outHned. 

In      ^'  ^  the  oral  work  by  the  pupil  who 
-1-25  ^  ^ 

is  at  the  blackboard  is  "5  hundredths  from 
4  himdredths  I  cannot  take.  I  take  i  tenth 
from  the  8  tenths  leaving  7  tenths.  The  i 
tenth  is  equivalent  to  10  hundredths.  I  have 
now  14  himdredths.  5  hundredths  from  14 
hundredths  leave  9  hundredths.    2  tenths  from 
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7  tenths  leave  5  tenths,  i  from  3  leaves  2. 
The  remainder  is  2  and  59  hundredths."  (If 
required  to  read  it  the  "long  way,"  the  child 
will  read  2  and  5  tenths  and  9  hundredths.) 

2.  Oral  Dictations 

These  are  given  as  much  for  the  additional 
experience  in  writing  numbers  as  for  that  in 
subtraction. 

C.  Multiplication 

J.  ''Pointing  Off'" 

This  work  should  begin  by  simple  exercises 
of  tenths  multiplied  by  tenths,  htmdredths  by 
tenths,  tenths  by  hundredths,  etc. — the  aim 
being  to  give  the  child  an  opportunity  to  find 
out  for  himself  how  to  "point  off"  the  pro- 
ducts. This  (the  pointing  off)  is  determined 
by  the  pupil  by  performing  the  operation  in 
each  case  in  common  fraction  form. 

For  illustration,  .5X7  is  arranged  by  the 

pupil  in  the  usual  multiplication  form — i  v  7  )  • 

In  solving,  the  child  must  "talk,"  giving  the 
full  oral  work.  "  7  tenths  times  5  tenths  is  — " 
(He  will  almost  surely  say  35  tenths) .  "Prove 
it."  If  the  pupil  hesitates,  not  knowing  how 
to  make  a  "proof,"  the  teacher  may  make  the 
suggestion,  "We  prove  by  solving  it  the  old 
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way."    This  the  child  will  iinderstand.    He  is 
to  write  the  expression  as  ^^  x  ^^  =  and  solve 

•5 
in  that  form,    to  X  1^=1^.    Therefore  X.7 


•35 

"Pointing  off"  is  developed  by  requiring 
this  proof  in  every  case  for  the  first  few  exer- 
cises whether  the  child  points  off  correctly  or 
incorrectly.  Another  and  then  another  exer- 
cise in  tenths  by  tenths  is  given  and  proof 
required  in  each  case.  The  results  of  the 
proofs  must  be  put  into  oral  form  and  given  at 
the  conclusion  of  each  proof — "Tenths  times 
tenths  give  hundredths."  This  rule  is  not  to 
be  given  to  the  child.  It  must  be  a  statement 
of  what  his  proof  revealed. 

The  class  work  in  this  development  of  point- 
ing off  must  be  in  the  form  of  class  exercises 
in  which  one  child  and  then  another  goes  to 
the  board  with  an  exercise  and  "talks"  as  he 
writes. 

After  two  or  three  tenths  by  tenths  exercises 
as  above,  there  should  be  a  change  to  exercises 
like  .06 X. 3.  The  child  may  try  to  arrange  it 
in  the  same  form  as  addition  and  subtraction 
exercises — tenths  under  tenths,  etc. 

.06  The  teacher  may  tell  him,  if  she 
X.3  chooses  that  such  arrangement  in  mul- 
tiplication  is  not  necessary. 


MULTIPLICATION  575 

He  may  write  this  exercise      .06 

X.3 

The  oral  work  is  "3  tenths  times  6  hun- 
dredths is  ."     The  child  will  say  either 

that  the  product  is  18  tenths  or  18  himdredths. 
The  teacher  must  in  any  case  require  proof. 
This  proof  is,  of  course,  -f^  X rg^  =two-  The 
oral  statement  of  what  the  proof  reveals  is 
"Tenths  times  hundredths  give  thousandths." 

Other  exercises  under  this  head: 

.8  .9         .09  .07  .08 

X.06        X.04        X.5  X.03        X.09 

The  next  exercises  should  be  in  the  form  of 
.3X.18,  .16X7.  -HX.S,  .3X.13,  etc. 

The  form  of  work  is  the  same — the  pupil 
pointing  off  each  partial  product  and  proving 
the  work.     In  .16x7=,  the  pupil  arranges 

the  numbers  in  the  vertical  form    '  ^ 

X7 

("7  tenths  times  6  hundredths  is  42  thou- 
sandths.") 

(Proof — j^  Xt-§^  =  iwo'  "Tenths  times  hun- 
dredths gives  thousandths.") 

The  pupil  writes  the  partial  product  as  in 
any  ordinary  multiplication  and  points  it  off. 
This  first  partial  product  will  be  written — 

.16 

X7 
.042 
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("7  tenths  times  i  tenth  is  7  hundredths." 
(Proof).     "Tenths  times  tenths  gives  hun- 
dredths.")   The  written  work  is  now  in  the 
form —                       .16 
7 

.042 
.07 


.112 

"How  many  partial  products?"    ("Two.") 

"Which  has  the  highest  fraction?"  ("The 
first,  2  thousandths.") 

"What  is  the  highest  fraction  in  the  prod- 
uct?"   ("2  thousandths.") 

The  partial  products  are  now  added  and  the 
complete  product  read  by  the  pupil  in  "long 
way"  and  in  "short  way."  The  teacher  will 
note  that  in  this  work  each  partial  product  must 
he  pointed  off.  Otherwise  the  multiplication, 
the  arrangement  of  the  partial  products,  and 
the  addition  of  the  partial  products  is  exactly 
like  multiplication  of  integral  numbers. 

2.  Fraction    Terms  and  Definitions   Reviewed 

The  terms  ntimerator,  denominator,  integral 
number,  fractional  nimiber,  and  mixed  number 
must  be  brought  into  use  by  frequent  questions 
on  the  nimibers  in  use. 

.13X.24. 

"  In  the  .13  what  is  the  numerator?  " 
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' ' The  denominator ? "  "Is  the  denominator 
written?"     ("No,  it  is  imderstood.") 

"What  kind  of  a  number? "    (Fractional.") 

"In  the  .24  what  kind  of  a  number?"         .24 

("FractionaL")  X.13 

*  *  What  is  the  numerator  ?  "  .00 1 2 

"The  denominator?"  .006 

"Is  the  denominator  written?"  .004 

"Express  it  with  the  denominator  .02 

written."     ("1^.")  

V    100     /  .0312 

"How  many  partial  products? "    ("Four.") 
"Which  has  the  highest  fraction?"     ("The 
first,  the  .0002.") 

"What  is  the  highest  fraction  in  the  prod- 
uct?"   (".0002.") 

J.  Numbers    to    be    Used   in    Development    of 
''Pointing  0/" 

The  aim  in  the  class  exercises  in  "pointing 
off, "  in  which  the  pupil  goes  to  the  blackboard 
and  "talks"  and  points  off  each  partial 
product  as  above,  is  to  give  only  simple  mul- 
tiplications— those  in  which  there  are  no 
"talking"  difficulties.  The  following  are 
illustrative  of  the  exercises  referred  to: 

.35    X8.2  3.005x2.002  .582  X   .026 

6-1      X   .35  7.013X8.201        3.821  X   .456 

2.84    X312  5.607x2.05  2.13    X3.12 

2.921  X4.106  .396  X   .284  .015  X   .023 
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Many  exercises  of  this  kind  shovild  be  given 
for  class  exercises  and  many  more  for  seat 
written  work.  The  questions  as  to  the  number 
of  partial  products,  the  highest  fraction,  etc. 
should  be  used. 

The  teacher  will  observe  that  the  exercises 
are  fractional  and  mixed,  that  the  fraction  or 
the  fractional  part  in  no  number  is  higher  than 
thousandths,  and  that  no  integral  part  is 
higher  than  units  of  the  first  order.  To  mul- 
tiply 32.3  by  .4  would  involve  "4  tenths  times 
thirty"  in  the  language  (the  "talking")  part. 
This  language  is  difficult  and  there  is  no  com- 
pensating advantage  from  its  use.  Exercises 
of  that  kind  belong  to  the  "short  way"  work 
later  on. 

4.  Anticipating  the  Denominator  in  the  Product 

The  aim  of  this  section  is  to  develop  the 

power  to  determine  the  denominator  of  the 

complete  product  before  the  multiplication  is 

begun.    In  ^  '^^  the  child  is  to  decide  before 

he  begins  to  multiply  that  the  highest  fraction 
in  the  product  (reading  the  "long  way")  will 
be  ten  thousandths.  This  being  stated,  the 
child  proceeds  to  multiply. 

(a)  Preliminary  to  this,  it  will  be  necessary 
to  give  a  few  exercises  in  reading — 
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3.167. 

"Read  this  the  long  way." 

"What  is  the  highest ,  denominator?" 
("Thousandths.") 

"The  highest  fraction?"  ("Seven  thous- 
andths.") 

" The  lowest  denominator? "    ("  Tenths.") 

.23X.35- 

"What  is  the  highest  denominator  in 
.23?"     ("Hundredths.") 
.23     "The    highest    fraction?"       ("Three 
X.35         himdredths.") 

"The  highest  denominator  in  .35?" 
•0015     urj.^^  highest  fraction?  " 
OOQ      "The    highest    denominator    in    the 
I06  .0015?"     ("Ten  thousandths,") 

"The    highest    denominator    in    the 

.0805  product?" 

"The  highest  fraction?" 
After  a  few  exercises  in  this  preliminary 
reading  work,  the  child  is  ready  to  learn  to  an- 
ticipate the  highest  denominator  in  products. 
(b)  How      to      Anticipate      the     Highest 
Denominator. 

The  child  has  had  several  exercises  in  point- 
ing out  the  highest  denominator  after  the  mul- 
tiplication. We  now  put  before  him  (on  the 
blackboard  in  a  class  exercise)  an  exercise —  2.4 

X.2 
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"What  will  the  highest  denominator  be?" 
("Hundredths.") 

"What  will  the  fraction  be?"  ("8  hun- 
dredths.") 

If  the  child  is  unable  to  give  the  answer  to 
the  first  question,  the  teacher  should  not  help 
or  suggest.  She  should  have  him  proceed  with 
the  multiplication  and  answer  the  above  ques- 
tions afterwards.     He  is  now  given  another 

26 

exercise    '      and  the  question,  "What  will  the 

highest  denominator  be?"  is  asked  again. 
It  is  rare  that  the  child  fails  to  answer  the 
question  with  the  second  exercise.  If,  how- 
ever, he  fails  to  answer,  he  must  multiply 
(giving  the  oral  work  and  pointing  off  the 
partial  product)  and  answer  the  question  after 
the  work  is  completed. 

If  he  answers  the  question,  he  proceeds  with 
the  oral  work  and  the  pointing  off  as  in  all 
previous  work. 

The  whole  aim  in  this  work  is  to  have  him 
state  in  advance  what  the  highest  denominator 
will  be  and  what  the  highest  fraction. 

Having  stated  these  he  proceeds  with  the 
pointing  off  of  each  partial  product  and  of  the 
complete  product.  Several  exercises  of  this 
kind  should  be  given  before  taking  up  the 
next  section.    The  pupil  must  be  reqmred  to 
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read  the  complete  product  of  each  exercise ' '  the 
long  way"  and  "the  short  way."  He  should 
be  questioned  on  each  complete  product — 

What  is  the  lowest  fraction,  long  way? 

What  is  the  highest  fraction,  long  way? 

What  is  the  denominator,  short  way? 

What  is  the  fraction,  short  way? 

These  exercises  with  the  questions  on  each 
will  develop  power  to  "point  off  the  short 
way" — the  next  step.  The  aim  is  not  to  tell 
or  show  the  child  how  to  point  off  the  complete 
product  in  the  next  step.  His  habit  of  think- 
ing, as  the  result  of  these  exercises,  will  be  to 
find  out  the  "highest  fraction"  and  "the 
denominator  the  short  way,"  and  then  to 
place  the  period — the  "stopping  place"  mark 
— so  as  to  give  that  denominator. 

5.  Multiplying  and  Pointing  off  the   ^^  Short 

Way'' 

(a)  The  form  of  work  in  this  step — class 
exercises. 

After  the  pupil  has  become  sure  in  anticipa- 
ting the  highest  denominator  and  fraction  as 
in  the  previous  section,  he  is  ready  to  take 
up  the  work  of  this  section,  hut  not  before. 

(b)  The  aim  of  this  step  is  to  teach  the 
child  to  perform  the  multiplication  without 
regard  to  the  fractions,  to  multiply  as  if  the 
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multiplier  and  multiplicand  were  integers, 
and  then  to  insert  the  decimal  point  so  as  to 
give  the  fraction  its  proper  denominator. 

•34 
..    ^     The  child  must  state  in  advance  what 

X.20 


the  highest  denominator  is  (ten  thousandths) 
and  what  the  fraction   (4  ten-thousandths). 
He  then  multiplies  as  if  the  numbers  were 
integers — .34 
.26 

204 

68 

884 
He  now  makes  the  "  4  "  ten -thousandths,  .0884. 

(c)  The  questions  are  now  asked  on  the 
complete  product — 

What  is  the  product,  long  way? 

The  lowest  fraction,  long  way? 

The  highest  fraction,  long  way? 

The  denominator,  short  way? 

The  fraction,  short  way? 

The  form  of  work  in  this  step  is  by  class 
exercises  in  which  one  pupil  and  then  another 
goes  to  the  blackboard  to  "talk"  and  write. 
Very  many  exercises  must  be  given.  The 
teacher  will  realize  that  this  step  is  a  very 
important  step  in  multiplication.  It  estab- 
lishes the  power  to  "point  off."     In  each  of 
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the  exercises  the  child  should  be  required  to 
state  in  advance  what  the  highest  denominator 
in  the  complete  product  will  be. 

6.  Seat  Exercises  in  Multiplication  "Long 
Way'' 

Many  exercises  should  now  be  given  in  seat 
work  in  multiplying.  In  these  exercises  the 
pupil  performs  the  multiplication  on  his  paper, 
pointing  off  the  partial  and  the  complete 
products. 

7.  Seat  Exercises  in  Multiplying  '^  Short  Way'' 

Very  many  exercises  in  multiplying  without 
pointing  off  the  partial  products,  the  child  to 
point  off  only  the  complete  product — 

3.26  2.901  6.501  .0215  284  .0034 
X.015     X34.2     X.0023     X3I-6     X.04     X  28 

21 1.6       .0004       2.814       45-6      2815       .001 
X23.4   X.0002    X.0012    X2.04   X.024   X.006 

Summary. 

I .  Exercises  in  addition  and  subtraction  in 
which  the  pupil  learns  by  experience  to 
write  the  nimibers  in  order  ("units 
under  units  and  tens  under  tens")  for 
the  operations  and  to  place  the  deci- 
mal point  in  its   proper   place  in  the 

results.     {A.)  and  {B.) 
Vol.  111-7 
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2.  Exercises  in  multiplication  in  which  the 

pupil  is  required  to  prove  the  denomi- 
nator of  each  partial  product  by  per- 
forming the  operation  in  common  frac- 
tion form  and  to  "point  off"  accord- 
ingly. In  these  exercises  the  denomi- 
nator of  the  product  is  ascertained 
after  the  operation.     (C,  1-3.) 

3.  Exercises  to  give  opportunity  to  deter- 

mine by  a  single  partial  product  what 
the  denominator  of  the  smallest  frac- 
tion and  of  the  fraction  will  be  in 
advance.  This  completes  the  develop- 
ment.    {C  4-7.) 

Time  required  for  this  work,  twenty  days. 


CHAPTER  IX 

REDUCTION   OF   COMMON   FRACTIONS   TO 
DECIMALS 

Topic: — The  Analysis  of  the  Reduction  Process 
A.  Oral  Reductions 

J.     "Is  this  a  decimal  fraction?"    ("No.") 

"Why?"  ("Because  the  denominator  is 
not  a  power  of  lo.") 

"  May  it  be  changed  to  a  decimal? "  ("Yes, 
into  3^.") 

"Write  it  in  its  lowest  terms."    ("  .5.") 

"Write  the  fourth  term  of  the  decimal  frac- 
tion equivalents.  "  (".5000.") 

"Read  it." 

"Write  it  as  thousandths."    (" .500.") 

"Read  it." 

■5'  ¥'  s"'  ¥»  TO'  To»  "50"'  TD"'  To"'  2T»  "TS"'  ^^^  now 
taken  up  in  this  same  manner. 

The  child's  mental  process  in  all  such  reduc- 
tions will  be  somewhat  as  follows,  using  J  as 
an  example,  the  pupil  asking  and  answering 
the  questions: 

("Canlmakeitintoioths?"  "No."  "Can 
I  make  it  into  looths? "  "Yes."  "|  is  the  same 
as  25  lOOths.")     He  will  then  write  it  ^  =  .25. 

If  J  or  :^  is  given,  he  will  think  loths,  then 

585 
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looths,  then  loooths.  In  finding  the  equiva- 
lent of  xg-  in  lOOOths  he  should  be  permitted  to 
use  paper  and  pencil.  Most  of  the  questions 
here  should  be  oral  but  involving  only  simple 
reductions.  Much  of  this  should  be  done  for 
the  sake  of  the  mental  work. 

B.  Written  Reductions — Even 

The  aim  of  this  step  is  to  develop  the  form 
of  the  written  analysis.  This  should  be  re- 
quired for  several  weeks  in  all  reductions  of 
common  fractions  to  the  decimal  form.  In 
order  not  to  complicate  the  work  while  de- 
veloping this  form,  exercises  should  be  selected 
that  will  reduce  to  simple  *  decimals. 

I.  The  Significance  of  the  Fraction 
•J.     "What  does  it  mean?"     ("It  means 
^  of  I  —J  of  a  whole.") 


Meaning?"    ("J  of  4.") 


In  this  way  review  the  partition  eqmvalents 
of  common  fractions — J-,  f ,  |-,  |-,  f ,  f,  -^,  j^, 
etc.  (See  Chapter  XXVI  (7)  of  Part  I.)  The 
child  must  write  the  statement  in  response  to 
oral  and  written  dictations — 

i=iQf  I,  t  =  J  of  2,  ^  =^  of  I,  etc. 

*  Decimal  like  common  fractions  may  be  simple 
or  complex.  A  complex  decimal  fraction  is  one 
whose  numerator  is  a  fraction  or  a  mixed  number. 
.3^,  .201 1,  and  .004^  are  complex  decimal  fractions. 
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2.  The  Written  Analysis 
The  fractions  to  be  used  in  this  step  are  the 
same  as  those  used  for  the  Oral  Reductions 
above — fractions  that  may  be  changed  evenly 
to  loths,  looths,  or  loooths,  etc.  Many  of  the 
fractions  used  here  may  be  so  simple  as  to  be 
easily  changed  to  decimal  form  mentally. 
They  are  as  suitable  as  any  for  this  written 
work  because  the  aim  here  is  the  analysis  form, 

a.  Choosing  the  Denominator 
The  child's  first  act  in  changing  a  common 

fraction  to  decimal  form  is  invariably  to  decide, 

mentally  if  possible,  the  denominator. 
^.    ("I  can  make  it  into  loths.") 
^.    ("I  cannot  make  it  into  loths  or  looths. 

I  can  make  it  into  lOOOths.") 

-^.    ("I  cannot  make  it  into  loths.     I  can 

make  it  into  lOOths.") 

b.  The  Analysis 

Having  decided  upon  the  denominator  as 
above,  the  child  begins  his  written  analysis. 

This  analysis  must  be  taught.  It  hardly 
admits  of  development  with  pupils  of  this  age. 

"Change  ^  to  decimal  form." 

"  (I  can  make  J  into  lOths.") 

a=iof  I. 
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"J  to  decimal  form." 

("I  can  make  Sths  into  loooths.") 

a=iof  I. 

T    _  1000 
*   ~  1000* 

JL  of    T   =   i*  of   1000   —    125     _    TOC  ^ 
gUil—    8       UijQQo   —  1000   —•^■^D'J 

"•^  to  decimal  form." 

("I  can  make  20ths  into  looths.") 

V2  0        2  0    ^-'^    /• 
7  -700 
/   ~  100- 

_1_  of  7  — -i-  nf  +    700   —    35     —    ic\ 

20  *^^  7  -20  oi  I  Too  -Too  -•35') 
"A"  to  decimal  form." 
("I  can  make  25ths  into  looths.") 
(ife  =  A  of  9- 

n  —900 

y  -100- 

-J-  of  Q  =T^  of  t    QOO   =-36_  -    if.\ 
2  5  Oi  y  — ^5  Ui^.  iQo  —100  --6^') 

Note. — ^The  reason  for  the  "actual  division"  in  the 
suggestions  above  is  that  by  actual  division  we  prepare 
for  the  rule  for  reducing  common  fractions  to  decimal 
form.  The  teacher  will  observe  that  in  the  statement 
in  each  case  above  there  is  in  effect  the  "annexing  of 
ciphers  to  the  numerator' '  of  the  original  fraction  "and 
dividing  (see  footnotes)  by  the  denominator." 

*  The  pupil  should  be  encouraged  to  find  j  of  \^^ 
by  actually  dividing       .125 
8)1.000 
t  The  pupil  should  actually  divide      .35 

20)7.00 
X  Actual  division       .36 
25)9.00 
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In     there  is — 
f  =  |of3. 

iof3=iofn  =  A=-6. 

Now  |  =  ^off^  =  T^  =  .6.     The  first  statement  (f) 
s  the  fract'on  to  be  reduced.    In  the  second  statement, 
^  of  |-^  =  ^,  we  in  effect  "annexed  a  cipher  to  the  nu- 
merator" of  the  f  and  "divided  by  its  denominator." 
This  analysis  leads  to  that  old  rule. 

Many  exercises  must  be  given  in  even  work 
until  the  child  can  follow  the  analysis  form. 

C.  Written  Reductions — Miscellaneous 

This  step  has  to  do  with  the  reduction  to 
decimal  form  of  any  fraction  whether  it  may 
be  reduced  evenly  or  not.  It  introduces  the 
child  to  complex  decimals — a  term  that  he 
must  learn  and  use. 

The  fact  that  there  are  some  common  frac- 
tions that  may  not  be  changed  evenly  to 
decimal  form  should  be  brought  to  the  child 
by  two  or  three  oral  exercises  as  follows: 

"Change  ^  to  decimal  form." 

(In  response  to  this  the  pupil  tries  (mentally) 
loths,  then  looths,  then  loooths.  He  replies 
that  it  can  not  be  changed  evenly.) 

"Change  ^  to  decimal  form." 

(The  child  will  try  this  with  the  same  result.) 

"Change  -^  to  decimal  form." 

(This  in  the  same  manner  will  prove 
impossible.) 
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D.  Reducing  to  Definite  Denominator 

In  dictating  fractions  for  reduction  to  deci- 
mal form,  the  teacher  should  now  state  in 
each  case  the  denominator  to  which  the 
reduction  is  to  be  made.  For  illustration,  the 
child  is  told  to  reduce  J  to  loths,  to  reduce 
^  to  loooths,  to  reduce  f  to  looths,  etc.  The 
child  in  response  reduces  to  the  denominator 
suggested  using  the  full  analysis  written  form, 
as  in  even  reductions  above,  and  writes  the 
exact  decimal  equivalent — the  complex  decimal 
fraction  as  follows: 

f  to  decimal  form — to  lOOOths. 

f=i0f2. 

o  —2000 
-^  ~"  1000- 

i  of  ^  -1*  nf  2000  -666 ? =  666^ 

g^Ui^— 3       '-'^1000""  """lOOO  -UUUg  . 

Change  f  to  decimal  form — lOOths. 
A  =1  of  4. 

YOI4— 7      OijQo— ^5/100— •0/7' 

•3^  to  looooths — decimal  form. 

J-  --^  of  7 
12—12  ^^  /  • 

>-,  _  70000 
/  ~ 10000- 

T2  of  7  =T2    or  icrFo^  =5^33ioooo  =-5o333'- 

It  is  almost  needless  to  say  that  the  child 

should  have  very  many  exercises  in  these  re- 

*  The  teacher  should  require  the  actual  written  divi- 
sion in  these  cases       .666|         _v57t  -5833? 
3)2.000         7)4-00         12)7.0000 
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ductions  and  that  the  term  complex  decimal 
fraction  should  be  in  constant  use. 

Complex  Decimal  Fraction  Defined.  A 
complex  decimal  fraction  is  one  whose  numer- 
ator is  a  mixed  number  or  a  fraction. 

(A  simple  decimal  fraction  is  a  fraction 
whose  ntimerator  is  not  a  mixed  nimiber  or  a 
fraction.) 

E.  Forms  of  Reductions 

1.  The  Long  Form 

There  are  two  "forms"  of  reductions — the 
long  form  (the  analysis  form  as  above)  and  the 
short  form.  The  latter  is  a  close  approach  to 
our  ordinary  way  of  reducing  common  frac- 
tions to  decimal  form.  This  short  form  must 
be  taught  the  children  and  hereafter,  in  dic- 
tating exercises  in  such  reductions,  the  teacher 
must  indicate  with  each  exercise  whether  the 
reduction  shall  be  performed  in  the  long  or  in 
the  short  form. 

2.  The  Short  Form 

This  form  practically  leaves  out  the  first 
two  analysis  steps,  using  only  an  abridgment 
of  the  third. 

To  reduce  f  to  decimal  form — to  loooths: — 

9"  ~9  ^^  oOOlOOO  "10000  — OOJ9- 

After  a  few  exercises  in  this  form  there 
should  be  a  still  further  shortening — 

5.  _JL  nf  5000  —    cctrS. 
9   ~9    ^^    1000   "~0009- 
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This  latter  form  is  the  "short  form"  that 
the  pupil  should  use  exclusively  after  the  first 
few  exercises,  except  for  an  exercise  now  and 
then  to  keep  the  analysis  form  (the  long  form) 
fresh.  He  must  not  be  permitted  to  lose  the 
long  form.  In  all  these  exercises  the  actual  di- 
vision should  be  performed  as  suggested  above. 

Summary. 

1.  Exercises  in  mental  work  in  changing 

simple  fractions  to  decimal  equivalents. 
This  is  training  in  finding  the  denomi- 
nators of  the  decimal  fractions  and  in 
stating  the  mental  processes  in  the 
reductions.    {A .) 

2.  Exercises   in  written   reductions,   using 

common  fractions  that  may  be  reduced 
to  simple  decimals — even  reductions. 
The  child  having  been  taught  the  sig- 
nificance of  fractions,  uses  the  analysis 
form  that  he  used  in  his  mental  reduc- 
tions in  A.  (B.) 

3.  Exercises  in  reducing  fractions  to  definite 

denominations  regardless  of  whether 
the    decimal    fraction    equivalent    is 
simple  or  complex,     (C  and  D.) 
Long  form  reduction  processes.    {E,  i.) 
Short  form  reduction  processes.    (£,  2.) 

Time  required  for  this  work,  including  reviews  of  pre- 
vious work,  fifteen  days. 


CHAPTER  X 

COMPLEX   DECIMAL   FRACTIONS 

Topics: — Reductions  of  Simple  and  Complex  Decimals  to  Lower 
Complex  Forms.    Reductions  of  Complex  Decimals  to 
Higher  Forms,  Simple  or  Complex 

A.  Aim 

In  reducing  common  fractions  to  decimal 
form,  the  child  found  and  wrote  decimal  frac- 
tions that  were  complex.  In  those  exercises 
the  numerators  of  the  fractions  were  mixed 
numbers.  The  aim  of  this  step  is  to  teach 
him — 

(i)  To  read  and  write  decimal  fractions 
whose  numerators  are  fractions — .oj,  .ooof, 
.oof,  etc.;  and, 

(2)  That  a  common  fraction — J,  f ,  J,  f ,  etc. 
— can  not  and  must  not  be  used  alone  as  a 
position  sign.  (This  means  that  a  fraction 
position — first  fraction  space,  fourth  fraction 
space,  second  fraction  space,  etc. — may  be 
indicated  only  by  a  numeral  or  by  the  sign 
"empty"  (o);  that  a  fraction  alone — not  at 
the  right  of  a  numeral  or  of  an  "empty"  sign 
— can  not  be  made  to  occupy  a  fraction  space 
by  placing  a  decimal  point  before  it.) 

(3)  To  reduce  complex  decimals  to  higher 
and  lower  terms. 

593 
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B.  The  Introduction 

I.  Reading  Complex  Fractions — Written 
Dictations 

.oj.    "Read  it." 

("One-half  of  a  tenth"). 

"How  many  fractional  positions  used?" 

("One"). 

"How  many  occupied?" 

( ' '  One — occupied  by  el  fraction  of  a  tenth ,  J  " ) . 

.oof.    "Read  it." 
("Two-thirds  of  a  hundred"). 
"How  many  fractional  positions  used?" 
("Two"). 

"How  many  occupied?" 
("One,  the  second — occupied  by  a  fraction 
of  a  hundredth,  f  "). 

.2^.    "Read  it." 

*  *  How  many  spaces  used  ?  "    "  Occupied  ?  * ' 

"In  what  space  is  the  i?*' 

("In  the  first"). 

.ooof .    The  pupil  reads  it  and  answers  the 
questions  as  to  used  and  occupied  spaces. 
"In  what  space  is  the  f  ?" 
("In  the  third"). 

Several  additional  exercises  of  the  same  kind 
should  follow—  .12^,  .2f,  .3J,  2.4f,  14^,  .31!, 

•^■g")    22"»    53">    ^tC. 
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The  teacher  will  note  that  in  5^  the  J  is  in 
the  first  integral  position. 

2.  Writing  Fractions — The  Positions  of 
Fractions 

"Write  }  in  the  first  fractional  position." 
C'.of"). 
" Read  it."    ("Three  fourths  of  a  tenth"). 
"Write  f  in  the  3d  fractional  position." 

(".GOOf"). 

"f  in  first  integral  position."     ("|"). 
"Read  it."    ("Five-sixths"). 
"|-  in  2d  fractional  position."    ("  .oof-"), 
"f  in  the  4th  fractional  position."    (.0000 J). 
Several  additional  exercises  of  the  same  kind. 

J.   Writing  Fractions — ''Position''  Applied 

' '  Write  f  of  a  thousandth. ' '     ( .ooof ) . 
"J  of  a  tenth."     "|  of  a  ten-thousandth." 
"f  of  a  hundredth." 
Many  other  similar  dictations. 

Note. — The  teacher  may  find  it  necessary  in  this 
step  to  anticipate  C  below  in  so  far  as  to  teach  that  a 
decimal  point  before  a  common  fraction  alone  has  no 
meaning. 

C.  The  Decimal  Point  Not  a  "  Common  Fraction  ** 
Sign 

Aim. — In  this  step  the  teacher  writes  all 
sorts  of  possible  and  impossible  complex  deci- 
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mal  fractions  for  the  pupil  to  read  or  to  declare 
impossible.  It  is  the  final  test  of  the  pupil's 
knowledge  of  decimal  fraction  written  lan- 
guage. This,  in  effect,  reviews  what  has  been 
taught  in  B. 

The  aim  is  to  teach  (tell)  the  pupil  that  the 
decimal  point  can  not  he  used  with  a  fraction 
alone — that  the  decimal  point  in  -J  has  no 
significance,  the  J  in  such  case  not  being 
affected  by  the  "•"  the  expression  J  and  -J 
each  meaning  one-third  of  a  whole. 

This  is  a  very  important  matter — one  of  the 
most  important  in  decimal  fraction  teaching — 
and  must  be  handled  forcefully  and  the  lesson 
driven  deep. 

Dictations  Written — Pupils  Read. 

n-S.      ni^      no^     ^     .2     .5      rw^.     .5.     .3.      rvl     .7 

.ooof ,  .oof,  .o|,  f ,  etc. 

The  teacher  must  give  many  exercises  of 
this  kind  and  the  principle  must  be  brought 
up  for  consideration  frequently  for  weeks  to 
come.  The  aim  is  to  teach  and  enforce  that 
.oj,  .ooj,  .i|,  .2^,  .22 J,  .oooj,  .012J,  .IIlJ, 
.oio|-,  etc.  are  proper  decimal  fraction  expres- 
sions; but  -J,  -f ,  -f ,  -^j  etc.  are  not  decimals, 
the  "."  having  no  effect  upon  them.  The 
pupils  must  be  made  very  critical  in  this 
matter. 
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D.  Reducing  Complex  Fractions  to  Higher  Terms 

In  this  step  the  pupil  is  given  experience  in 
changing  complex  fractions  as  follows:  4.3^ 
to  4.35»  -351  to  .354,  25.13!  to  25.136!  or  to 
25.1362!  or  to  25.13625,  .2i  to  .23!  or  to  .233^, 
etc.  In  short,  it  is  experience  in  changing  such 
fractions  to  the  next  higher  denominator  or  to 
the  second  higher  equivalent  term  or  to  the 
third  higher  term  under  the  teacher's  direction. 

I.  Written  Reductions 
3^  to  himdredths. 

3i  =  -3  3-11^  J  of  a  tenth  =  .3  +.0^. 
I  =  10 

^         100* 

.oj  =i  of  a  tenth  =i  of  -^^  =^  =  .05. 

.3!  =.3 +.05  =.35. 

(The  sign  .'.  means  therefore.    Pupils  should 

use  it  regularly) . 

.aj-  to  thousandths. 

.oj  =!  of  a  tenth. 
T  —  10.0 

•*   ■"  1000- 

.0^  =  J  of  a  tenth  =  J  of  -f^  =  33toW  =  •033i 

.-.  .o4=.033i. 

.oif  to  thousandths. 

.oi|-  =.oi  and  f  of  a  hundredth  =.oi  +.oof. 

01  =    10 

•^^        1000* 

.ool- =1-  of  a  hundredth  =4  of   lARn  =h  of 


so     _Q     \ 


=  .008*. 


6     '-'^     1000   ~  6 


1000 

.*.  .oif  =  .01  +.oo8|  =  .018^. 
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Very  many  exercises  in  such  written  analysis 
work  should  be  given.  It  gives  training  in 
analysis  and  additional  experience  in  reading 
and  writing  complex  decimal  fractions.  The 
child  should  have  enough  of  this  work  to 
enable  him  to  make  the  reductions  mentally 
without  analysis  as  in  j  below. 

2.  Repetends,  Repeating  Decimals,  Circulating 
Decimals 

There  should  be  many  exercises  in  this  work 
of  reducing  complex  decimals  to  higher  equiv- 
alents and  the  dictations  should  include  frac- 
tional parts  in  3ds,  6ths,  7ths,  9ths,  I2ths, 
etc.— .02|,  .oj,  .oof,  2.01I,  .31,  .oif,  i.i|^, 
2.0^,  etc.  The  dictations  should  sometimes 
direct  that  the  reductions  be  carried  to  mil- 
lionths  or  even  higher.  In  this  way  the  pupil 
will  discover  that  ^  gives  a  decimal  in  which 
3  is  repeated  indefinitely,  that  f  gives  a  repeat- 
ing 6,  that  4-  gives  a  repeating  142857,  that  ^ 
gives  a  repeating  i,  etc. 

The  terms  "repeating  decimals"  and  "cir- 
culating decimals"  should  be  introduced  and 
the  pupil  should  be  required  to  speak  of  a  dec- 
imal fraction  having  a  repeating  figure  or  a 
set  of  repeating  figures  as  a  "repeating"  or  a 
"circulating"  decimal — circtdating  because  in 
its  endless  feature  it  is  like  a  wheel,  a  circle. 

The  term  "  repetend  "  may  be  used  in  speak- 
ing of  the  part  that  repeats.    The  repetend  in 
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•3  j"  is  3 ;  in  the  decimal  equivalent  of  f ,  it  is  6 ; 
in  the  decimal  from  4-,  it  is  142857. 

In  each  reduction  that  gives  a  repeating 
decimal,  the  child  should  be  required  to  say, 
This  is  a  repeating  decimal,  the  repetend  is  — . 

\  J.  Oral  Reductions 

These  are  reductions  like  those  in  (i)  above 
excepting  that  the  work  is  mental  and  without 
analysis. 

.02f  to  thousandths. 

The  child  is  required  to  write  the  result 
directly — without  written  computation. 

(".02|=.024"). 

.if  to  loooths. 
(".I|=.i66|"). 

Many  mental  exercises  of  this  kind  must  be 
given.  The  pupil  should  be  able  to  write  out 
such  reductions  where  the  denominator  of  the 
fraction  to  be  reduced  is  12  or  less.  These 
exercises  should  include  the  reductions  of  J,  f , 
J,  f,  etc. — fractions  that  give  the  common 
repeating  decimals.  When  a  reduction  gives 
a  repeating  decimal,  the  pupil  should  so  state, 
as  in  (2). 

E.  Reducing  Simple  and  Complex  Decimals  to  Lower 
Terms 

I.  Simple  Decimals — By  Inspection 
This  step  contemplates  making  reductions 
mentally,  making  use  of  decimals  whose  reduc- 

Vol.  III-8 
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tions  are  simple.  This  is  very  practical  mental 
work  and  much  of  it  should  be  given. 

.35  to  lOths  (.3I). 

.425  to  looths  (42 J).    To  loths  (.4!). 

.3475  to  lOOths  (.34}). 

3.24  to  loths  (3.2f). 

.28  to  loths  (.2|). 

1.389  to  lOOths  (1.381^). 

Many  of  these  must  be  given.  This  is  the 
preparation  for  (j)  below. 

2.  Complex  Decimals — By  Inspection 
In  this  step  the  dictations  are  those  which 
result  from  f  and  I — -333^  to  loths,  333 J  to 
lOOths,  2.6666f  to  looths,  etc.  {-SSSi^-Sh 
.333i  =  '33h  2.6666f  =2.66|,  etc.)  This  form 
of  mental  work  is  very  practical  and  much  of 
it  should  be  done. 

J.  Written  Reductions  with  Analysis — Complex 
Decimals 


This  section  is  an 

application 

of 

Chapter 

XXVI  (/ 2)  of  Part  I. 

.48^  to  loths. 

48i=4* 

n-^oi^=u= 

1- 

.-.  48J=4f^=4|. 
2.oi4|-  to  hundredths. 
2.oi4f  =2.01^. 

10""10'-'^     9  90- 

.-.  2.0I4f  =2.0lfJ  =2.0l|i. 
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i.oiof  to  looths. 

I.OIO|=I.Ol/o- 

TO—IO   ^^   5   — 50- 

.-.    I.OIOf=  1.01^=1.01  A. 

Many  exercises  like  these  should  be  given. 

Summary. 

1.  The  first  aim  of  this  chapter  is  to  teach 

the  child  that  a  fraction  space  or  posi- 
tion can  not  be  "occupied"  by  a  com- 
mon fraction;  that  "empty"  or  "occu- 
pied" is  indicated  by  one  of  the  ten 
nimieral  signs,  never  by  a  common 
fraction;  and  that,  consequently,  a 
decimal  point  before  a  common  frac- 
tion (see  p.  596)  (-J,  -f ,  etc.)  does  not 
signify  loths.  (A,  B,  and  C.) 

2.  Exercises  in  reducing  complex  decimals 

to  higher  forms  simple  or  complex. 
This  is  written  work  and  the  reduction 
process  is  analytical.    (D.) 

3.  Mental  reductions  of  complex  decimals 

to  higher  forms  without  analysis.  (D,j.) 

4.  Mental  exercises  in  reducing  complex  deci- 

mals to  lower  forms — without  analysis. 
(£.) 

5.  Exercises  in  reducing  complex  decimals 

to  lower  forms.  This  is  written  and 
analjrtical.     (E,  j.) 

Time  required  for  this  work,  including  necessary  re- 
views, ten  days. 


CHAPTER  XI 

DIVISION   OF   DECIMALS 

Topic: — The  Development  of  "Pointing  ofiF" 

A.  Aim 

In  this  subject  there  is  but  one  problem — 
that  of  teaching  how  to  "point  off"  the  quo- 
tient. The  process  of  dividing  is  like  that 
with  whole  numbers.  Aside  from  "pointing 
it  off  "  the  pupils  will  find  the  quotient  without 
instruction  of  any  kind. 

The  aim  of  this  development  work,  however, 
is  not  expressed  in  terms  of  "pointing  off" 
but  in  terms  of  "stopping  place"  of  integers. 
The  child  is  to  learn  to  determine  where  the 
integral  part,  if  any,  of  the  quotient  ends  and 
the  fractional  part,  if  any,  begins.  The  de- 
velopment purpose  is  not  to  teach  to  "point 
off"  the  quotient  but  to  find  in  it  the  dividing 
line  between  the  integral  and  the  fractional 
parts.  This  being  determined  the  pupil  places 
there  the  "stopping  place"  sign — the  decimal 
point. 

The  teacher  must  have  in  view,  therefore, 

in  this  work  the  following  aims: 

(i)  To  develop  the  power  to  determine  in 
602 
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each  exercise  in  what  stage  of  the  division 
process  the  quotient  figures  begin  to  be  frac- 
tional, and 

(2)  To  develop  in  the  pupil  the  habit  of 
determining  this  and  indicating  it  by  written 
sign  before  the  operation  of  dividing  is  begun. 

B.  The  Teaching  Steps 

I.  Finding  the  Quotient  Decimal  Point  After 
Dividing 

These  are  exercises  in  finding  and  marking 
the  place  where,  in  the  division  process,  the 
integral  part  of  the  quotient  ends  and  the 
fractional  part  begins. 

(a)  .63  -^  .3  =  .  The  teacher  writes  this  on 
the  blackboard. 

Note  i. — The  following  questions  should  be  asked 
after  writing  the  exercise  as  above  and  before  the  work 
upon  it  begins — 

*  'What  kind  of  a  number  is  the  dividend  ? "  ( '  'Frac- 
tional.") 

'  'What  kind  the  divisor  ? "    ( '  'Fractional . ") 
"Read  the  dividend  the  long  way."    ("6  tenths  and 
3  hundredths.") 

"Read  it  the  short  way.'"  ( "Sixty-three  hundredths.") 
"Each  of  you  may  perform  the  division." 

Each  child  writes  the  exercise  .634-  .3  =  but 
must  be  required  to  perform  the  division  oper- 

2 1 

at  ion  in  regular  way r — .    Every  child  will 

.3) -63 
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write  the  quotient  21  but  there  will  be  all 
kinds  of  uses  with  it  of  the  decimal  point. 

A  child  should  now  be  sent  to  the  blackboard 
to  write  what  he  has  on  his  paper — .63-^  .3  = 

21  and  then  should  be  required  to  prove 
•3) -63  the  position  of  the  decimal  point  in 
the  quotient.  The  proof  is  by  the  common 
fraction  process.  He  is  told  that  he  can  find 
out  what  the  quotient  is  by  solving  as  a  com- 
mon fraction  as  1^+1^=1^+1^=2^  = 

2iL=2.I. 

This  analysis  and  proof  the  pupil  should  be 
able  from  his  common  fraction  experience  to 
make  unaided. 

From  this  analysis  he  proves  that  the  2  of 
the  quotient  is  integral  and  that  the  i  is 
fractional — .  i . 

The  work  by  the  child  at  the  blackboard  and 
by  each  child  on  his  paper  at  his  desk  should 
be  in  form  as  follows: 

W  .63-^.3  = 

(  \        2.1   (This  quotient  is  pointed  off  after 
.3). 63        the  proof  in  (2).) 

/'«-^        63    J 3_  _    63    _|_    3  0     _  ^_3_  _  ^_1_  _  o   t 

\^)     Too    '10   ""100     '100   ~^30   ~^10  — '^•^• 

This  is  the  form  that  every  exercise  by  the 
pupils  under  this  subject  should  take — 
(i)  The  exercise  stated  as  in  {x)\ 

(2)  The  operation  form  as  in  {y) ; 

(3)  The  analysis  proof  as  in  (s). 
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The  following  questions  should  be  asked 
after  each  exercise: 

"What  kind  of  a  number  is  the  quotient?" 
("Mixed.") 

"In  what  part  of  the  division  did  we  get 
the  integral  part  of  the  quotient?"  ("When 
we  divided  the  .6.") 

"In  what  part  of  the  division  did  we  get 
the  fractional  part?"  ("When  we  divided 
the  .03.") 

We  will  now,  after  the  analysis  (s) ,  mark  the 
dividend  in  the  real  division  work  to  separate 
that  which  gave  us  the  integral  part  of  the 
quotient  from  that  which  gave  us  the  frac- 
tional part. 


.3)  .6  3 

A 
Note  2. — In  all  {y)  operations  the  pupil  must  write 
each  quotient  figure  directly  above  the  dividend  figure 
that  gave  it  so  that  the  decimal  point  comes  directly 
above  the  caret. 

The  teacher  completes  the  questioning  by 
showing  that  in  this  exercise  the  divisor  is  loths 
and  the  part  of  the  dividend  that  gave  the 
integral  part  of  the  quotient  is  loths — loths 
divided  by  loths  gave  an  integral  quotient. 

{h)  2.46  H- .2  = 

The  work  with  this  follows  the  same  line 
as  that  with   (a) — the  questions  before  and 
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after  and  the  three  solution  steps  (x),  (y),  and 
(0).  In  this  exercise,  besides  asking  the  pupil 
the  kind  of  number  used  as  dividend,  the  kind 
as  divisor,  and  to  read  the  dividend  long  way 
and  short  way,  the  teacher  should  ask  him  to 
read  the  dividend  as  a  fraction — two  hundred 
forty  six  hundredths. 

When  the  work  is  finished — division,  proof, 
and  question — the  written  work  will  be  marked 
as  before  to  set  off  the  part  of  the  dividend 
that  gave  integral  quotient  figures  from  that 
which  gave  fractions —       12.3 

.2)2.46 

A 

The  teacher  will  also  bring  out,  as  before,  that 
loths  divided  by  loths  gives  an  integral 
quotient.  Another  question  to  be  asked  reg- 
ularly is,  "What  does  this  mark  (a)  show?" 
The  pupil's  answer  is,  "It  shows  how  far  in 
the  division  I  get  an  integral  quotient." 

(c)  2.046  -^.02  = 

This  is  to  be  used  as  outlined  for  (a)  and  (b). 

102.3 
.02)2.046 

A 

At  the  conclusion  of  the  solution  it  will  be 
brought  out  that  in  this  exercise  we  have 
looths  divided  by  looths  up  to  the  caret  (  a  ) 
and  that  lOOths  divided  by  lOOths  gives  an 
integral  quotient. 
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{d)  Other  exercises  of  the  same  kind.  The 
quotients  in  these  exercises  are  mixed  numbers 
or  fractions  having  denominations  in  loths 
or  looths. 


5-5 
24.2 

.0369 

.224 

.345 
.264 

3-84 


5=  21.7 -.7  = 

2  =  18.06 -T- .6=  36.903 

.003  =    18.909  -^.9  =     .0048 

.07  = 

.015=' 

1.1  = 

1.2  = 


55 --5  = 
3  = 


3.368  4- .8=      2.52-4-1.2  = 
30.8  H-i.4=*.04i6-4-.oi3*  = 

.0495 -.15=  .0512 -.16*  = 
.672-4-2.1=*   7.01 -^2.2*  = 


.002  = 


Note  3. — During  these  exercises  the  teacher  should 
formiilate  into  one  statement  the  results  of  the  child's 
experiences  with  integral  quotients  as  follows :  I  have 
an  integral  quotient  when  I  divide  wholes  by  wholes,  or 
loths  by  loths,  or  looths  by  looths,  or  loooths  by 
loooths,  etc.  I  set  off  in  the  dividend  the  part  that  has 
units  like  those  in  the  divisor. 

This  statement  should  be  given  again  and  again  by 
the  pupils,  and  every  day.  It  is  very  important  because 
it  is  the  principle  involved  in  placing  the  caret.  When 
in  the  statement  as  above  he  says,  "I  set  off,  etc.,"  the 
pupil  inserts  the  caret  ( A )  in  its  proper  place  or  points 
to  it  if  it  has  already  been  placed. 

*  The  iy)  form  in  such  exercises  wiU  be  in  *  'long 
division"  form.  The  teacher  must  see  that  the  sug- 
gestion in  Note  2  above  is  strictly  observed.  At  the 
conclusion  of  each  solution  in  this  and  in  {e)  below 
the  teacher  must  bring  out  what  the  character  of  the 
division  up  to  the  caret  is — ^whether  wholes  by  wholes, 
loths  by  loths  or  looths  by  looths,  etc.,  as  in  {c)  above. 
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(e) 'Exercises  in  which  the  quotients  are 
fractions  whose  terms  are  higher  than  loths. 
This  is  a  step  by  itself  because  it  is  not  always 
easy  for  a  pupil  to  think  of  fractions  beginning 
at  a  place  in  the  division  operation  where  there 
is  no  quotient  figure.  In  .0036  -^  .3  = ,  the 
caret  (a )  in  the  division  work  is  as  follows : 
3)00.36.    There  is  no  quotient  figure  till  the 

A 

operation  reaches  the  .(X)3.  The  pupil  needs 
experience  in  finding  the  caret's  position  in 
such  exercises. 


.0299  - 

-.13  = 

.000396  - 

-.009  = 

.0576  - 

-1.8  = 

.0014  - 

-.7  = 

.264- 

-I.I  = 

.00009  - 

-  .009  = 

.0768  - 

-2.4  = 

.028- 

-1.4  = 

.00015  - 

-.03  = 

.000112  - 

-.016  = 

.0012  - 

-.06  = 

.000328  - 

-.08  = 

5.621  - 

-.5  = 

.0121  - 

-I.I  = 

.00688  - 

-.16  = 

.00387  - 

-.09  = 

.00598  - 

-1.9  = 

.00002  - 

-.002  = 

The  suggestions  in  Note  2  above  must  not 
be  overlooked. 

2.  Finding  the  Quotient  Decimal  Point  Position 
in  Advance 

These  are  exercises  in  finding  in  advance  of 
the  operation  of  division  where,  in  the  division 
process,  the  integral  part  of  the  quotient  will 
end  and  the  fractional  part  begin.     In  other 
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words,  the  child  when  he  writes  an  exercise  in 
the  (y)  form  must  at  once,  before  performing 
the  division  operation,  insert  the  caret. 

In  these  exercises  the  three  forms  of  expres- 
sion— (x),  (y),  and  (z) — as  suggested  in  {i  a) 
above,  must  be  shown,  the  form  in  (2)  being 
the  proof  that  the  quotient  is  right  numerically 
and  that  the  decimal  point  is  correctly  placed. 

The  child's  order  of  solutions  must  be — ist, 
the  (x)  form  of  statement  of  the  exercise;  26.," 
the  (y)  form  of  statement ;  3d,  the  insertion  of 
the  caret  (a)  at  its  proper  place  in  the 
divideod  before  dimding  (thus  anticipating  the 
caret's  position) ;  4th,  the  complete  operation 
in  iy)  with  the  decimal  point  in  its  proper 
place  as  indicated  by  the  caret;  and  5th,  the 
(2)  analysis  as  proof  that  the  caret  position 
was  or  was  not  correctly  anticipated  and 
through  it  the  decimal  point  properly  placed. 
The  questions  in  i  and  the  suggestion  in  Note 
3  above  must  not  be  overlooked. 

The  child  must  also  state,  when  he  places 
each  caret,  the  character  of  the  division  to 
that  point — whether  it  will  be  wholes  by 
wholes,  or  tenths  by  tenths,  or  looths  by 
looths,  etc.  This  statement,  required  unvary- 
ingly, will  develop  a  habit  of  looking  for  the 
character  of  the  division  up  to  the  caret. 
There  will  always  be  a  division  of  wholes  by 
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wholes,  loths  by  loths,  looths  by  looths,  or 
loooths  by  loooths,  etc.,  but  in  the  division 
there  may  not  be  an  integral  quotient. 
.0015  -f-. 5  =  will  have  the  (y)  form  as  follows: 
5). 00 1 5.      In  this  the  division  to  the  caret 

A 

will  be  loths  by  loths.  The  quotient  will  be 
0.003 — 110  integers,  no  loths,  no  looths. 

(a)  Exercises  in  Anticipating  the  Caret's 
Position. 

.0038  -M  .9  = 
.00024  ^.012  = 
1. 2012  ^1.2  = 
.13026 -^. 13  = 
.02604-7-1.2  = 
214.05-^5.= 
45.018  ^.009  = 
12.05  -^.09  = 
6.88 -m6  = 
.06015^.15  = 
.00816 -f-. 8  = 

.01176  -M.2  = 

.0017  ^.013  = 
.00135^.15  = 

17.12  -^8.  = 
33.044 -.01 1  = 
16.008  -^-.008  = 
.144  -^.oi6  = 

Observe  carefully  the  suggestion  in  Note 
2  above,  and  that  in  Note  4. 

In  each  exercise  above,  the  statement  by 


.368- 

-.08  = 

•0455  - 

-.07  = 

5-35- 
21.069  - 

-5^  = 
-03  = 

.03168  - 
18.036  - 

-  .009  = 
-18.  = 

11-055- 
6.012  - 

-•5  = 
-  .006  = 

.0021  - 

-.07  = 

.00126- 

-03  = 

.0026  - 

-1-3  = 

•01575- 
.01664  - 

•3528  - 
12.006  - 

-1-5  = 
-.16  = 

-  .007  = 

-6.= 

15^28 - 

-.08  = 

4.0021  - 

-  .0007  = 

.0792  - 

-  .0024  = 
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the  child  as  he  inserts  the  caret,  "This  will  be 
wholes  divided  by  wholes";  or,  "This  will  be 
loths  divided  by  loths;"  etc.;  is  very  import- 
ant. In  .368  -^  .08  =  he  will  (in  the  (y)  form) 
place  the  caret — .368 — and  will  say,    "This 

will  be  looths  divided  by  looths.  In  18.036  -^ 
18.  =,  the  caret  will  be  placed — 18.036 — and 

he  will  speak  of  the  division  as  wholes  by 
wholes.  In  6.012-^.006=,  he  will  place  the 
caret  6.012  and  will  speak  of  the  division  as 

A 

loooths  by  loooths.    In  .0021  ^.07  =,  he  will 

place  the  caret — .0021 — .  In  the  oral  work 
^  A 

of  his  division  operation  he  will  speak  of  the 
quotient  as  having  no  integers,  no  loths, 
3  hundredths — 0.03. 

(b)  Exercises  in  Anticipating  the  Posi- 
tion of  the  Caret — Dividends  and  Quotients 
Fractional. 

The  aim  of  these  exercises  is  to  give  the 
pupil  experience  with  solutions  where  the  caret 
is  at  the  decimal  point  and  the  dividend  a 
fractional  number.  It  offers  no  great  diffi- 
culty; yet  it  is,  to  the  child,  a  somewhat 
strange  situation  and  requires  direct  and 
repeated  experiences.  In  this  work  the  caret 
will  mean.  This  is  the  place  where  the  fraction 
spaces  (abacus)  of  the  quotient  begin.  The 
child's  first  act  in  the  division  operation  after 
placing  the  caret  should  be  to  place  above  it 
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the  decimal  point.  He  should  then  state  the 
character  of  the  division  work  up  to  the  caret 
— whether  it  is  wholes  by  wholes,  loths  by 
loths,  or  looths  by  looths,  etc. 

Suggestion. — The  teacher  must  insist  from 
now  on  that  the  first  act  in  every  division  oper- 
ation ((3')  form)  must  be  to  place  the  caret,  the 
second  act  to  place  the  decimal  point  above  the 
caret,  the  third  act  to  state  the  character  of 
the  division  up  to  the  caret.  This  must  become 
a  habit  if  we  would  secure  accuracy. 

The  child  should  learn  to  look  for  a  division 
of  wholes  by  wholes,  or  loths  by  loths,  or 
lOOths  by  lOOths,  etc.,  in  every  exercise.  He 
must  learn  that  every  exercise  will  require  the 
caret  and  that  consequently  there  will  be  a 
division  of  like  units — ^wholes  by  wholes  or 
loths  by  loths  or  looths  by  lOOths,  etc.  He 
will  learn  that  such  division  may  give  an 
''empty''  quotient  (o),  or  it  may  give  an  inte- 
gral quotient. 


.0369  -^9.  = 
.2892  -H12.  = 
.0006  -^3.  = 
.0264  -^6.  = 
.0406-^7.  = 
.12036 -M2.  = 
.009018 -^  9.  = 
.0132  -MI.  = 
.1401  -^3.  = 

.IIII  -MI.  = 


.00461  4-9.  = 

.1012  -MI.  = 
.1188 -M2.= 
.1278-^9.= 
.1356 -M2.= 
.00012  -1-6.  = 

.01016-7-8.  = 
.10101  ^7.  = 
.00208  ^8.  = 
.00108  4-9.  = 
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The  habit  developed  is  better  if  the  child 
in  the  solution  of  exercises  like  the  above — 
dividends  that  are  not  mixed  numbers — places 
a  cipher  (empty)  in  the  first  integral  space 
when  he  inserts  the  caret.  For  illustration, 
when  dividing  .0369  by  9,  he  writes  the  (y) 
form  as  follows: — 

9.)oo369;  in  dividing  .0006  by  3,  he  writes, 


3)0-0006 

A 

J.  Reduction  of  Dividend  to  Higher  Equivalent 
Necessary  Sometimes 
In  dividing  36  by  4  there  is  no  opportimity 
in  the  present  form  of  the  dividend  to  divide 
wholes  by  wholes,  loths  by  loths,  or  looths 
by  lOOths,  etc.  The  division  on  that  account  is 
impossible.  The  exercise  requires  us  to  divide 
by  loths  (.4).  In  order  to  do  this  there  must 
be  loths  to  divide.  Hence  the  reduction  of  tne 
dividend  to  loths. 

36  =36.0       This  shows  the  change  to  loths. 
36.0  -^  .4  =    This  is  the  (x)  form. 
.4)36-0      ^  This  is  the  (y)  form. 

A 

By  this  change  the  36  becomes  360  tenths.  It 
is  possible  to  divide  360  tenths  by  4  tenths. 
The  division  is  now  loths  by  loths. 

In  the  same  way,  4.8 -i- .02  is  not  possible 
because  the  requirement  is  to  divide  by  lOOths 
(.02)  and  the  dividend  does  not  have  lOOths. 
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By  reducing  this  dividend  to  looths  the  opera- 
tion becomes  possible — 

(i)  4.8  =4.80.  (This  shows  the  change  to 
lOOths.) 

(2)  4.80 -=-.02  =((x)  form.) 

(3)  240. 

.02)4.80  =((3^)  form.) 

A 

(4)  **^-T«o=240.    ((2)  form.) 

The  form  of  solution  shown  above  must  be 
followed:  ist,  a  statement  of  the  reduction;  2d, 
the  (x)  form;  3d,  the  {y)  form;  4th,  the  (2)  form, 
if  the  proof  is  desired.  The  (2)  form  may  be 
omitted  unless  specifically  called  for,  if  desired. 

(a)  Exercises  Giving  Integral  Quotients. 


35.- 

-.7  = 

14.4- 

-.012  = 

28.- 

-.07  = 

38.19- 

-.019  = 

4.27- 

-.007  = 

.00015  - 

-.0000015  = 

3.6- 

-.06  = 

.02  - 

-  .0002  = 

48.6- 

-.06  = 

21.14- 

-.0014  = 

27.- 

-.09  = 

.299- 

-.0013  = 

1339  - 

-.013  = 

480.16- 

-.00016  = 

21.035- 

-  .0007  = 

281.4- 

-.014  = 

.24- 

h.oo8  = 

•255- 

-.0005  = 

44.- 

h.OII  = 

.196- 

-  .0008  = 

9-36- 

r  .009  = 

I5I.2  - 

-.0012  = 

328.- 

r-.08  = 

.132- 

-.0012  = 

360.- 

-.18  = 

.171- 

-  .0009  = 

108.- 

-1.2  = 

.01012  - 

-.000011  = 

(b)  Exercises  Giving  Fractional  Quotients. 
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In  these  exercises,  the  reduction  of  the  divi- 
dend is  due  to  the  division  not  being  ''even'' 
In  exercises  Hke  those  in  (a)  the  reduction 
was  necessary  before  the  division  operation. 
In  these  exercises  the  reduction  will  be  found 
necessary  after  the  {y)  form  operation  begins. 
In  (a)  the  reductions  were  to  make  division 
possible.  In  these  exercises  the  reduction  is 
to  avoid  a  complex  decimal  fraction  quotient. 

The  aim  of  these  exercises  is  to  give  experi- 
ence in  the  reduction  of  the  dividend  after  it 
is  found  that  even  division  is  impossible  with- 
out it. 

The  following  illustrates  the  form  of  the 

work: — 1.23  -r.6  =    ,. — - 
.6)1.23 

A 

There  will  be  at  this  point  a  remainder.  The 
quotient,  if  the  dividend  is  not  changed,  will 
have  a  complex  fraction  (2.0^^).  The  child 
must  avoid  this  by  a  further  reduction  of  the 
dividend.  This  reduction  should  be  made  in 
the  first  few  soltrtions  by  beginning  the  {y) 
form  over  again.  His  written  work  will  now 
appear  as  follows: 

1.23  -f-.6  =((x)  form). 
2.0 
(i)  .6)1.23   (W  form). 

A 

205 

(ii)  .6)1.230  {{y)  form). 

A 
Vol.  III^ 
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The  object  in  having  the  pupil  rewrite  the 
solution,  as  in  the  {y)  forms  above,  (i)  and  (ii)  is 
to  give  him  an  opportunity  to  learn  through 
his  own  experiences  that  the  reduction  of 
the  dividend  to  higher  terms  affects  only 
the  quotient  figures  from  the  part  of  the 
division  operation  which  used  the  annexed 
ciphers. 

Later  instead  of  repeating  the  whole  opera- 
tion with  each  reduction,  he  will  do  as  we  do — 
annex  ciphers  to  his  dividend  as  the  opera- 
tion proceeds  and  he  finds  the  need  of  one  and 
perhaps  another  and  another  reduction  for  the 
sake  of  an  "even"  division. 

Note  4. — The  teacher  must  be  very  careful  about 
her  own  language  in  this  matter  of  annexing  ciphers. 
She  must  use  the  term,  "Change  to  next  higher 
term  of  the  series  of  equivalents,"  or  "Change  to  the 
2d  higher  term,  etc.,"  or  "Change  to  the  3d  higher 
term,  etc."  The  child  must  use  the  language  of  chang- 
ing to  "higher  terms  of  the  series  of  equivalents." 
Otherwise,  he  loses  sight  of  the  fact  that  the  annexed 
cipher  effects  no  change  in  the  quantity  expressed  by 
the  dividend. 

The  oral  work  in  connection  with  changing  an  expres- 


sion like   .6)1.23    above  to    .6)1.320    should  be,   "I 
A  A 

must  change  the  123  hundredths  to  the  next  higher 

equivalent,    1230   thousandths."     This   form  of  oral 

statement  must  be  insisted  upon. 
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(i)  Exercises  in  Which  the  Pupil  Repeats 
the  (y)  Statement. 

In  the  following  exercises  the  solutions 
should  be  written  as  in  the  solution  shown 
above — with  the  (y)  form  repeated  when  the 
reduction  of  the  dividend  is  made: 


.36- 

-.8  = 

27-3- 

-.6  = 

12.8- 

-•05  = 

1.8- 

-.08*  = 

50-33  - 

-15.= 

3I-- 

-4*  = 

44.8- 

-•7  = 

3-3- 

-2.2  = 

473- 

-.22  = 

.48- 

-3-2  = 

3.69- 

-.18  = 

20- 

-1.6*  = 

.427- 

-.014  = 

3-1- 

-.25*  = 

1.59- 

-.012  =* 

•35- 

-1.4  = 

1.48- 

-.05  = 

.726- 

-.24    = 

.847- 

-.028  = 

.063- 

-.06    = 

(2)  Exercises  in  Which  the  (y)  Form  is  not 
Repeated. 

The  pupil  is  now  taught  to  make  reductions 
in  the  dividend  when  necessary  without  de- 
laying or  changing  his  division  work.  In 
annexing  the  cipher,  however,  the  oral  state- 
ment suggested  in  Note  4  above  must  not 
be  overlooked.     In  dividing,  for  illustration, 


15.6  by  .5,  the  (3;)  form  is  .5)5.6.      When  his 


*  In  these  solutions  the  pupil  must  make  one  reduc- 
tion to  make  a  division  possible  as  in  (a)  above,  and  a 
second  reduction  to  make  the  division  even. 
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division  reaches  the  form     c\^-j-     he    says: 

A 

"The  division  is  not  'even,'  therefore  I  re- 
duce the  56  tenths  to  the  next  higher  equiv- 
alent, to  hundredths."  He  now  annexes  the 
cipher  and  says,  "  I  now  have  560  hundredths." 
The  division  proceeds  now  in  the  regular  way- 

11.2 
5)5.60.    If  it  should  be  necessary  to  make  a 

A 

second  reduction  (annex  a  second  cipher),  the 
same  form  of  work  is  continued.  For  illus- 
tration, in  .19 -I- .4=,  the  child  makes  the 
solution  .19  -^.4  =  ((jc)  form). 

4 
.4). 19  {{y)  form). 

A 

The  division  is  not  even,  therefore  I  reduce  the 
19  hundredths  to  the  next  higher  equivalent — 

to  thousandths."    The  cipher  is  annexed 4 

.4). 190 

A 

"I  now  have  190  thousandths."    The  division 
proceeds —        .42 
•4)^190 

A 

"The  division  is  not  even,  therefore  I  reduce 
the  190  thousandths  to  the  next  higher  equiva- 
lent— to  lo-thousandths."  "I  now  have  1900 
lo-thousandths."  .42  .425 

.4). 1900  .4). 1900 

A  A 
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This  completes  the  operation. 

The  following  are  exercises  for  practice: 

.141^.6=  37. -M.6  = 

2.8^.05=  I.8-^.24=- 

7707-^-35=  2.1  4- .28  = 

•99-45=  4-3-2  = 

1.14^1.2=  27.5-7-2.2  = 

2.9-^.o8=  1.35^1.8  = 

3.5-^.04=  .I05-M.4  = 

.27-^.6=  i.4-T-.i6  = 

4.  Repeating   Decimals — Quotients  Exact  and 
Quotients  Approximate 

a.  Quotients  Exact 
These  exercises  require  no  development  or 
instruction  because,  aside  from  the  use  of  the 
decimal  point,  they  do  not  differ  from  exer- 
cises in  division  of  integral  numbers.  The  aim 
is  to  accustom  the  child  to  finding  mixed  num- 
ber quotients  with  fractional  part  limited  to 
some  stated  denominator — to  lOths,  or  to 
looths,  or  to  loooths,  etc. 

The  dictations  are  to  be  given  in  all  cases 
with  this  fraction  limit  stated. 

To  thousandths.  To  hundredths. 

.21  H- .9=  39-2-^.13  = 

1.33-^06=  123. -i-. II  = 

71.8-^.15=  .589-^1.4  = 

.0437-^.013=  .OI46-^.I2  = 


.0126- 

-1.7  = 

345- 

^  .007  = 

190. 1  - 

-.03  = 

256.- 

4-. 12  = 
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To  thousandths.        To  ten-thousandths. 
32.1  ^.09  = 
.0001  -^  .00002  = 
.06  -T-  .007  = 
1.^.002  = 

b.  Quotients  Approximate 

In  .4 -J- .6=,  the  exact  quotient  to  loooths 
is  .666f ;  the  approximate  quotient  to  the  same 
term  is  .667  — .  In  .05  -T-.7  =,  the  exact  quo- 
tient to  lOOOths  is  .07 if;  the  approximate 
quotient  is  .071  -f-. 

The  aim  of  this  step  is  to  introduce  the  term 
approximate,  and  then  its  opposite  exact.  The 
teacher  must  put  these  two  terms  into  the 
regular  working  vocabulary  of  the  class. 
Exercises  must  be  dictated  as  "approximate 
to  looths"  or  "exact  to  looths"  until  pupils 
use  them  freely.  The  teacher,  instead  of 
avoiding  the  use  of  approximate,  must  seek 
to  use  it  whenever  its  use  is  appropriate. 

With  the  term  approximate  must  go  the 
signs  +  and  — .  The  pupil  must  learn  to  use 
these  signs  with  approximations.  He  must 
learn  to  write  .67  —  instead  of  .66  +  as  the 
approximate  quotient,  to  looths,  of  .2  -7-.3  =. 
He  must  learn  that  the  proper  approximate 
quotient  of  i  -^3  = ,  to  looths,  is  .33  +  and  that 
the  quotient  of  .5-^.9=»  to  looths,  is  either 
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.56—  or  .55+  as  one  prefers.     In  brief,  the 
pupil  must  learn  to  make  use  of,  and  proper 
use  of,  +  and  —  in  these  approximations. 
Exercises  in  Approximate  Quotients. 
To  thousandths.  To  thousandths. 

.05-^.7=  218. -^.09  = 

I.I2-^.3=  15.6 -7- .007  = 

8i6.i-i-.o6=  3.89-7-1.12  = 

.0808^.07=  lO.IOI  -^.oii  = 

To  lo-thousandths.  To  hundredths. 

.0305  ^.00009  =  .0001  4- .003  = 

2.ioi-T-.o6=  .0101 -J- .03  = 

71.02 -7-. 003  =  .0502 -^  .007  = 

.0202-^.03=  .001-^.011  = 

The  best  results  in  the  use  of  the  two  words 
is  secured  by  requiring  the  pupil,  when  solving 
for  approximate  quotients,  to  write  with  each 
of  such  quotients  the  exact  quotient.  For  il- 
lustration, in  finding  the  approximate  quotient 
of  .06  ^  .07  =  ,  to  looths,  the  child  writes — 
.06 +.07  = 

•857+  (.8571  exact.) 
.07). 06000    (.857  +  approx.) 

A 

Summary. 

I.  The  aim  of  this  chapter — 

(i)  To  train  the  pupil  to  determine  after 
the   operation   and   to   mark   the 
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point  in  the  division  process  where 
the  integral  part  of  the  quotient 
ends  and  the  fractional  part  begins ; 
and, 

(2)  To  discover  and  state  the  principle 

involved  (the  character  of  the 
divisions  that  give  integral  quo- 
tients) ;  and, 

(3)  To  train  pupils  to  apply  this  principle 

in  determining  in  advance  and  in 
marking  with  a  proper  sign  this 
"stopping  place"  point. 

2.  Exercises  in  dividing  in  which  the  posi- 

tion of  the  decimal  point  in  the  quo- 
tient is  proved  by  common  fraction 
solution.      Each    division    process    is 
examined — 
(i)  To  find  and  mark  the  part  of  the 

dividend  that  yielded  the  integral 

part  of  the  quotient. 
(2)  To  enable  the  pupil  to  discover  that 

loths  divided  by  loths,  looths  by 

looths,  loooths  by   loooths,  etc. 

give  integral  quotients,  just  as  in 

common    fraction    division    (long 

form). 

3.  Exercises    in    marking    the    "stopping 

place"  point  in  advance,  this  being  the 
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point  in  the  dividend  up  to  which  the 
division  will  be  loths  by  loths,  looths 
by  lOOths,  or  loooths  by  loooths,  etc., 
using — 
(i)  Exercises  in  which  it  is  not  necessary 

to  change  the  denominator  of  the 

dividend ; 

(2)  Exercises  in  which  it  is  necessary  to 

reduce  the  dividend  to  higher  terms 
— annex  ciphers. 

(3)  Exercises  in  which  the  quotients  are 

repeating  decimals: 

(a)  Quotients  exact. 

(b)  Quotients  approximate. 

Time  required  for  this  work,  including  necessary  re- 
views, ten  days. 


CHAPTER  XII 
SHORT   METHODS   AND  ANALYSES 

Topics: — Operations  with  lo's  and  loo's.   Analysis  of  "of  Work." 
Equations 

A.  Aim 

Now  that  the  "pointing  off"  in  multiplica- 
tion and  division  has  been  developed,  exercises 
should  be  given  in  short  methods  in  these 
operations  with  lo's  and  lOo's — by  changing 
the  position  of  the  decimal  point. 

This  development  should  be  conducted  in 
class  exercises  in  which  one  child  and  then 
another  is  sent  to  the  blackboard  for  a  solution 
with  full  oral  statement  of  every  step.  This 
oral  work  must  be  analytical  in  order  that  the 
operations  may  have  a  basis  in  reason. 

The  exercises  are,  of  course,  very  simple. 
The  pupil  would  have  no  difficulty  in  solving 
them  by  the  ordinary  processes.  The  teacher's 
problem  is  (i)  to  teach  the  pupil  to  make  a 
very  brief  horizontal  solution  and  (2)  to  give 
the  proper  oral  statements. 

B.  Multiplication 

I.  The  Form  of  the  Analytical  Solution 
10  X. 004  = 

The  teacher  writes  it  on  the  blackboard  and 
624 
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calls  a  pupil  for  the  solution.  The  child's 
written  work  must  be  in  form  as  follows: 

10  X. 004  =.040  =.04 

His  oral  work  given  as  he  writes  on  the  black- 
board, each  part  spoken  in  connection  with 
the  corresponding  written  work,  should  be — 

("Ten  times  four  thousandths  is  forty  thou- 
sandths " — 10  X  .004  =  .040. 

"Forty  thousandths  is  the  second  term  of 
the  series  of  equivalents  from  four  hundredths. 
I  change  the  forty  thousandths  to  its  lowest 
terms  and  have  four  hundredths.  My  product 
is  four  hundredths.") 

It  will  be  necessary  for  the  teacher  to  guide 
the  pupil  to  this  form  of  horizontal  statement 
and  to  the  oral  language  as  suggested  above. 

10  X  .07  = .     (On  the  blackboard.) 

The  horizontal  form  of  written  statement 
is — 10X.07  =.70  =.7. 

The  oral  language  should  be,  "Ten  times 
seven  hundredths  is  seventy  hundredths.  The 
seventy  hundredths  is  the  second  term  of  the 
series  of  equivalents.  I  change  it  to  its  lowest 
terms,  seven  tenths.  Seven  tenths  is  my 
product." 

1 00  X  .0003  =  .0300  =  .03 . 

The  oral  language  with  this  written  work  is 
to  the  effect  that  the  .0300  is  the  third  term 
of  the  series  of  equivalents,  and  that  the 
lowest  terms  and  the  product  is  .03. 
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The  following  exercises  should  be  given: 
100  X   .005=      10  X  .007    =    1000  X   .0006  = 
loox  .04  =   loox  .0004=     100X1.005   = 

10X2.03*=       I0XI.8         =         10X2. 12       = 

2.  Shortening  the  Written  Analysis 

In  this  step  the  analysis  work  is  shortened 
to  the  simple  statement  with  the  product.  The 
oral  work  continues  unchanged. 

10  X. 09  =.9. 

In  solving  this  the  pupil's  oral  statement  is 
as  follows:  "Ten  times  9  hundredths  is  90 
hundredths.  90  hundredths  is  the  second 
term  of  the  series  of  equivalents.  My  product 
— the  lowest  terms — is  nine  tenths."  The 
reduction  to  lowest  terms  is,  of  course,  mental. 

Exercises  for  this  short  analysis  and  the  oral 
work: 


IOXI.2     = 

10  XI. 01 

100x34     = 

looxi.ii 

10x4.1     = 

10x2.5 

lOX   .051  = 

100x2.5 

100  X  .006  = 

1000 X    .2 

10X2. 1        = 

100  X  .5 

loox  .15   = 

100  X  .8 

IOXI.4       = 

10  X   .4 

♦The  oral  work  is,  Ten  times  two  hundred  three 
hundredths  is  two  thousand  thirty  hundredths  (20.30), 
etc. 
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IOX.61  =  IOOX.05  = 

I0X.04=  lOOX.03  = 

iooX.i8=  icx)Xi.3  = 

1000  X. 09=  106x1.6  = 

These  with  other  similar  exercises  should 
be  given  until  the  pupil  is  able  to  write  the 
statements  and  give  the  oral  work  with  a  fair 
degree  of  rapidity.  The  pupil  should  solve 
many  problems  of  this  kind  mentally. 

J.  Analytical  Written  Solutions 
This  step  relates  to  all  forms  of  multiplica- 
tion in  which  the  work  is  written — solutions 
in  which  the  multiplier  may  be  other  than 
10,  100,  etc. 
.8X.35=  2.82x50=  .42X.i5  = 

20x1.6=  1.5   X.i8=  5.6x3.5  = 

.015x40=  3.2    X.25=  .85x1.8  = 

Each  of  the  products  in  these  numbers  ends 
with  a  cipher  and  is  therefore  the  second  or 
third  term  of  the  series  of  equivalents  and 
should  be  reduced  to  its  lowest  terms. 

The  following  illustrates  the  form  of  the 
written  work: 


3.5 

.18 

.8 

1-5 

2.80=2.8 

90 

18 

.270  =.27 
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The  pupils  should  learn  to  recognize  such 
products  as  higher  terms  of  series  of  equiva- 
lents and  should  reduce  them  as  indicated. 

C.  Division 

/.  The  Long  Forms  of  Solutions 
Analysis  in  multiplication  guides  the  pupil 
in  his  thinking.     In  division,  where  the  divi- 
dend is  quantitatively  less  than  the  divisor,  it 
makes  for  confusion  except  in  solutions  in 

.004 
"of" — 1^  of  .04  =10) .040  =.004 

A 

Analysis,  therefore,  is  not  attempted.  It 
is  not  a  means  to  an  end. 

The  form  of  the  solution  in  "of"  exercises 
is  as  shown  above.  In  regular  division  (-^) 
it  is  the  same  except  in  the  first  statement — 

.004 
.04  -MO  =    10). 040  =  .004. 

A 

The  teacher  will  observe  that  these  are  the 
only  forms  of  statement  which  give  rise  to 
division  operations. 

.0004 

-^  of  .004  =  10)  .0040  =  .0004 

A 

The  pupil  must  be  taught  this  form  of  solu- 
tion. He  will  not  fail  to  observe  the  form  of 
the  quotient  .0004  as  compared  with  that  of 
the  dividend  .004. 
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.0106* 


Yio  of  1 .06  =  100)  1 .0600  =  .0106 

A 
.00105* 


.105 -MOO  =    100).  10500  =.00105 

A 

.00015 


.15  -j-iooo  =1000). 1 5000  =.00015 

A 

Additional  exercises  as  follows: — 

2.1^10=  YWo  ^^ -^^^  =  ^oi2.2  = 

.34  -MO  =  -jL  of  .09  =  3^00  oi  .25  = 

J^  of  1.6=  .109 -MO  =  y^0f.2  = 

1^  of  1.2=  1.8 -MOO  =  .3 -^  10  = 

.24  -MOO  =  ^  of  .28  =  YWOU  of  -31  = 

.36-1-10=  1^00^-27=  .32-MOOO  = 

2.  The  Short  Forms  of  Solutions 

This  step  differs  from  the  "long  form "  work 
above  in  that  the  pupil  leaves  out  the  second 
step. 

.04 -MO  =.004  YUo^  of  2.3  = 

iVof  .3=.03  tAo  of   If  = 

.12-7-100=  2.4 -MOO  = 


*  If  the  pupil  wishes  to  find  the  quotient  by  long 
division,  there  is  no  reason  why  he  should  not  do  so. 
In  that  case  this  statement  would  be  the  full  long 
division  solution  instead  of  the  short  division  as  here. 
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Many  exercises  should  be  given  until  the 
pupil  is  able  to  write  the  statements  rapidly. 
The  exercises  to  be  used  are  likethose  in  i  above. 
Much  mental  work  of  this  kind  should  be  given. 

D.  Mixed  Exercises — Multiplication  and  Division 

These  should  be  given  in  the  short  form,  the 
multiplication  exercises  to  be  with  oral  analysis 
as  in  5  2  above.  The  work  repeats  B  2  and 
C  2  above. 

.005  -MO  =  I.I  -MO  = 

ioX.oo5=  .12 -MOO  = 

IOOX.OI2  =  Y^  of  1.5  = 

.012 -MOO  =  100X1.5  = 

yi^  of    1.03=  1000  X. 011    = 

1^  of  I.I  =  .oil  -MO  = 

.004  -MO  =  A  of  .05  = 

10x1.2=  ioX.o5  = 

1.5-7-10=  100  X. 05  = 

.18 -MO  =  I.6-MO  = 

i0X.i8=  i.6-MOO  = 

10X2. 1  =  1^  of  1.6  «= 

Changing    Multiplicand    into    Product  and  Dividend 
into  Quotient 

This  is  the  view  that  the  pupil  must  acquire. 
We  ordinarily  speak  of  this  operation  as  mov- 
ing the  decimal  point.    We  do  not  move  the 
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decimal  point.  We,  to  save  time  and  to  save 
writing,  change  a  number  which  expresses  the 
multiplicand  so  that  it  expresses  the  product 
instead;  or,  we  change  the  number  expressing 
the  dividend  so  that  it  expresses  the  quotient 
instead.  In  either  case,  we  use  the  figures  of 
the  old  expression  to  make  a  new  expression — 
a  quotient  or  a  product.  The  child  must  be 
given  this  view  of  it.  In  other  words,  he  must 
learn  to  think  of  the  operation  as  one  in  which 
figures  expressing  a  multiplicand  or  a  dividend 
are  changed  without  rewriting  so  that  they 
express  a  product  or  a  quotient. 

I.  Exercises  in  Multiplication — Oral  Dictation 

These  dictations  are  given  in  the  form. 
Write  21  hundredths.  (.21).  Now  multiply 
it  by  10  by  changing  it  to  the  product.  (2.1). 
Write  3  and  5  tenths.  (3.5.)  Multiply  by  100 
by  changing  it  to  the  product.  (350.)  In  each 
case  the  questions  must  be  asked,  Which  way 
did  you  move  the  point  in  changing  to  the 
product?  How  far?  The  question.  How  far? 
is  answered  in  terms  of  spaces — one  space,  two 
spaces,  etc. 

Write  6.2.    Multiply  by  100. 

Write  .034.    Multiply  by  10. 

Write  2.95.    Multiply  by  1000. 

Many   dictations   of   this   kind   should   be 

Vol.  III-io 
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given.  Exercises  of  this  kind  with  the  ques- 
tion, How  far?  should  be  given  occasionally 
for  months. 

2.  Exercises  in  Division — Oral  Dictation 
Exercises  of  the  same  kind  and  following  the 
same  plan  should  be  given  in  division.  The 
questions,  Which  way  did  you  move  the 
decimal  point  in  making  the  quotient?  and. 
How  far?  must  be  used  regularly.  Exercises 
like  these  must  be  given  for  months.  Many 
problems  of  this  kind  should  be  given  for 
entirely  mental  work. 

J.  Mixed  Exercises — Oral  Dictations 
These  are  multiplication  and  division  mixed. 
The  question,  Which  way,  etc.?  and  How  far? 
must  be  used  regularly. 

4.  Rules  or  Statements 
Statements  must  be  formulated  and  pupils 
must  recite  them.  (' '  When  we  make  a  product 
we  move  the  decimal  point  to  the  right." 
''When  we  make  a  quotient  we  move  the 
decimal  point  to  the  left."  "Moving  the 
decimal  point  one  space  to  the  right  makes  a 
product  by  10."  "Moving  the  decimal  point 
two  spaces  to  the  right  makes  a  product  by 
100. "  "  Moving  the  decimal  point  three  spaces 
to  the  right,  etc."  "  Moving  the  decimal  point 
one  space  to  the  left  makes  a  quotient  by  10." 
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"Moving  the  decimal  point  two  spaces,"  etc.) 

The  teacher  should  formulate  statements 

(brief)  covering  all  these  points  and  pupils  must 

learn  them  and  recite  upon  them  frequently. 

F.  Partition  with  Decimals—"  Of  Work  " 

This  should  be  entirely  analytical  for  many 
weeks,  the  development  being  confined  to 
analytical  work  and  the  exercises  that  are 
given  from  time  to  time  later  being  given  in 
the  same  form.  The  child,  in  fact,  will  use 
partition  with  decimals  either  in  exercises  or 
in  applied  problems  in  the  analytical  form 
through  the  elementary  school.  It  is  an  oper- 
ation which  demands  written  or  mental  analy- 
sis if  the  student  is  to  rely  upon  himself  for 
accurate  results.  The  questions  suggested  in 
Part  II,  Chapter  XXVI,  F  i  and  2  for  similar 
work  with  common  fractions  should  be  used 
with  each  exercise.  After  a  few  exercises  the 
pupil  should  be  able  to  ask  and  answer  the 
questions  without  suggestion. 
Form  of  written  work, 
(i)  .02  of  12  = 

.01  of  12  =12  ^100  =.12. 
.02  of  12  =2  X.12  =.24 
(ii)  .6  of  1.3  = 

.1  of  1.3  =1.3 -MO  =.13 
.6  of  1.3  =6X.I3  =.78 
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(iii)   .00012  of  25.6  = 

.00001  of  25.6  =25.6  -f-iooooo  =.000256 
.00012  of  25.6  =  12  X. 000256  =.003072 
These  solutions  (i),  (ii),  and  (iii),  are  given 
to  show  the  form  of  the  written  work.  Many 
exercises  should  be  given.  There  should  be 
very  many  solutions  of  this  kind  in  which  the 
analysis  is  entirely  mental. 

Q.  The  Equation  with  Decimals 

This  is  a  step  of  first  importance  in  decimal 
teaching.  A  large  proportion  of  the  applied 
problems  involving  decimals  are  in  the  equa- 
tion form.  Exercises  involving  the  equation 
should  be  given  frequently  for  months — 
throughout  the  elementary  school  period. 
Very  much  work  of  this  kind  should  be  given 
for  mental  solutions.  This  is  very  practical. 
The  questions  on  similar  work  with  common 
fractions  in  Part  II,  Chapter  XXVI,  F  i  and  2 
should  be  used  with  each  exercise. 
Form  of  the  Written  Work, 
(i)  .4=2.4 

.1  =\  of  2.4  =.6 
i.o*  =iox.6  =6. 
(ii)    .32    =.72 

.01    =^  of  .72  =.0225 

I.OOf  =IOOX.0225  =2.25 

*  This  is  read  ten  tenths. 

t  This  is  read  100  hundredths. 
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(iii)  1.2=54 

.1  =iVof  54=4i=45 
1.0=10x45=4.5 
(iv)  3.07  =.0614 

,01  =^-gT  O^  .0614  =.0002 
1 .00  =  100  X  .0002  =  .02 

The  above  analysis  work  should  have  oral- 
written  solutions  also.  Every  pupil  should  be 
able  to  go  to  the  board  with  an  equation  and 
talk  the  solution  as  he  writes  it.  "4  tenths  is 
equal  to  2  and  4  tenths.  Then  i  tenth  is  equal 
to  I  fourth  of  2  and  4  tenths  or  6  tenths.  10 
tenths  is  equal  to  10  times  6  tenths  which  is  6. 
6  is  10  tenths  or  the  whole. 

Summary. 

1.  Operations  with   lo's  and   lOo's  by  re- 

movals of  the  decimal  point.     (5,  C, 

and  D.) 
Written  work. 
Mental  work. 

2.  Operations  with   lo's  and    lOo's — short 

methods.     (£.) 
The  rules  or  statements.    {E,  4.) 

3.  Partition  with  decimals — the  analysis.  {F.) 

4.  The  solution  of  equations  involving  dec- 

imals.   (G.) 

Time  required  for  the  work  of  this  chapter,  including 
necessary  reviews,  fifteen  days. 


CHAPTER  XIII 

PER   CENT   INTRODUCED 

Topics: — Interpreting  the  Written  Language.    Computing  with 
Per  Cent. 

A.  Aim 

This  section  has  in  it  nothing  in  the  way  of 
new  decimal  fraction  forms  or  new  reductions 
or  other  processes.  It  involves  the  one  devel- 
opment— the  oral  and  written  per  cent  with 
its  sign  %. 

The  facts  as  to  what  per  cent  means,  that 
25%  means  i;  33i%,  i;  75  per  cent,  f ;  etc.; 
are  very  easily  and  quickly  learned.  The 
meaning  is  so  easily  conveyed  that  we  some- 
times see  it  in  use  in  second  or  third  grades  in 
partition  work.  In  a  grade  in  which  decimal 
fractions  may  properly  be  taught,  it  is  only 
a  matter  of  minutes  to  teach  the  pupil  to 
recognize  the  common  equivalents. 

Notwithstanding  the  fact  that  these  equiva- 
lents are  simple  and  easily  memorized  and 
applied,  the  language  of  per  cent  is  seriously 
difficult.  The  child's  troubles  are  due  to  what, 
to  him,  is  a  confusion  of  terms.  He  is  taught, 
for  illustration,  that  25  per  cent  or  25%  means 
.25.  On  the  other  hand  he  learns  after  many 
troubles  that  while  .25  may  be  called  25  per 
636 
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cent,  he  cannot  write  it  as  .25%  or  .25  per  cent 
without  radically  changing  its  value.  This  is 
the  source  of  his  trouble.  It  requires  special 
training  to  teach  him  that  when  we  use  the 
written  sign  %  or  the  term  per  cent  with  a 
number,  we  give  the  ntmiber  merely  a  numera- 
tor value.  30%  means  that  30  is  a  numerator, 
100  is  its  denominator.  75  per  cent  means  that 
75  is  a  numerator,  y^.  33J  per  cent  means 
that  33^  is  a  numerator,  f^.  \%  means  j^, 
.75%  means  ^  or  -^. 

The  emphasis  in  the  introduction  to  per  cent, 
therefore,  must  be  upon  teaching  the  individ- 
ual to  think  of  numbers  to  which  per  cent  (or 
%)  is  applied  (whether  in  oral  or  in  written 
expression)  as  numerators  of  fractions  which 
must  be  given  the  denominator  100  expressed 
(in  common  fraction  form)  or  imderstood  (in 
decimal  fraction  form).  The  aim  of  this 
chapter  is  to  learn  to  interpret  and  use  prop- 
erly the  written  expressions. 

B.  Presentation 

/.  The  Term  Per  Cent 
The  teacher  prepares  a  long  list  of  numbers 
to  be  read  by  the  pupils — to  be  read  first  as 
they  are  written  and  afterwards  as  looths. 
The  numbers  should  be  selected  with  a  view 
to  making  it  necessary  for  the  pupil  in  reading 
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them  as  looths  to  reduce  them,  sometimes  to 
higher  and  sometimes  to  lower  denominators. 
They  should  include  numbers  that  will  necessi- 
tate the  reduction  of  complex  decimals: — 

.35,  .62,  .3,  1.4,  2.5,  3.35,  .255,  .475,  .9,  .852, 
2.00,*  3.0,*  1.4,  1.5,  2.555,  -735f  -02,  .015,  .31 
.6f,  .6661,  .625,  .875,  .333!  .31,  .375,  .1225, 
.1,  1.4,  .61,  .2,  .8,  .ooi,  .oof,  .05^,  .002,  .0033^^, 
.0025,  .0075,  .0014,  25.62,  21.2,  15.6,  etc. 

The  teacher  now  gives  the  pupils  the  terms 
per  cent.  The  term  and  the  per  cent  sign,  %,  are 
written  on  the  blackboard.  "The  term  means 
looths  and  when  we  find  an  expression  of 
looths — .25,  .32,  .05,  .01,  .10,  etc. — we  may 
read  the  numbers  as  per 'cents  or  as  lOOths  as 
we  prefer.  When  we  have  a  number  that  is 
not  looths,  we  must  change  it  to  lOOths  if  we 
wish  to  read  it  as  per  cent." 

The  jDupils  are  now  required  to  read  the 
exercises  again,  this  time  as  per  cents.  They 
will  read  1.4  as  140%;  2.555,  as  255^%  or 
255.5%;  -002,  as  ^%  or  i%;  .0003,  as  tJ^%; 
25.62,  as  2562%. 

2.  Changing  Common  Fractions  to  Per  Cents 

In  this  work  the  fractions  selected  for 
change  to  per  cent  language  should  be  largely 

*  Must  be  read,  when  reading  "as  they  are  written," 
2,  3.    As  looths  they  are  read  f|^,  ff^. 
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those  that  we  wish  the  pupil  to  become  thor- 
oughly familiar  with — 

115.3.1.1412.1572.3.2      3        1 
2»    8»    8»    i*    4»  3^>  3^»    3»    3»  ^»    6»    S^»    5'    8»  ^'J  T»  ITO"* 

JL    ,a_     7       1        1         1  1  1  1  1  1 

2F>    20»  T5»   4(y»  T0»  T07»   400'    300»  TiTOf  TSIT*  ITSO' 

etc. 

The  pupils  should  have  so  much  of  this  work 
with  halves,  thirds,  4ths,  5th,  6th,  8th,  loths, 
20ths,  25ths,  and  50ths,  that  the  equivalents 
are  memorized  or  so  quickly  reduced  mentally 
that  they  are  given  practically  without  hesi- 
tation. (For  the  form  of  making  the  written 
reduction,  see  Chapter  IX,  Z). 

J.  Changing  Per  Cents  to  Common  Fraction 
Form 

25%,  20%,  I2i%,  50%,  40%,  62^%,  87i%, 
75%,  37i%.  2%,  5%,  15%,  33i%.  3i%,  80%, 
125%,  150%,  200%,  250%,  500%,  1000%, 
600%,  2150%,  2500%,  3.4%,  1.25%,  125%, 
2.5%,  3.3%,  .3%.  .2525%.  .6i%,  .2%,  2.3%, 
ij%,  etc. 

These  reductions,  after  those  given  in  2 
above  should,  many  of  them  at  least,  be  mental 
or  partially  written.  The  pupil  should  in  each 
reduction  write  the  equation — 12^%  =  .12^  =-J, 
20%=.20=|,  33i%=-33i=i,  etc.  In  this 
written  work  the  pupil  should  write  the  per 
cent  fractionally,  with  the  decimal  point.    If, 
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however,  the  fraction  equivalent  is  not  re- 
membered the  written  reduction  should  be 
made  in  analytical  form — 

.03i  =T^  =Th  of  ¥  =rb  of  W  =  A. 

•2%  =.002  =  1  0^0  0   =5W' 

34%=-034=T§¥o  = 


17 


500' 


'<%  _  ot2  _T-JJ_  —     1      nf  5  —     5      _   1 
I  /o  —  'Oi^  -  It-oo'  -Too  01  -j  -: 


C.  Computing  with  Per  Cent 

I.  Aim 

Since  per  cent  is  merely  a  form  in  which 
the  decimal  fraction  looths  is  expressed  when 
not  in  common  fraction  form,  this  work  in 
computation  should  have  a  place  here  in  con- 
nection with  other  decimal  fraction  work. 

The  computations  used  here  will  be  the 
partition  and  the  equation  forms.  (See  Chap- 
ter XII,  F  and  G) .  These  are  used  because  the 
two  forms  of  work  are  very  important  in  num- 
ber training  on  account  of  the  extent  to  which 
they  enter  into  the  common  fraction  and 
decimal  fraction  analyses.  They  serve  the 
purposes  of  the  outline  here  and  at  the  same 
time  there  is  an  opportunity  for  further  experi- 
ence in  them. 

The  aim  of  this  section  is  to  establish  in  the 
child's  mind  firmly  that  operations  with  per 
cent  in  the  integral  forms  (15%  of ,  2.[ 
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of ,  .25%  of ,  i|%  of ,  etc.)  are 

not  possible  without  changing  the  expressions 

to  fractional  form  (.15  of ,  .025  of , 

.0025  of ,  .oi|-  of ,  etc.).   It  is  to  teach 

him  by  many  experiences  that  when  in  the 
statement  of  the  problem  to  be  solved  the 
per  cent  is  given  in  integral  form  it  must  be 
changed  at  once  into  decimal  or  common 
fraction  form  and  the  computation  made  with 
the  fraction  thus  divided. 

The  exercises  for  partially  written  and  men- 
tal work  should  be  those  in  which  the  per  cent 
is  half,  thirds,  4ths,  5ths,  6ths,  8ths,  loths, 
etc. — those  which  the  pupil  can  instantly 
translate  into  common  fractions  and  make  the 
computation  mentally. 

2.  Partition  Computations — Of  Work 

a.  Written  Work 

3%  of  15=  .2%  of  28=  .33i%of   8  = 

7%  of  12  =  if%  of  30  =  3.31%  of  10  = 

125%  of  28=  i.2i%of40=  .8%  of    6  = 

1.5%  of  20=  .5%  of  60=  ii%ofi5  = 

300%  of  14  =  400%  of    3  =  200%  of  II  = 

Forms  of  the  Solutions. 
1.5%  of  20  =.015  of  20  = 

.01  of  20  =  20  -MOO  =  .2 

.015  of  20=I.5X.2  =.3 
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H%  of  30=.0lf  of  30  = 

.01  of  30  =30  ^100  =.3 
.oif  of  30  =  i|x.3=.5 
.8%  of  6  =.008  of  6  = 

.01  of  6  =6-f-ioo  =.06 
.008  of  6  =  .8  X  .06  =  .048 
.25%  of  16  =.0025  of  16  = 

.01  of  16  =  16^100  =. 16 
.0025  of  16  =.25  X. 16  =.04 
250% of  18  =2.50  of  18  = 

.01  of  18  =i8-Hioo=.i8 
2.50  =250  X. 18  =45 

These  solutions  are  given  to  show  the  form 
of  the  written  work.  It  is  the  "Of  Work" 
outlined  in  Chapter  XII,  F.  The  questions 
suggested  in  Part  II,  Chapter  26,  F,  i  and  2 
should  be  asked  with  each  exercise — 

How  many  steps  in  the  operation? 

What  was  the  operation  in  the  first  step? 
(Dividing  by  100,  the  denominator,  to  find 
.01  (one  per  cent)). 

What  was  the  operation  in  the  second  step? 

(Multiplying   by  ,    the    numerator,    to 

find .) 

The  pupils  should  have  very  much  work  of 
this  kind.  In  time  they  should  be  able  to 
ask  and  answer  the  questions  fully  without 
suggestion. 
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b.  Partially  Written  Work 
25%  of  12  200%  of  4 

75%  of  24  150%  of  6 

I2j%  of  64  300%  of  7 

37|%  of  48  125%  of  12 

S7i%  of  41  175%  of  16 

33i%  of  36  400%  of  2 

66f%  of  21  1120%  of  32 

20%  of  30  160%  of  15 

80%  of  25  I6f%  of  25 

2%  of  150  I33i%  of  21 

i66|%  of  36 
These  exercises  should  be  solved  mentally, 
only  the  result  written.    The  solutions  are  by 
changing  the  per  cent  to  the  common  fraction. 
Form  of  the  Mental  Work  in  the  Solution. 
25%  of  i2=iof  12=3 
150%  of  8=1^X8=12 
200%  of  12  =2  X 12  =24 

II2i%0f  24=I|-X24=27 
175%  of  21  =lf  X2I  =36f 

500%  of  3=5x3=15 

The  value  of  such  work  can  hardly  be  over- 
estimated for  training  in  the  use  of  per  cent. 
Very  much  of  it  should  be  done. 

c.  Mental  Work 
The  mental  is  like  the  "partially  written" 
work  excepting  that  the  dictations  are  oral  and 
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the  solutions  entirely  mental.  Much  of  it 
should  be  done  with  25%,  75%,  150%,  300%» 
87i%,  62j%,  331%,  66f%,  etc. 

The  form  of  solution  is  by  using  the  common 
fraction  equivalent. 

J.  Equation  Computations 
a.  Written  Work 


2.5%  =75                 -3%  =9 

•03i%=24 

3i%=i8               1.5%  =6 

.7%  =21 

ii%=35               .ii%=i8 

15%  =18 

.05%  =45               -2%  =22 

.2i=35 

Forms  of  the  Solutions. 

(i)  15%  =.15  =18 

.01  =j^  of  18  =18  4-15  =1.2 

1 .00  =  100  X 1 .2  =  120,  the  whole. 

(ii)  3i%=.03t  =  i8 

.01  =^j  of  18=18-^-3^=5.4 
I. GO  =  100  X5.4  =540,  the  whole, 
(iii)  2.5%  =.025  =75 

.01  =2^5  of  75=75-^2.5=30 

1. 00  =  100  X30  =3000,  the  whole, 
(iv)  .3%  =.003  =9 

.oi=.iof  9=9-^.3=30 
1. 00  =  100 X 30  =3000,  the  whole. 
These  solutions  show  the  forms  of  the  written 
work.   It  is  the  same  kind  of  work  as  that  out- 
lined in  Chapter  12,  G — the  "equation  work." 
Questions  suggested  in  Part  II,  Chapter  26, 
F,  I  and  2  should  be  used  with  every  solution — 
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How  many  steps  in  the  operation?    (Two.) 

What  was  the  operation  in  the  first  step? 

(Dividing  by ,  the  nvimerator,  to  find  .01 

(one  hiindredth).) 

What  was  the  operation  in  the  26.  step? 
(Multiplying  by  100,  the  denominator,  to  find 
1. 00  (one  hundred  hundredths).) 

This  work  should  have  very  much  attention. 

b.  Partially  Written  Work 

In  this  work  the  teacher  uses  the  per  cents 
which  may  be  handled  mentally. 
25%  =12  33i%=27  200%  =5 

75 .  %  =  27  66f  %  =  19  300%  =  7i 

1 2i%  =32  37  J%  =  2 1  1000%  =  33 

874%  =35  150%  =18  125%  =25 

624%  =  25  250%  =  37  J  1 75%  =  14 

form  of  the  mental  work  in  the  solutions 

These  solutions  are  based  wholly  upon  the 
common  fraction  equivalents.  The  pupil 
translates  the  per  cent  into  its  common  fraction 
equivalent  and  uses  the  latter  in  his  mental 
computation, 
(i)  25%  =12 

25%=i=I2 

f  =4X12  =48,  the  whole. 

(ii)  874%  =35 

87i%=i-=5 

i=Tof35=5 

f  =8  X5  =40,  the  whole. 
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(iii)  125%  =25 

I25%=f  =25 

i=iof  25=5 
f  =4  X5  =20,  the  whole. 
The  pupils  shovild  have  much  work  of  this 
kind. 

c.  Mental  Work 
This  is  like  the  partially  written  work  ex- 
cepting that  the  dictations  are  oral  and  the 
solutions  mental — no  written  work.  It  is  not 
necessary  to  urge  the  value  of  this  work  or  to 
suggest  that  it  be  used  very  much. 

Summary. 

1 .  The  troubles  that  the  beginners  have  and 

how  they  may  be  remedied.    {A .) 

2.  Reading    decimal    fractions    in    regular 

decimal  form,  as  looths,  in  terms  of 
per  cent.    {B,  i.) 

3.  Changing  common  fractions  to  per  cent 

form  and  per  cent  forms  to  common 
fractions.    {B,  2  and  j.) 

4.  Computing  with  per  cent.    (C,  i.) 

(fl)  Partition,  "of  work,"  with  analysis. 
Written,  partially  written,  and  men- 
tal computations.    (C,  2.) 
(6)  Equations  with  analysis. 

Written,  partially  written,  and  men- 
tal computations .    ( C,  j . ) 


V  CHAPTER  XIV 

THE  EMPHASIS  POINTS  IN  DECIMAL  FRACTIONS 

Topics: — Reading  and  Writing  Decimals.     Reductions  and 
Computations.    Definitions  and  Rules 

A.  Reading  Decimals 

I.  Proper  Fractions 
Pupils  should  be  able  to  read  any  decimal 
fraction  giving  such  emphasis  upon  numerator, 
and  denominator  as  will  make  the  fraction 
clear  to  a  listener. 

2.  Decimal  Mixed  Numbers 
{a).  As  They  Are  Written 
The  pupil  should  be  able  to  read  any  mixed 
number  with  proper  emphasis  upon  the  integer , 
the  and,  the  numerator ,  the  denominator  so 
that  a  listener  need  have  no  question  as  to 
the  number. 

(6).  As  Improper  Fractions 
The  pupil  should  be  able  to  read  any  decimal 
mixed  number  as  a  mixed  number  or  as  an 
improper  fraction  as  directed.  This  training 
to  go  from  mixed  number  to  improper  fraction 
reading  is  very  important  indeed  in  decimal 
fraction  work.  He  should  be  able  to  read 
without  hesitation  exercises  like  the  following : 
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1.3  as  1 1^  or  as  |f 

2.65  as  23^  or  as  ^ 

10.00  as  10  or  as  ^^^ 

2.50  as  2^  or  as  f^ 

7.0  as  7  or  as  ^ 

17.010  as  i7yio  or  as  ^-^'■ 

3.  Using  One  "And."  Decimal  expressions 
require  and  should  have  but  one  *  and.  Pupils 
should  be  trained  to  recognize  and  observe 
this  carefully  in  their  reading  under  all  condi- 
tions and  in  all  connections.  "One  hundred 
and  fifty"  for  150  should  not  be  tolerated. 
Strict  attention  to  the  proper  use  of  and  (by 
the  teacher  as  well  as  by  the  pupils)  contributes 
very  materially  to  accuracy  in  reading  and 
writing  decimal  expressions.  It  keeps  atten- 
tion centered  upon  the  integer — the  and — the 
numerator — the  denominator. 

B.  Writing  Decimals 

The  pupil  at  the  close  of  the  work  in  the 
subject  should  be  able  to  write  correctly  any 
decimal  mixed  number  or  fraction  from  oral 


*  There  is  one  exception  (but  only  an  apparent 
exception)  to  this  rule  of  the  single  "and" — ^mixed 
niimbers  having  complex  fractions  have  necessarily  a 
second  "and."  i^  is  read  one — and — one  and  three 
fourths — fifths.  2^  is  read  two — and — ^three  and  one 
third — ^tenths. 
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dictation  or  from  dictations  in  which  the 
expressions  are  fully  written  out  in  words. 
The  only  condition  for  such  a  test  should  be 
that  the  dictations  be  clearly  given — with  due 
voice  attention  in  oral  dictation  to  clearness  as 
to  the  integer — the  and — the  numerator — the 
denominator. 

(c).    Reductions 

(j)  Reducing  Common  Fractions  to  Deci- 
mal Form. 

Pupils  should  be  able  to  reduce  any  ordinary 
common  fraction  or  mixed  number  to  decimal 
fraction  form  by  the  short  analysis  process; 
and  halves,  3ds,  4ths,  5ths,  6ths,  8ths,  20ths, 
25ths,  and  50ths  by  analysis  or  by  inspection. 

They  should  be  able  to  reduce  common 
fractions — 

(i)     To  simple  decimals,  when  possible. 

(ii)  To  complex  decimals  exact  to  a  re- 
quired denomination  as — 

J  to  decimal  form  exact  to  loooths. 
•f-  to  decimal  form  exact  to  looths. 
if  to  decimal  form  exact  to  looooths. 

(iii)  To  an  approximate  decimal  fraction 
having  a  stated  denominator,  the  pupil  giving 
the  nearest  approximation  using  -f  or  — : 

2|- =2.7143-,  or 

2i  =2.333  + 
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The   fractions   to   which   much    attention 
should  be  given  in  these  reductions  are  |,  ^,  f , 

1.3.JL2.3.4.15      13.5.Z       1       _!_     a-nr^      1 
4»    4*    5>    5»    5>    5»   ^»^»F»    8>    8»    8»  TO^    2  5»   «*ii*-L   5^- 

The  pupil  should  in  time  be  able  to  give  the 
decimal  equivalents  for  these  fractions  without 
analyzing. 

(2)  Reducing  Simple  Decimal  Fractions. 

(i)  To  Higher  Equivalents. 
Writing  the  series  of  equivalents  of  fractions 
and  mixed  numbers — 
•3»  -S^y  '300,  etc. 
•75,  750,  .7500,  etc. 
1.2,  1.20,  1.200,  etc. 
(ii)  To  Lower  and  Lowest  Terms. 

.70  to  a  lower  equivalent  =  .7,  the  lowest 

term. 
1.3500  to  a  lower  equivalent,  1.350;  to 
its  lowest  simple  decimal  equivalent, 

I-35- 
.020  =  .02,  its  lowest  term  or  lowest 

simple  decimal  equivalent. 
3.0030  =3.003,  its  lowest  term. 
Pupils  should  be  in  the  habit  of  using  frac- 
tions in  their  lowest  terms  in  computations. 
The  teacher  should  insist  upon  this  use  of  the 
lowest  form. 

(iii)  To  Given  Terms — Higher  or  Lower. 
This  trains  to  recognize  the  lowest  term  of  a 
simple  fraction. 
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The  following  illustrates  what  is  meant  by 
this  form  of  work: 

Give  the  ist,  3d,  and  5th  terms  of  the  series 
of  simple  decimal  fraction  equivalents  of — 
.050,  .100,  1. 01,  and  2.0100 
.050  =.05,  .0500,  .050000 
.100  =.i,  .100,  .10000 
i.oi  =1.01,  I.OIOO,  I.OIOOOO 
2.0100  =2.01,  2.0100,  2.010000 
(j)  Reducing  Complex  Decimals  to  Higher 
and  Lower  Equivalents. 

The  pupils  should  be  able  to  make  such 
changes  by  the  analysis  processes  as  outlined 
in  Chapter  X. 

Very  many  of  the  reductions  should  after  a 
time  be  made  also  by  inspection.  Exercises 
which  involve  the  complex  decimal  fractions 
from  halves,  3ds,  4ths,  5ths,  6ths,  and  8ths, 
should  be  given  so  many  times  that  the  pupil 
will  recognize  the  forms  of  the  decimal  equiva- 
lents. The  pupil  should  learn  to  recognize  the 
following : 

.325  as  .321  or  .si 
.03!  as  .035 
i.2f  as  i.26f  or  1.266J 
2.43J  as  2.433!  or  2.4^ 
1 .4J  as  1 .42 
2.6|  as  2.68 
i.3ias  1.325  or  1.32^ 
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.64!  as  .6475  or  .647^ 
2.i8|-  as  2.1812J  or  2.18125 
16.875  as  16. 8f  or  i6f 
.1625  as  .if  or  .i6|^  or  .162J 
•0433J  as  .04J  or  .043J 
4375  as  .4375  or  .4I 
.362^  as  .36^  or  .3f 
(4).  Reducing  Per  cent  and  %  Expressions 
to  Decimal  Forms. 

This  work  is  of  great  importance  because  of 
the  wide  use  of  these  terms  in  practical  life. 

It  involves  the  changing  of  common  frac- 
tions to  "per  cent,"  and  "%"  expressions  to 
decimal  fraction  and  common  fraction  forms, 
(i)  Common  Fractions  to  "%"  Forms. 

J  =  .25  or  25%   (the  two  forms  in 
which  25  per  cent  may  be  written). 
f  =  .62 J  or  62 J%  or  62.5%  (the  three 
forms  in  which  62|-  per  cent  may- 
be written) . 
4^=4.20  or  420% 
5i=5.i6f  or5i6f% 
I.  =100%  or  i.oo=^J§ 
6    =600%  or  6.00  =f^ 
2    =200%  or  2.00  =f^ 
(ii)  Per  cent  Forms  to  Decimal  and  Common 
Fraction  Forms. 


60%  =.60  or  3^=1 
250%=2.50or|f^=2i 
37i%  =.37i  or  M  =t^  ^t  | 
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635.2%  =6.35i  or  4W-  =m'  or  fit 

.2%=.oojoryio  =^ 
•25%=-Ooiorpio  =^ 

3j%=.03iorT|V=A 
.87i%=-ooJorTk=¥5o 

D.  Operations 

I.  Addition 

Besides  the  addition  of  simple  decimals  and 
decimal  approximations,  the  pupil  should 
know  how  to  add  complex  decimals  which  do 
not  have  a  common  denominator. 

3.4^+6.256!  involves  the  reduction  of  the 

two  fractions  to  a  common  denominator — 

6433i 
+6.256! 

The  pupils  should  be  able  to  make  any  such 
necessary  changes  in  complex  decimals  so  that 
the  addition  may  be  effected.  This  is  the  point 
in  the  subject  that  requires  special  attention. 

2.  Subtraction 
The  subtractions  of  simple  decimals  or 
decimal  approximations  has  no  difficulties.  In 
the  subtraction  of  complex  decimals  which  do 
not  have  a  common  denominator,  the  pupils 
shotdd  recognize  the  need  of  reducing  one  or 
both  of  the  fractions. 

i8.2f    K      1 .  ,    I  i8.2fl      f  18.2666J 
-3.5875r^"^^^  ^"1  -J^^l  -3.5875^ 
Pupils  should  be  able  to  make  such  solutions 
properly. 
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J.  Multiplication 
In  the  multiplication  of  decimals  the  use  of 
complex  decimals  is  very  rare  in  practice.    If 
it  were  desired  to  operate  with  such  fractions 
it  would  be  like  the  multiplication  of  mixed 
numbers  vertical  form  in  common  fractions. 
4.2i 
X  4i   (See  Part  II,  Chapter  XXIV.) 

4.  Partition— Computations 

The  pupils  should  be  able  to  solve  by  written 
analysis  any  reasonable  exercise  in  "of  work" 
involving  either  general  decimals — .45  of  12  =, 

.3  of  14  =,  1.25  of  24  =,  etc. or  per  cent 

forms  of  statement.  They  should  be  able  to 
ask  the  questions  upon  the  analysis  (See 
Chapter  XII,  F)  and  to  answer  them  without 
suggestion,  in  this  way  stating  the  number  of 
steps  and  the  character  and  purpose  of  each. 

They  should  be  able  to  make  written  solu- 
tions of  equations  in  decimal  fraction  and  in 
"per  cent"  language;  also  to  ask  and  answer 
the  questions  suggested  for  such  work  (Chap- 
ter XII,  G). 

They  should  be  able  to  solve  such  exercises 
in  the  partially  written  form. 

They  should  be  able  also  to  solve  mentally 
any  of  the  less  complicated  problems  in  "of 
work"  and  "equations" — ^problems  involving 
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25%.  75%,  334%,  66f%,  I2i%,  37i%,  62i%, 
874%,  125%,  150%,  200%,  500%,  1000%, 
etc. 

These  computations  both  the  written  and 
the  mental  should  receive  much  attention 
because  of  the  wide  use  of  "of  work"  and 
"equations"  in  percentage  later. 

5.  Division 

The  pupil  should  be  able  to  point  off  cor- 
rectly in  the  quotient  in  any  division  operation 
with  simple  decimals.  The  two  matters  to  be 
carefully  looked  after  in  division  are — 

(i)  This  "pointing  off"  in  the  quotient; 
and  (2)  division  when  the  divisor  is  complex. 

In  practical  computations,  quotients  are 
either  simple  decimals  with  low  denominator, 
or  they  are  approximations. 

When  the  dividend  has  a  decimal  complex 
fraction,  the  fraction  is  reduced  to  a  higher 
term — to  the  limit  of  the  desired  approximate 
quotient. 

When  the  divisor  has  a  decimal  complex 
fraction,  the  reduction  of  the  fraction  to  a 
higher  term  lengthens  the  operation  and  is 
therefore  not  practical. 

In  3.84!  -4-. 4^^,  to  give  a  closely  approximate 
quotient,  the  pupil  should  change  dividend 
and  divisor  to  6ths.     This  was  the  pupil's 
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method  of  dividing    in    common    fractions. 
The  dividend  becomes  23.08  and  the  divisor 

2.5. 

In  4.562!^ -^  .26|,  the  dividend  and  divisor 
may  be  reduced  to  I2ths.  This  is  what  the 
pupil  will  suggest  from  past  experiences. 

In  5.628  4- .4J,  dividend  and  divisor  should 
be  reduced  to  8ths.  The  dividend  will  then  be 
45.024,  the  divisor  3.3. 

The  pupil  should  be  able  to  make  divisions 
involving  fractions  in  the  divisors  by  reducing 
dividend  and  divisor  to  their  lowest  common 
denominator.  He  should  have  much  experi- 
ence in  this  line  of  work  because  of  its  practical 
value  in  shortening  the  operations. 

9.863  -^.2625  is  much  shorter  when  changed 
to  9.863  -^.2f  and  then  to  78.904  4-2.1. 

E.  Definitions  and  Rules 

a.  The  Terms  and  Definitions 

Per  cent. 

Decimal  Fraction 

Simple  Decimal  Fraction 

Complex  Decimal  Fraction 

Repeating  Decimal 

Circulating  Decimal 

Repetend 
Per  cent  means  himdredths. 
Decimal  Fraction. — A  decimal  fraction  is  a 


POINTS  IN  DECIMAL  FRACTIONS     657 

fraction  whose  denominator  is  one  of  the 
powers  of  ten.  This  denominator  may  be 
written  or  it  may  be  understood. 

Forms  of  Decimals. — Decimal  fractions  may 
be  in  either  one  of  two  forms — with  the  de- 
nominator tmderstood  or  with  the  denominator 
written. 

A  simple  decimal  fraction  is  one  whose  nimi- 
erator  is  integral. 

A  complex  decimal  fraction  is  one  whose 
numerator  is  a  fraction  or  a  mixed  niimber. 

A  repeating  decimal  fraction  is  one  in  which 
one  or  a  group  of  the  quotient  figures  regularly 
repeats. 

The  figure  or  the  group  of  figiu-es  in  a  quo- 
tient that  repeats  is  called  a  repetend. 

b.  Rules 

How  do  we  point  off  in  multiplication  of 
decimal  fractions? 

In  multiplying  decimal  fractions  we  point  off 
in  the  product  as  many  fractional  places  as 
there  are  in  both  multiplier  and  mvdtiplicand. 

How  do  we  point  off  in  division  of  decimal 
fractions? 

In  division  of  decimal  fractions  we  point  off 
in  the  quotient  as  many  fractional  places  as 
the  number  in  the  dividend  exceeds  the  num- 
ber in  the  divisor. 
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Summary. 

The  emphasis  in  reading  and  writing  frac- 
tions and  mixed  nimibers.     {A  and  B.) 
The  reductions  that   must   be  emphasized 
(C.)- 
Common  fractions  to  decimals,  exact  and 

approximate. 
Simple  decimals — 
To  higher  equivalents. 
To  lower  decimal  fraction  equivalents. 
To  given  terms  higher  or  lower. 
Complex  decimals  to  higher  and  lower 
equivalents  with  special  attention  to 
those  from  halves,  3ds,  4ths,  etc. 
Per  cent  expressions — 

Common  fractions  to  per  cent  forms. 
Per  cent  forms  to  regular  decimal  forms. 
Emphasis  points  in  Addition,  Subtraction 

and  Multiplication.    (D.) 
Emphasis  in  partition  on  the  analytical  solu- 
tions  in    "of  work"   and   "equations." 

{D,  4-) 

The  emphasis  in  division  on  reducing  divi- 
dend and  divisor  to  a  common  denomin- 
ator when  the  divisor  is  complex.     {D,  5.) 

The  definitions  and  rules.    (£.) 


PART  IV 

CUBIC  MEASURE 

CHAPTER  I 

THE  TERMS  AND  DEVELOPMENT  APPARATUS 

A.  The  Terms  Capacity  and  Content  Discriminated 

Almost  necessarily,  the  first  consideration 
in  the  development  of  cubic  measure  is  the 
definite  selection  of  terms  to  be  employed  so 
that  throughout  the  work  careful  discrimina- 
tion shall  be  made  between  computations 
of  the  matter  in  bodies  and  computations 
of  capacity.  A  sewing  thimble  has  in  it 
a  quantity  of  matter,  it  has  also  capacity. 
In  measuring,  we  must  discriminate.  What 
we  measiu'e  must  be  the  one  or  the  other 
definitely. 

Clear  imagery  is  as  necessary  in  cubic 
measure  as  in  any  other  form  of  number  work. 
Such  imagery,  however,  cannot  be  developed 
imless  in  our  language  and  computations  we 
make  this  discrimination  sharply  in  every  part 
of  the  work. 

Our  regular  term  capacity  fully  meets  ovir 
needs  as  one  of  these  special  terms.  It  is 
perfectly  definite  at  the  outset,  the  usual  term 
by  which  we  refer  to  what  a  given  space  will 
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"hold."  The  term  content  must  be  chosen  to 
express  quantity  of  matter  as  opposed  to 
capacity.  In  its  ordinary  use  it  is  flexible. 
When  we  say  content  we  may  be  referring  to 
the  quantity  of  the  matter  in  the  object  or  to 
its  full  displacement.  Oiur  use  of  it  here,  how- 
ever, must  be  strictly  limited.  We  must 
apply  it  in  all  cases  to  quantity  of  matter. 
When  we  refer  to  the  content  of  a  glass  timi- 
bler  we  must  mean  the  quantity  of  glass  in  it. 
The  advantage  in  the  selection  of  this  word  is 
that  later  after  its  use  for  a  long  time  in  this 
restricted  sense,  the  individual  will  make 
more  intelligent  use  of  it  in  its  wider  meaning. 
If  our  aim  were  to  develop  content,  we  could 
not  adopt  a  better  plan  than  this  of  first  using 
it  in  a  sharply  restricted  sense  and  then  later 
permitting  it  to  take  on  its  general  meaning. 
It  is  going  from  percept  to  concept — nature's 
way. 

Cubic  measure  is  left  out  of  our  nimiber 
training  unless  we  provide  that  this  sharp 
discrimination  is  made  in  all  our  developments 
and  computations  between  measures  which 
relate  to  content,  in  the  limited  sense,  and 
those  which  relate  to  capacity.  When  we 
measure,  we  should  definitely  measure  the  one 
or  the  other.  In  that  way  we  are  forced  to 
discriminate — to  determine  in  every  practical 
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problem  whether  it  relates  to  the  material  in 
the  object  or  to  what  it  would  "hold."  If 
we  are  to  measure  entire  displacements,  as  in 
the  case  of  measuring  a  hollow  sphere,  a  tin 
cup,  or  any  other  object  not  of  solid  matter 
throughout,  we  should  do  so  in  set  terms.  The 
fact  that  such  measurement  is  required  should 
show  in  the  language  used,  so  that  there  could 
be  no  possibility  of  matter  and  capacity  not 
being  definitely  discriminated  in  the  case. 
When  we  wish  to  measure  any  form  of  capacity, 
the  word  capacity  must  be  our  sole  reliance  for 
technical  expression  in  the  case.  When  it  is 
the  matter  in  a  body,  our  word  is  content.  If 
we  speak  of  content,  we  must  have  in  mind 
the  matter,  the  quantity  of  material,  that  is,  in 
the  body  or  object.  The  content  of  any  ink- 
bottle  would  be  the  quantity  of  glass  that  there 
is  in  it.  If  we  want  its  capacity,  we  should  so 
state.  If  we  mean  the  total  displacement,  we 
must  ask  for  the  content  '^asifit  were  solid  glass. ^ ' 

B.  Capacity  and  G)ntent  Developed 

I.  Tools  and  Material 
a.  The  Measuring  Cup 
For  the  proper  development  of  these  terms 
the  teacher  should  have  lOO  or  more  kinder- 
garten cubic-inch  blocks;  three  or  four  quarts 
of  fine,  dry  sand  free  from  lumps  and  pebbles; 
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and  a  cubic-inch  cup  into  which  one  of  the 
cubes  will  fit  as  perfectly  as  possible  consistent 
with  easily  putting  it  in  and  taking  it  out.  The 
cube  should  just  fill  the  cup — the  top  being 
level  with  the  top  of  the  cup.  There  are  other 
receptacles  that  will  be  discussed  later. 

This  cup  is  to  be  used  as  a  measuring  cup  to 
determine  capacities  and  contents,  the  sand 
being  the  material  for  measuring.  The  cup 
will  have  to  be  made  to  order  by  a  tin-smith. 
The  manner  of  construction  is  to  cut  four 
pieces  of  tin  of  the  proper  size  for  the  sides  of 
the  cup,  these  to  be  soldered  on  the  outside. 
The  piece  for  the  bottom  should  be  about  if 
inches  square  so  as  to  form  a  projecting  shelf 
around  the  cup.  This  allows  for  the  strong 
soldering  of  sides  to  bottom  on  the  outside. 
By  this  plan  of  construction,  the  inside  of  the 
cup  is  free  from  irregularities  due  to  inside 
soldering.  The  handle  for  taking  the  cube 
out  of  the  cup  may  be  a  tack  or  small  finishing 
nail  driven  into  the  cube  and  left  to  project 
enough  to  serve  as  a  handle. 

A.  The  cup 
looked  at  from 
above. 

B.  The  cup's 
side  view. 
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b.  Striking 

Definition  and  Method. 

Besides  these,  there  should  be  a  straight- 
edge, a  wooden  foot-rule,  perhaps,  for  "strik- 
ing." "  Strike  "  as  used  here,  is  a  term,  nearly- 
obsolete  now,  that  applied  to  the  act  of  draw- 
ing a  "straight-edge"  across  the  top  of  the 
peck  or  half -bushel  or  bushel  measure  to  level 
off  the  wheat  or  other  grain  that  was  being 
measured.  It  left  the  grain  level  with  the  top 
of  the  measure,  pushing  off  the  excess  grain 
after  every  part  had  been  filled.  The  term  is 
introduced  here  for  want  of  a  better  to  express 
this  act  of  filling  out  and  leveling  off  in  this 
way  the  top  of  a  box  or  cup  (or  other  receptacle 
whose  edge  is  regular  so  that  the  process  leaves 
a  uniform  fiat  surface)  of  sand  when  we  wish 
to  obtain  a  quantity  of  the  latter  exactly  equal 
to  the  capacity  of  the  container.  The  "strik- 
ing" process,  to  give  a  proper  surface,  requires 
that  the  receptacle  be  slightly  over-full  before- 
hand. The  best  evidence  that  every  part  is 
filled  is  through  there  being  an  oversupply  that 
is  pushed  off  in  the  act  of  striking. 

c.  Why  Use  Sand 
The  material  for  our  development  work  here 
has  been  chosen  with  a  view  to  its  availability 
for  use  with  all  kinds  of  receptacles  and  be- 
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cause  of  the  more  satisfactory  results  that  its 
use  gives.  Water  is  not  practicable  for  use 
for  several  reasons: 

(i)  We  can  not  use  it  in  receptacles  that 
are  not  water-tight. 

(2)  Wooden  and  paper  boxes  unless  water- 
proofed absorb  water. 

(3)  Attraction  and,  under  conditions  result- 
ing from  handling,  repulsion  by  the  sides  of 
our  tin  cup  would  render  its  measurements  so 
unreliable  as  to  defeat  their  purposes. 

(4)  Measurements  of  content  by  displace- 
ment would  be  possible  with  waterproof 
objects  only. 

Sand  is  free  from  these  objections,  its  par- 
ticles are  fine  so  that  "  striking  "  gives  a  surface 
that  is  loose,  and  "shaking  down"  does  not 
materially  change  content. 

d.  The  Receptacles 

In  the  matter  of  the  receptacles  to  be  used 
in  connection  with  capacity  and  content 
measurements,  we  should  be  governed  by  the 
rule  that  choice  be  confined  to  such  as  may 
be  "  struck  "  to  a  level  surface.  We  have  shown 
that  it  is  impracticable  to  use  water  or  other 
liquid.  Water  capacity  as  well  as  sand  capac- 
ity must,  however,  be  considered.  When  we 
ascertain  with  sand  that  the  capacity  of  a 
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receptacle  is  a  certain  number  of  cubic  inches, 
it  should  be  understood  that  its  water  capacity- 
would  be  the  same.  This  requirement  would 
limit  us  to  the  use  only  of  containers  which 
would  "strike"  level.  A  common  water- 
pitcher,  for  illustration,  with  spout  above  the 
level  of  a  part  of  the  top  is  susceptible  of 
"striking"  for  sand,  but  practically  could  not 
be  used  in  our  work.  Sand  would  stand  in  the 
trough  of  this  elevated  spout  after  "striking." 
Some  of  it  would  be  above  the  level  of  that  in 
other  parts  of  the  top.  Water,  however, 
would  seek  its  level.  The  water  capacity 
would  be  less  than  this  sand  capacity.  Our 
aim  is  not  by  any  means  to  measure  this  or 
that  vessel.  It  is  intended  that  our  work 
shall  be  a  means  to  an  end — that  end,  the 
terms  capacity  and  content.  This  end  is  served 
only  when  capacities  are  general — alike  for 
liquid  and  dry  material. 

2.  The  Cubic  Inch 

The  teacher  taking  one  of  the  cubic-inch 
blocks — 

"We  call  this  a  cubic-inch.  This  means 
that  the  amoimt  of  wood  in  the  block  is  one 
cubic-inch.  When  a  person  uses  that  word  he 
is  telling  how  much." 

"  This  is  a  cubic-inch  cup.  This  means  that 
it  will  hold  so  much  of  anything.  " 
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(The  teacher  puts  the  cube  into  the  cup, 
takes  it  out,  and  puts  it  back  again  so  that  all 
observe  how  closely  it  fits.) 

The  teacher  fills  the  cup  with  sand,  strikes 
it  carefully,  and  pours  the  sand  on  a  paper, 
placing  the  cube  beside  it. 

"Which  is  greater,  the  quantity  of  wood  in 
this  block  or  the  quantity  of  sand  here?" 

("The  quantities  are  equal.") 

"How  much  sand?" 

("A  cubic-inch.") 

"How  much  wood?"  ("A  cubic  inch.") 

Another  "struck"  cupful  is  added  to  the 
sand  on  the  paper. 

"How  much  sand  in  the  pile?" 

("Two  cubic-inches.") 

"How  much  greater  is  the  quantity  of  sand 
on  this  paper  than  the  quantity  of  wood  in 
this  cube?" 

("Twice  as  great.") 

"Show  me  an  equal  quantity  in  wood." 
(The  pupil  shows  two  of  the  cubes.) 

"How  much?" 

The  teacher  now  adds  one  or  more  cupfuls 
of  sand  to  the  pile. 

"What  quantity  of  sand  now?" 

"Show  me  an  equal  quantity  in  wood." 

The  quantity  of  sand  is  again  increased,  the 
quantity  is  asked  for,  and  the  pupils  are  re- 
quired to  show  an  equal  quantity  of  wood. 
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The  aim  here  is  to  fix  in  mind  at  the  outset 
that  cubic  inch  is  a  word  which  relates  to 
quantity  and  not  to  something  having  eight 
comers. 

J.  Capacity 

"This  cup  holds  a  cubic  inch.  We  say  that 
its  capacity  is  a  cubic-inch." 

"This  cup  has  capacity  enough  for  one 
cubic-inch  of  sand." 

"You  may  find  the  capacity  of  this  teacup" 
(putting  a  teacup  on  the  table). 

The  pupil  does  the  work.  He  is  required  to 
"strike"  each  cupful  (cubic-inch  cup)  that  he 
puts  into  the  teacup.  He  fills  it  a  little  overfull. 
It  should  stand  on  a  piece  of  paper  so  as  to 
catch  any  spilled  sand  and  also  the  sand  pushed 
off  in  striking. 

"How  did  you  find  the  capacity?" 

("By  measuring  it  with  sand.") 

The  teacher  shows  him  about  filling  the 
teacup  overfull,  about  striking,  and  about 
measuring  the  sand  spilled  or  pushed  out  on 
the  paper.  The  word  strike  should  be  given 
to  the  pupils  in  connection  with  this  work  and 
it  should  be  used  in  class  work  freely.  The 
spelling  of  the  word  must  not  be  overlooked. 

The  amount  of  sand  on  the  paper  (number 
of  cubic-inches)  deducted  from  the  amoimt 
used  in  filling  the  cup  gives  the  amount  in  the 
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cup.  This  amount  measures  the  cup's  ca- 
pacity. Parts  of  cubic-inches  in  this  sand 
work  should  be  approximated  with  the  eye — 
•J  cubic-inch,  f  cubic-inch,  ^  cubic-inch,  ^ 
cubic-inch,  etc. 

Note. — This  cup  should  now  be  set  aside  as  an  auxil- 
iary measuring  cup  for  use  in  finding  capacities  of  re- 
ceptacles which  require  too  much  time  to  fill  with  the 
cubic-inch  cup,  one  cupful  at  a  time.  If  the  capacity  of 
this  teacup  shoiild  be  found  to  be  8J  cubic  inches,  it 
could  be  used  to  advantage  in  measuring  sand  into  a 
box  having  a  capacity  of  lo,  20,  or  30  cubic  inches — 
great  enough  to  use  one  or  two  or  three  cupfuls  for 
filling  it  in  greater  part,  the  remainder  being  measured 
in  with  smaller  cups  or  boxes  whose  capacities  have 
been  measured  and  with  the  cubic  inch  cup.  The  teacher 
who  desires  to  work  rapidly  will  lay  aside  several  cups 
and  boxes  of  various  sizes  that  have  been  measured 
making  a  careful  record  of  the  capacity  of  each.  These 
she  may  use  for  rapid  meastuing  work.  These  must,  of 
course,  be  receptacles  that  may  be  "struck." 

The  capacities  of  two  or  three  other  cups  or 
boxes  should  be  measured  in  the  same  way.  If 
for  this  second  measuring  exercise  a  receptacle 
larger  than  the  teacup  is  chosen,  the  teacup 
may  be  used  as  an  auxiliary  measuring  cup  to 
hasten  the  work  as  suggested  above. 

4.   Content 
The  term  content  is  now  used. 
"This  cube  has  a  quantity  of  wood  in  it,  a 
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cubic  inch.  We  speak  of  this  as  its  content. 
The  content  of  these  two  cubes  is  two  cubic 
inches.  Content  means  quantity  of  material. 
This  piece  of  coal"  (a  piece  of  coal  about  the 
size  of  an  egg)  "has  content,  a  quantity  of 
material  in  it." 

"Let  us  find  the  content  of  this  piece  of  coal." 
The  teacher  selects  any  box  or  cup  that  can 
be  "struck" — one  large  enough  to  hold  the 
piece  of  coal  so  that  the  latter  will  be  entirely 
below  the  top  of  the  receptacle.  The  capacity 
is  measvired  with  the  sand  and  recorded.  The 
coal  is  now  placed  in  the  empty  receptacle, 
sand  is  measured  into  it,  and  the  quantity  of 
sand  noted.  The  pupils  should  suggest  the 
next  step — the  difference  between  the  capacity 
of  the  box  and  the  amoimt  of  sand  that  is  held 
with  the  piece  of  coal  is  the  content  of  the  coal. 
This  difference  is  computed  and  stated. 

5.  Displacement 

The  term  displacement  should  now  be  intro- 
duced to  describe  this  process  of  finding  con- 
tent by  letting  it  displace  sand  in  a  measured 
vessel.  The  term  should  be  put  into  regular 
use  in  the  class  by  the  question  after  these 
measurements,  How  did  you  find  the  content? 
(By  displacement.)  In  order  to  give  the  term 
larger  use,  the  teacher  should  ask  the  question, 
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How  would  you  find  the  content  of  this ? 

How  would  you  find  the  content  of  these  irons? 
Etc. 

"When  we  say  that  we  measure  by  displace- 
ment we  mean  that  we  use  the  article  in  place 
of  sand  in  measuring.  We  find  how  much  less 
sand  it  takes .  This  is  the  content  of  the  article . '  * 

Another  Problem. 

'  *  Here  is  a  rock .    You  may  find  its  content . ' ' 

The  pupils  will  find  it.  They  will  select  a 
container  large  enough  to  hold  the  rock,  find 
its  capacity,  then  find  the  amount  of  sand  that 
with  the  rock  will  fill  it  "strike"  full,  and  then 
take  the  difference  as  the  content  of  the  rock. 

"How  did  you  find  the  content?"  ("By 
displacement.") 

Questions  for  Regular  Use. 

What  do  we  mean  by  the  content  of  an 
article? 

(The  quantity  of  material  in  it.) 

What  do  we  mean  by  capacity? 

(The  quantity  of  material  that  article  will 
hold.) 

What  is  the  unit,  the  one,  of  content? 

(The  cubic  inch.) 

What  is  the  unit,  the  one,  of  capacity? 

(The  capacity  of  the  cubic  inch  cup.) 

When  I  asked  for  the  content  of  the  piece 
of  coal,  what  did  I  want  to  know? 
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(You  wanted  to  know  how  many  cupfuls 
there  would  be  if  it  were  all  ground  up  *  and 
measured.) 

"You  may  find  the  content  of  this  pair  of 
scissors." 

The  content  is  foimd  as  in  the  case  of  the 
rock.    The  questions  are  asked. 

"You  may  find  the  content  of  this  teacup." 

(This  should  be  a  cup  that  has  not  been  used 
in  the  class — a  fresh  cup.) 

This  puts  before  the  pupil  for  the  first  time 
a  question  which  will  compel  him  to  show  how 
deeply  into  his  mind  the  terms  capacity  and 
content  have  filtered. 

(The  teacher  may  find  that  pupils  will  begin 
work  on  the  capacity  rather  than  the  content. 
The  only  form  of  interference  by  the  teacher 
that  would  be  at  all  admissible  would  be  the 
question,  "What  do  we  mean  by  content?" 
"Content."  "What  do  we  mean  when  we 
say  content?"     The  teacher  must  not,  how-. 

*  This  conception  of  content  must  be  cultivated. 
It  fits  in  with  their  imagery.  The  conception  of  the 
content  of  the  piece  of  coal  or  the  rock  or  other  irregular 
object  in  terms  of  the  cube  is  out  of  line  with  the  pupil's 
experiences.  He  has,  however,  measured  sand  in  the 
cup,  and  the  grinding  up  coal  or  rock  into  the  form  of 
coal  dust  or  sand  is  an  ordinary  sight  where  coal  is 
handled  or  heavy  wheels  strike  rock  on  paved  streets 
or  gravel  roads. 
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ever,  permit  any  pupil  to  answer  the  question. 
It  is  asked  for  the  purpose  of  concentrating 
attention,  of  forcing  discrimination  in  the 
matter.) 

The  content  is  found  just  as  that  of  the  rock 
and  the  piece  of  coal  were  foimd.  The  cup  is 
placed  upright  in  a  box  deep  enough  to  receive 
it  entirely.  The  capacity  of  the  box  is  found 
and  the  number  of  cubic  inches  of  sand  that 
the  box,  with  the  upright  cup  inside,  will  hold. 
The  difference  is  the  content  of  the  cup — the 
number  of  cubic  inches  of  material  in  the  make 
up  of  the  cup  were  it  ground  up  and  measured 
in  the  cubic-inch  cup. 

"How  did  you  find  the  content  of  the  cup? " 

("By  displacement.") 

Additional  Problems. 

The  content  of  this  empty  inkbottle. 

The  capacity  of  this  saucer.    Its  content. 

The  capacity  of  this  book.* 

The  content  of  these  nails.  The  capacity  of 
the  nails. 

The  capacity  of  this  pasteboard  box.  Its 
content. 


*  This,  of  course,  has  no  capacity.  Questions  of 
this  character  should  be  given  occasionally  in  order  to 
compel  attention  to  questions  and  the  habit  of  judging 
whether  or  not  the  question  relates  to  a  possibility. 
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Summary. 

The  need  of  discriminating,  in  the  develop- 
ment work  in  cubic  measure,  between 
content  and  capacity.    (A.) 

Capacity  developed  by  measurements  with 
sand.     {B,  j.) 

Content  developed  by  measuring  by  dis- 
placement with  sand.     {B,  4.) 

Time  required  for  the  work  of  this  chapter,  five  days. 


CHAPTER  II 

MEASURING   CAPACITY 

Topic: — Measuring  Capacities  that  are  in  the  Form  of 
Right  Rectangular  Prisms 

A.  Measuring  with  Blocks 

I.  Aim 

The  aim  here  is  to  begin  the  development 
of  the  regiilar  way  of  measviring  capacities — 
measurement  made  in  terms  of  cubic  inches  in 
a  row  along  one  side  of  the  bottom  of  the  box, 
the  number  of  such  rows  in  the  bottom  layer, 
and  the  nimiber  of  layers.  There  is  the  further 
purpose  to  conduct  the  work  in  a  way  to  lead 
the  pupil  to  think  all  regular  computations  of 
this  kind  analytically — in  these  terms  of  units 
in  a  row,  rows,  and  layers. 

The  work  involves  the  use  of  our  cubic-inch 
blocks  and  with  them  of  boxes  made  of  paste- 
board or  other  material — boxes  that  have 
square  comers,  rectangular  prisms  in  shape. 
These  should,  if  possible,  have  all  three  dimen- 
sions in  even  inches  (inside  measurement)  so 
that  rows  and  layers  of  cubes  will  fit  fairly 
well.  A  half  dozen  boxes  of  different  sizes  are 
all  that  would  be  needed  for  a  class,  these 

being  enough  to  serve  all  necessary  develop- 
674 
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ment  purposes  with  blocks.  The  work  later 
in  which  blocks  are  not  used  does  not  require 
the  use  of  boxes  selected  with  reference  to 
special  inside  dimensions. 

2.   The  Boxes 

The  teacher  will  have  difficulty  in  finding 
boxes  of  reasonable  size  that  have  dimensions 
in  even  inches.  A  box  for  this  purpose  should 
not  be  larger  than  6"xio''  or  8"xio''  and 
3''  to  4''  deep.  Larger  boxes  require  too  many 
blocks  and  serve  no  better  purpose.  To  secure 
proper  dimensions  in  a  box  it  may  be  necessary 
to  cut  it  longitudinally  and  perhaps  trans- 
versely and  telescope  the  bottom  for  reduction 
in  one  direction  and  the  sides  for  reduction  in 
the  other  direction,  the  parts  being  fastened 
together  afterwards  by  using  paste  or  glue. 
If  there  is  manual  arts  work  in  the  school,  the 
boxes  might  be  made  to  order.  Small  wooden 
boxes  of  thin  material  may  be  cut  down  to 
desired  dimensions  and  the  parts  fastened 
together  by  outside  cleats.  The  fact  that 
there  are  ridges  in  the  pasteboard  boxes  that 
have  been  telescoped,  so  that  blocks  do  not 
fit  closely  wherever  those  ridges  occur,  is  not 
a  serious  matter.  The  purpose  of  this  use  of 
the  blocks  is  entirely  for  the  development  of 
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the  row  and  layer  mode  of  measuring.  It  is 
true  that  on  account  of  the  ridges  the  capaci- 
ties found  are  not  accurate,  but  the  inaccu- 
racies are  not  so  glaring  as  to  take  attention 
from  the  main  point — that  it  is  possible  to 
measure  capacities  by  filling  them  with  cubic 
inch  blocks  which  occupy  the  spaces  fully  and 
counting  the  blocks. 

Two  of  these  boxes  should  have  two  of  the 
dimensions  with  a  half  inch  in  each — as  7'' 
by  6i"  by  2i''  deep  or  SJ''  by  5^''  by  3"  deep. 
These  will  be  used  to  give  the  pupils  an  oppor- 
tunity to  think  about blocks  and  a  half 

block  in  a  row,  or rows  and  a  half -row,  or 

layers  and  a  half  layer,  or  a  combination 

of  such  conditions.  The  pupils  need  not  make 
half -blocks  for  such  boxes.  They  will  have  no 
difficulty  in  the  matter  because  they  can  see 
where  the  half -blocks  and  the  half -rows,  or 
the  half-rows  and  the  half-layer  would  be. 
This  provides  the  necessary  imagery  for  prob- 
lems that  have  one  or  more  fractional  di- 
mensions— the   ordinary   problems. 

J.  The  Plan  of  Development 

The  teacher  places  one  of  these  selected 
boxes  before  the  class  and  asks  how  its  capa- 
city may  be  measured.  The  answer  will  be, 
By  measuring  it  with  sand. 
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"Yes,  but  we  can  also  measxire  it  by  seeing 
how  many  of  the  cubic  inch  blocks  it  will 
hold." 

"You  may  measure  it  in  that  way." 

This  will  be  a  class  exercise  in  which  one  or 
two  pupils  place  the  blocks  in  full  view  of  the 
other  members  of  the  class. 

The  teacher  must  see  that  one  full  row  of 
blocks  is  put  in  before  a  second  is  begim. 
This  row  may  be  along  one  side  or  across  the 
end  of  the  box,  it  does  not  matter.* 

"How  many  blocks  in  the  row?" 

"You  may  now  put  other  rows  in  until  you 
complete  a  layer." 

The    computation    for   this    layer    is    now 
placed  on  the  blackboard  under  the  teacher's 
direction — 
(Assuming  that  the  box  has  these  dimensions.) 

I  row   =8  cu.  in. 

6  rows  =6x8  cu.  in.  =48  cu.  in.,  i  layer. 

*  In  all  this  "blocks  in  a  row  and  rows"  measur- 
ing, there  is  no  choice  as  to  whether  the  pupil's  "row" 
runs  the  long  way  or  the  short  way  of  the  recep- 
tacle that  is  being  measured.  One  pupil  in  making  a 
computation  may  consider  the  rows  as  ruiming  the 
short  way  while  another  making  the  same  computation 
may  consider  them  as  running  the  long  way.  The  one 
should  be  as  acceptable  as  the  other.  The  teacher's 
attitude  in  this  matter  should  be  that  it  is  absolutely 
immaterial. 
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Note — Base. — The  teacher,  after  the  completion 
of  the  layer,  upon  whichever  side  the  pupil  may  choose 
to  construct  it,  must  introduce  the  term  base  as  indi- 
cating the  side  along  which  the  first  layer  is  constructed. 
This  side  must  be  spoken  of  as  base  in  every  construction 
thereafter. 

The  term  is  introduced  by  simply  telling  the  pupils 
that  the  side  of  the  receptacle  along  which  any  one  has 
built  his  first  layer  is  his  base.  One  child  may  consider 
one  side  as  base;  another  child,  another  side. 

The  term  is  almost  as  necessary  for  class  use  in  dic- 
tations and  in  pupils'  oral  work.  If  put  into  use  now 
as  describing  the  side  upon  which  the  pupil  constructs 
his  first  layer  in  these  measures  of  capacities,  the  child's 
vocabulary  will  be  broadened  by  its  use  and  it  will  give 
him  a  conception  of  "base"  as  applied  to  solids  that 
will  not  have  to  be  modified  later. 

The  teacher,  in  questioning  on  a  construction,  will 
ask  one  pupil  and  then  another,  What  did  you  use  for 
the  base?  The  reply  will  be  by  showing  the  "base" 
side.  He  will  say,  I  used  this  side ;  or,  I  used  the  bottom ; 
or,  I  used  this  end. 

The  pupils  are  now  directed  to  put  in  the 
rest  of  the  layers. 

The  computation  on  the  blackboard,  as- 
suming 4  layers,  is  now  completed — 

I  row  =8  cu.  in. 

6  rows  =6x8  cu.  in.  =48  cu.  in.,  i  layer  on 
the  base. 

4  layers  =4X48  cu.  in.  =192  cu.  in.,  capac- 
ity of  the  box. 
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The  above  is  the  form  in  which  the  analyti- 
cal solutions  should  be  written. 

Questions.* 

(i)  "How  did  you  measure  the  capacity  of 
the  box?" 

("With  cubic  inch  blocks.") 

(2)  "How  many  ways  have  we  of  measur- 
ing the  capacity  of  this  box?" 

("Two.    With  sand  and  with  the  blocks.") 

(3)  "  How  many  ways  have  we  of  measuring 
the  capacity  of  this  cup?" 

("One.    With  sand.") 

(4)  *  *  Why  may  we  not  measure  the  capacity 
of  the  cup  with  the  blocks?" 

("Because  the  blocks  will  not  fit  into  it.") 

(5)  "What  was  your  base?" 

Others  of  the  prepared  boxes  should  be 
measured  in  the  same  way,  computing  the  cap- 
acities in  the  analytical  form  as  given  above. 
The  questions  should  be  asked  with  each. 

With  these  prepared  boxes  there  should  be 

*  The  teacher  should  use  these  questions  regularly. 
The  4th  question,  particularly,  is  important  because  we 
shall  make  use  of  it  later  to  bring  out  as  strongly  as 
possible  the  fact  that  with  blocks  or  by  the  use  of  the 
foot-rule  we  are  able  to  measure  vessels  that  have 
comers  that  cubical  blocks  will  fit  into — vessels  in  the 
form  of  right  rectangular  prisms.  The  teacher  should 
seek  for  opportunities  to  ask  the  questions. 
Vol.  III-13 
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also  several  that  are  not  rectangular  prisms. 
There  should  be,  if  possible,  boxes  whose 
bases  are  rhomboidal,  one  or  two  with  tri- 
angular bases,  others  with  hexagonal  or  trape- 
zoidal bases.  The  plan  should  be  to  measure 
one  or  two  of  the  prepared  boxes.  In  each  the 
blocks  will  fit  satisfactorily  and  the  computa- 
tions will  be  made  regularly.  The  teacher 
without  remark  now  presents  for  measure- 
ment one  of  the  oblique  angled  receptacles. 
When  the  pupil  tries  to  fit  the  blocks  into  the 
box  in  this  case  he  will  be  unsuccessful  in 
making  even  the  first  row.  The  first  block  of 
the  first  row  will  not  fit  into  its  comer.  The 
teacher's  part  in  the  work  of  putting  in  the 
blocks  is  to  insist  that  they  must  fit  into  the 
box  so  as  to  fill  all  the  space.  If  the  shape  of 
the  box  is  such  that  the  blocks  can  not  be  made 
to  fiU  the  whole  space  the  teacher  and  the 
pupil  must  agree  that  "this  box  can  not  be 
measured  with  blocks."  In  this  case,  this  con- 
clusion is  drawn  because  the  blocks  do  not  fit 
into  the  box.  The  question  should  be  asked 
at  once,  If  we  can  not  measure  it  with  blocks, 
how  can  we  measure  it?  The  answer  to  this  is, 
of  course,  that  the  only  way  to  measure  it  is 
with  the  sand.  This  question  should  be  asked 
whenever  measurement  with  blocks  is  found 
impossible. 
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Others  of  the  prepared  boxes  are  now  meas- 
ured and  then  one  or  two  of  the  boxes  with 
oblique  angled  bottoms. 

In  connection  with  this  work  the  instruction 
in  comers  and  solid  angles  (see  5  below)  should 
be  given  in  order  to  make  use  of  the  language 
to  express  why  blocks  will  or  will  not  fit  into 
a  given  receptacle. 

The  questions  that  have  been  suggested, 
particularly  the  question,  How  many  ways 
have  we  of  measuring  this  box?  asked  in 
connection  with  the  meastirements  of  each  of 
the  prepared  boxes,  should  have  brought  out 
that — 

(i)  The  boxes  that  may  be  measured  with 
the  blocks  may  be  measured  in  two  ways. 

(2)  The  boxes  that  may  not  be  meastired 
with  the  blocks  may  be  measured  in  one  way 
only. 

4.  Angles — Right  and  Oblique,  Surfaces — Plane 
and  Curved 

It  is  assumed  that  pupils  of  the  age  to  take 
up  the  study  of  cubic  measure  have  been 
taught  right,  acute,  and  obtuse  angles.  Be- 
sides being  able  to  recognize  and  name  such 
angles  or  to  make  them  from  oral  dictation — 
make  an  obtuse  angle,  make  an  acute  angle, 
make  a  larger  acute   angle,  make  a  larger 
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obtuse  angle,  make  a  smaller  obtuse  angle, 
make  a  right  angle,  etc. — the  pupils  should 
be  able  to  classify  these  angles  as  right  and 
oblique.  When  the  teacher  points  to  or  makes 
an  angle,  the  pupil  should  describe  it  as  an 
oblique  angle,  aoute;  or,  as  an  oblique  angle, 
obtuse;  or,  as  a  right  angle.  In  speaking  of 
corners  and  solid  angles  in  this  cubic  measure 
work,  it  is  very  desirable  to  make  use  of  the 
term  oblique  as  the  single  opposite  of  right  or 
square:  hence  the  introduction  and  establish- 
ment of  oblique. 

Pupils  should  understand  and  be  able  to  use 
the  terms  plane  surface  and  curved  surface. 
What  is  a  plane  surface?  A  plane  surface  is 
one  that  is  flat. 

5.  Corners  and  Solid  Angles 

The  cubic  inch  blocks  have  corners,  solid 
corners.  These  comers  are  square  because 
the  angles  on  the  sides  or  faces  which  meet  at 
these  comers  are  right  angles.  Other  square, 
solid  comers  should  be  found.  Door  and 
window  casings,  pictiu-e  frames,  remnants  of 
limiber  from  carpenter  shops,  etc.  furnish 
models  of  this  class  of  comers.  Oblique 
comers — oblique  because  one  or  more  of  the 
angles  of  the  sides  or  faces  which  meet  there 
are  acute  or  obtuse — may  be  found  sometimes 
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on  door  or  window  casings,  picture  frames, 
geometrical  solids,  lumber  remnants,  etc. 

There  are  four  square,  solid  angles  in  the 
bottom  of  our  tin  cubic  inch  cup.  A  square 
comer  will  fit  closely  into  a  square,  solid 
angle.  Oblique,  solid  angles  are  illustrated  by 
the  solid  angles  in  receptacles  whose  bases  or 
ends  are  triangular,  rhomboidal,  or  hexagonal, 
etc.  Of  the  sides  or  faces  which  meet  to  form 
an  oblique,  solid  angle,  one  at  least  has  an 
oblique  angle  at  the  solid  angle. 

This  language  of  comers,  square  comers, 
oblique  comers,  solid  angles,  square  soHd 
angles,  and  oblique  solid  angles  should  be  used 
in  connection  with  the  measuring  of  capacities 
by  means  of  the  blocks. 

The  following  questions  suggest  points  that 
must  be  fully  developed  before  passing  to 
"Measuring  Without  Blocks."   (See  B  below.) 

Why  can  we  measure  this  with  blocks? 

(Because  it  has  four  solid  angles  that  are 
square,  and  its  faces  are  plane  surfaces.  The 
blocks  will  fit  into  it.) 

Why  can  we  not  measure  the  capacity  of 
this  box  with  blocks? 

(Because  its  solid  angles  are  oblique.  The 
blocks  will  not  fit  into  oblique  solid  angles.) 

What  kind  of  receptacles  can  we  measure 
with  blocks? 
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(We  can  measure  with  blocks,  only  those 
receptacles  that  have  square  solid  angles  and 
plane  surfaces.) 

These  questions  must  be  asked  regularly  in 
connection  with  the  work  of  measuring  with 
blocks,  because  the  pupil  must  depend  upon 
what  he  learns  here  to  determine  when  working 
later  without  blocks  whether  the  latter  wovild  or 
would  not  fit  into  a  given  receptacle.  Before 
he  takes  up  "Measuring  Without  Blocks"  he 
must  be  able  ordinarily  to  state  from  the  ap- 
pearance of  the  capacity  to  be  measured 
whether  cubical  blocks  would  fit  into  its  cor- 
ners and  whether  or  not  the  faces  are  plane. 
Blocks  would  not  fit  into  a  box  that  does  not 
have  all  its  faces  plane  and  all  its  soHd  angles 
square. 

B.  Measuring  Without  Blocks 

I.   Using  the  Prepared  Boxes 

The  same  boxes  shoiild  be  used  again  as 
follows : 

"In  how  many  ways  can  we  measure  the 
capacity  of  this  box?" 

("With  sand  and  with  the  blocks.") 

"How  do  you  know  that  the  blocks  would 
fit  into  it?" 

("Because  all  the  solid  angles  are  square 
and  the  faces  are  all  plain.  The  blocks  would 
fit  into  it.") 
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"Is  there  any  way  to  find  the  capacity  of 
this  box  without  using  sand  or  blocks?" 

(One  of  the  prepared  boxes  is  used  here.) 

"Is  there  any  way  of  finding  the  number  of 
cubic  inch  blocks  in  a  row  without  actually 
putting  in  the  blocks?" 

There  should  be  the  proper  response  from 
one  or  more  pupils  otherwise  the  suggestion 
should  be  made  that  "this  foot  rule  might 
tell  us." 

The  width  or  the  length  (as  a  pupil  may 
choose)  is  measured  and  from  this  the  pupil 
states  how  many  of  the  cubes  would  fit  in  to 
make  a  row. 

"How  did  you  find  out?" 

("I  measured  with  the  rule.    There  would 

be  one  block  for  every  inch.     inches, 

therefore cubic  inches  in  a  row.") 

"Is  there  a  way  to  find  how  many  rows  in 
the  first  layer?" 

No  suggestion  will  be  needed  here.  The 
pupil  measures  and  replies. 

The  question  of  how  he  found  out  is  asked. 

(" inches,   therefore  rows  in  a 

layer.") 

The  question  as  to  the  number  of  layers  is 
asked  in  the  same  way,  followed  by  the  ques- 
tion as  to  how  he  found  out. 

The  computation  is  now  made.     (We  will 
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assume  that  the  dimensions  of  the  box  were 
lo''  by  ^"  by  5''  deep.) 

9  in.  wide  .".  9  cu.  in.  in  i  row. 

10  in.  long  .*.  10  rows. 

10  rows  =  10X9  cu.  in.  =90  cu.  in.,  i  layer 
on  the  base. 

5  in.  deep  .".5  layers. 

5  layers  =  5  X90  cu.  in.  =450  cu.  in.,  capacity. 

"How  did  you  find  the  capacity  of  this  box 
without  sand  or  blocks?" 

("I  found  the  number  of  cubic  inch  blocks 
that  there  would  be  in  a  row,  the  number 
rows,  and  the  number  of  layers  by  measuring 
with  a  rule.") 

Another  of  the  prepared  boxes  is  now  dis- 
cussed as  to  how  many  ways  of  measuring  and 
how  we  know  that  blocks  would  fit  into  it. 
(Its  solid  angles  are  square  and  its  faces  plane.) 
It  is  measured  and  the  computation  arranged 
in  form  as  shown  above. 

A  box  with  oblique  solid  angles  is  now  taken 
up.  The  question  is  asked,  Would  the  blocks 
fit  into  this?  Why  would  blocks  not  fit  into 
it?  Because  it  has  solid  angles  that  are  oblique 
and  blocks  fit  only  into  boxes  with  square  solid 
angles.  The  question  is  now  asked.  How  many 
ways  have  we  of  measuring  its  capacity?  One, 
with  sand. 

In  this  way  the  prepared  boxes  and  the 
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oblique  angled  boxes  are  taken  up,  discussed 
as  to  ways  of  measuring,  and  the  computations 
when  made  arranged  in  analytical  form  as 
shown  above. 

(These  discussions  and  computations  bring 
out  that  the  capacities  of  cups,  saucers,  bowls, 
lard-cans,  playroom  buckets,  baking  powder 
cans,  can  covers,  dinner-bells,  inkbottles,  etc., 
and  all  receptacles  that  have  oblique  solid 
angles  may  be  measured  in  one  way  only — 
with  the  sand;  and  that  the  capacities  of 
vessels  that  have  square  solid  angles  and  plane 
faces  can  be  measured  in  three  ways — with  the 
sand,  with  the  blocks,  and  by  using  the  foot- 
rule  to  find  out  what  the  blocks  would  tell  us 
were  we  to  use  them.) 

The  two  prepared  boxes  that  have  a  half 
inch  in  one  or  two  of  their  dimensions  should 
be  taken  up  last,  before  passing  to  the  "mis- 
cellaneous exercises"  that  follow.  They  have 
put  the  blocks  into  them,  so  far  as  possible 
without  half -blocks,  and  have  computed  their 
capacities.  They  should  now  measure  them 
again  without  the  blocks,  finding  blocks  in  a 
row,  rows  in  a  layer,  etc.  with  the  foot-rule. 

2.  All  Kinds  of  Receptacles — Without  Blocks 

The  teacher  should  now  take  up  the  meas- 
urement of  the  capacities  of  all  forms  of  recep- 
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tacles  without  blocks.  The  pupils  have  learned 
that  there  are  three  ways  in  which  such  meas- 
urements may  be  made — 

(i)  With  the  sand.  This  form  may  be  used 
in  all  cases. 

(2)  With  the  cubical  blocks.  This  form 
may  be  used  only  with  receptacles  which  have 
all  their  faces  plane  and  all  their  solid  angles 
square. 

(3)  With  the  footrule  without  the  blocks. 
The  footnile  tells  us  how  many  blocks  there 
would  be  in  a  row,  how  many  rows  in  a  layer, 
and  how  many  layers.  We  can  measure  with 
the  footnile  in  this  way  only  capacities  having 
all  faces  plane  and  all  solid  angles  square. 

a.  The  First  Step  in  a  Solution 

By  using  all  forms  of  capacities  for  measur- 
ing exercises  now,  the  pupil  is  given  experience 
in  stating  from  the  appearance  of  a  receptacle 
whether  it  may  be  measured  with  the  sand  only 
or  with  the  footrule  and  the  blocks  and  why. 
The  pupil's  first  step  in  the  solution  of  every 
problem  must  be  to  ask  and  answer  the  two 
questions  as  to  measuring  the  capacity  with 
blocks — 

Can  I  measure  this  with  the  blocks?  (He 
must  answer  and  give  the  reason  as  above.) 

How  many  ways  have  I  of  measuring  it? 
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(He  must  answer  whether  he  could  measure 
it  with  sand  only  or  in  the  three  ways.) 

The  work  of  measuring  the  receptacles  that 
have  plane  surfaces  and  square  solid  angles 
with  the  computations  written  out  in  proper 
analytical  form,  (see  i  above)  completes  the 
development  of  the  measurement  of  capacities. 
Exercises  for  practice  should  be  given  almost 
daily  for  many  weeks. 

h.  Diagrams 

The  diagram  will  be  very  valuable  for  use 
after  the  pupil  begins  to  measure  receptacles 
without  objects.  It  will  be  a  means  by  which 
the  pupil  may  give  full  expression  to  his  mental 
f  picture  of  the  solution  operation.  The  dia- 
grams should  be  developed  during  the  objec- 
tive period  because  it  will  be  a  picture  of  the 
measurement  with  blocks. 

After  the  measurement  of  a  box  with  blocks 
or  through  the  use  of  the  footrule,  the  pupils 
should  be  required  to  draw  a  diagram  of  the 
"base"  of  the  box  showing  one  full  row  of  the 
blocks  as  constructed,  and  the  remaining  rows 
in  outline.  These  diagrams  should  be  drawn 
with  care  as  to  neatness  but  not  necessarily  to 
scale.  If  a  diagram  shows  the  general  arrange- 
ment of  the  blocks  in  the  pupil's  first  row  and 
of  the  rows  of  his  first  layer  it  serves  fiilly  the 
purpose  desired.     It  would  be  a  very  simple 
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matter  to  teach  the  pupil  to  make  the  diagram 
to  show  also  an  outline  of  the  box.  This  would 
greatly  aid  imagery  and  expression.  This 
outline  need  not  be  drawn  to  scale. 

The  following  diagrams  show  how  one  form 
of  picture  could  be  made  to  show  any  plan  of 
solution.  In  (i)  the  rows  have  6  blocks;  in 
(2),  8  blocks;  in  3,  4  blocks.  Diagrams  should 
be  required  in  a  large  proportion  of  the  solu- 
tions. In  many  problems  the  diagram  of  the 
base  only  should  be  asked  for. 


d  in. 


8  in. 


din 


////III 


(2) 


c.  Kinds  of  Fractions 

In  measuring  dimensions  of  boxes,  it  is  sug- 
gested that  as  this  subject  relates  to  modes  of 
computing  capacity,  the  use  of  difficult  frac- 
tions would  very  greatly  reduce  the  number  of 
box  meastirements  that  could  be  made  within 
a  lesson  period  and  thereby  hinder  the  chief 
object  in  view — the  development  of  cubical 
measurements.  Work  with  difficult  fractions 
should  be  postponed  until  a  later  period  in 
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our  cubic  measure  program.  The  teacher  is 
wise  who,  at  this  time,  sees  to  it  that  the  frac- 
tion in  any  dimension  is  not  higher  than 
eighths.  The  teacher  should  suggest  after  a 
measurement  for  one  of  the  dimensions  of  a 
box  that  shows  a  fraction  like  -^  of  an  inch. 
We  will  call  it  ^;  or,  if  it  shows  ff  of  an  inch, 
We  will  call  it  f ;  or,  if  ^  or  3^  of  an  inch.  We 
will  call  it  J.  This  would  make  for  rapid 
computations  and  give  time  for  a  greater  num- 
ber of  exercises.  Later,  computations  should 
be  made  with  measurements  correct  regardless 
of  the  fractions. 

d.  Form  of  Analytical  Computations 

The  following  solution  of  the  problem  of  the 
capacity  of  a  box  16  in.  long,  12  in.  wide,  and 
10  in.  deep  shows  the  form  or  arrangement 
that  the  teacher  should  require  in  all  solutions : 

16  in.  long  .'.  16  cu.  in.  in  i  row. 

12  in.  wide  .'.12  rows. 

12  rows  =12  X16  cu.  in.  =  192  cu.  in.,  i  layer 
on  the  base. 

10  in.  deep.  .'.  10  layers. 

10  layers  =10X192  cu.  in.  =1920  cu.  in., 
capacity. 

J.  Problems  Without  Objects 
Problems   in   capacity   computations   in 
regular  form  are  now  given — objects  (recep- 
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tacles)  not  being  used,  the  teacher  giving  the 
length,  breadth,  and  depth  of  the  imaginary 
receptacles  to  be  measured. 

Find  the  capacity  of  a  box  14  in.  long, 
1 2^  in.  wide,  and  5  in.  deep.  The  box  has  plane 
surfaces  and  all  of  its  solid  angles  are  square. 

There  is  a  box  having  plane  surfaces  and 
square  solid  angles.  It  is  10  in.  long,  gl-  in. 
wide,  and  SJ  in.  deep.    Find  the  capacity. 

Many  of  these  should  be  given.  The  com- 
putations should  be  written  out  analytically. 
Diagrams  of  the  bases  should  be  reqiiired  for 
many  of  the  solutions.  The  two  questions 
suggested  in  2  a  should  not  be  overlooked  in 
any  solution. 

C.  Problems  from  Diagrams  of  Bases 

I.  Forms  of  the  Problems 
Many  of  the  exercises  in  capacity  measure- 
ments without  objects  should  be  dictated  by 
the  teacher  by  means  of  diagrams  of  the 
"bases"  with  a  statement  in  each  case  of  the 
depth  or  the  height.  The  aim  is  to  enable  the 
teacher  to  make  use  in  this  way  of  problems  in 
which  the  measurements  can  be  made  by 
blocks  or  the  foot-rule  but  which  at  the  same 
time  are  a  departure  from  regular  right  rectan- 
gular prism  forms.  The  following  diagram  is 
illustrative  of  this  class  of  exercises: 
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2  in. 


<o 


[Diagram  of  the  base  of  a 
.   j     receptacle. 
^    [Depth,  3  in. 


5  /n. 


2.  Measuring  the  First  Layer 
The  arrangement  of  the  first  layer  in  uni- 
form rows  on  such  a  base  is  impossible  without 
first  separating  the  base  into  rectangular  parts, 
and  a  computation  is  impossible  without  such 
imiform  rows.  If  we  try  to  arrange  rows 
horizontally  on  this  base,  the  first  4  rows  will 
each  consist  of  5  cubic  inches,  the  next  2  hav- 
ing 2  cubic  inches  each.  If  we  try  to  arrange 
them  vertically,  2  rows  will  have  6  cubic 
inches  each  and  3  will  have  4  each.  Solution, 
therefore,  without  an  adjustment  is  not  pos- 
sible. The  following  diagrams  show  the 
changes  that  might  be  made  so  that  under 
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either  there  would  be  two  parts  of  the  base 
each  with  its  set  of  uniform  cubic  inch  rows 
from  which  the  number  of  cubic  inches  in  the 
full  layer  may  be  computed. 

J.  Importance  of  the  Work 

There  is  nothing  in  exercises  in  measuring 
rectangular  prism  forms  to  impress  upon  the 
pupil  the  special  importance  of  rows  and  uni- 
form rows  of  units  in  the  first  layer.  There  is 
nothing  in  such  constructions  to  break  the 
rows,  nothing  to  call  for  effort  in  arranging 
them.  He  may  make  them  but  it  is  because 
we  have  told  him  to  do  so.  These  irregular 
bases,  however,  present  problems  of  uniform 
rows  of  blocks.  The  pupil  is  compelled  to  find 
ways  of  forming  rows  or  sets  of  rows.  This 
makes  him  understand  the  suggestion,  and 
even  to  anticipate  it,  that  next  in  importance 
to  the  question.  Can  this  be  measured  with 
blocks?  is  the  question.  Can  the  first  layer  be 
arranged  in  rows  of  units,  and  how? 

In  practical  life,  problems  of  this  kind  are 
common  and  are  the  only  ones  relating  to  the 
measurement  of  rectangular  prisms  that  are 
not  of  the  most  elementary  character.  The 
real  training  of  the  pupil  in  cubic  measurement 
applications,  therefore,  hardly  begins  until  he 
takes  hold  of  this  class  of  problems,  until  he 
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faces  solutions  in  which  he  is  forced  to  provide 
for  the  separation  of  bases  into  two  or  more 
rectangular  parts  in  order  that  he  may  arrange 
his  first  layer  in  as  many  sets  of  rows  of 
measuring  units. 

4.  Form  of  the  Analytical  Solutions 
In  the  analytical  solution  of  problems  of 
this  class  the  pupil  should  arrange  the  work 
to  show  the  computation  of  each  part  of  the 
first  layer  and  then  the  computation  of  the 
capacity  of  all  the  layers.  The  solution  of 
the  problem  in  2  above  from  diagram  (2) 
would  be  somewhat  as  follows: 

{a)  6  in.  long  .* .  6  cubic  in.  in  i  row. 
2  in.  wide  .* .  2  rows. 

2  rows  =2  x6  cu.  in.  =  12  cu.  in. 
(Z>)  3  in.  wide  ." .  3  cu.  in.  in  i  row. 

4  in.  long  .' .  4  rows. 
4  rows  =4  X3  cu.  in.  =  12  cu.  in. 

24  cu.  in. 
in  a  layer. 

3  in.  deep  .* .  3  layers. 

3    layers  =3X24   cu.    in.  =72    cu.    in., 
capacity. 

5.  Forms  to  he  Measured 
Diagrams  for  solution  should  have  various 
forms  but  all  solid  angles  must  be  square — of 
a  shape  to  admit  measurement  by  blocks. 

Vol.  III-14 
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The  following  forms 
will  suggest  the  forms 
of  capacities  to  be 
measured. 


Bin. 


n. 


2in.        2in. 

Diagram  of 
base  of  prism. 
Depth,  4  in. 
Find  capacity. 

14  In. 


4in. 

4  in. 

.cf 

14  in. 


Diagram  of  excava- 
tion 4  in.  deep.  Find 
capacity. 


1 — 

16  in. 

-^ 

?Jn 

S:> 

i\i 

Diagram  of  excavation. 
Depth  of  excavation,  6 J 
in.    Find  capacity. 


f2in. 


9  in. 

12  in. 


Diagram  of  excava- 
tion 5I  in.  deep.  Find 
capacity. 


6.  Questions 

In  every  solution  but  particularly  in  every 
one  in  which  a  subdivision  of  the  "base"  is 
necessary,  the  pupil  should  ask  and  answer 
some  or  all  of  the  following  questions : 

(i)  Can  this  be  measured  with  blocks  or 
the  footrule? 
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(2)  Why?     (Because  its   solid  angles  are 
square  and  its  faces  are  plane  surfaces.) 

(3)  Can  the  first  layer  of  blocks  be  arranged 
in  rows  without  making  the  base  into  parts? 

(4)  Into  how  many  parts  must  the  base  be 
made? 

Summary. 

The  development  of  capacity  measurements 
— units  in  a  row,  rows  of  units  in  a  layer, 
and  layers — with  cubic-inch  blocks.  (A.) 

Solid  comers  and  solid  angles,  square  and 
oblique.  (A,  4  and  5.) 

Measuring  with  the  footrule  in  place  of  the 
blocks.  (B.) 

Measuring  all  forms  of  receptacles — the 
pupil  to  choose  between  sand  measure- 
ments and  block  or  footrule  measure- 
ments. {B,  2.) 

The  value  of  diagrams.  {B,  2.) 

Measuring  irregular  receptacles  that  have 
square  solid  angles — from  diagrams.  (C) 

Time  required  for  the  work  of  this  chapter,  including 
reviews,  fifteen  days. 


CHAPTER  III 

MEASURING   CONTENT 

Topics: — The  "solid"  terms.     Measuring  the  content  of 
rectangular  prisms. 

A.  Aim 

The  pupil's  experience  in  content  measuring 
has  been  confined  to  measurements  by  dis- 
placement. He  has  learned  to  measure  ca- 
pacity by  using  the  sand  cup  and,  with  recep- 
tacles that  have  only  square  solid  angles,  by 
means  of  blocks  or  with  the  footrule. 

The  aim  of  the  work  in  this  chapter  is  to 
teach  to  measure  right  rectangular  prisms  with 
blocks  and  then  with  the  footrule. 

The  measurement  of  capacities  and  contents 
in  other  than  right  rectangular  prisms  is  a 
later  step. 

B.  Material 

The  teacher  should  provide  herself  with 

several  models  of  cardboard  or  wood  in  the 

form  of  rectangular  prisms.     These  models 

should  be  two  inches  or  more  in  thickness  so 

as  to  have  at  least  two  "layers"  but  they 

should  not  be  more  than  lo  to  12  inches  in 

length.     Those  which  are  to  be  used  for 

the  introductory  work  should  have  length, 

breadth,  and  thickness  in  even  inches.    This 
698 
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is  because  we  have  no  half  cubic  inch  blocks. 
No  block  should  have  a  content  of  more  than 
100  cu.  in.  because  our  supply  of  cubes  for 
constructions  is  limited.  For  the  work  of 
computations  with  the  footrule,  but  without 
the  cubes,  there  may  be  models  with  dimen- 
sions not  in  even  inches  and  having  contents 
of  over  100  cubic  inches.  Besides  the  right 
rectangular  prism  models,  there  should  be 
several  models  having  oblique  solid  comers — 
rhomboidal  prisms,  right  triangular  prisms, 
right  hexagonal  prisms,  etc. 

C.  Terms 

There  are  certain  terms  (some  of  them  intro- 
duced in  Chapter  II)  that  it  will  be  necessary 
to  use  in  connection  with  this  content  work. 
Some  of  them  relate  to  surfaces — plane  sur- 
face, square,  rectangle,  parallelogram,  triangle, 
rhombus,  rhomboid,  pentagon,  hexagon  and 
circle.  It  is  assumed  that  these  were  carefully 
developed  in  connection  with  surface  measure 
work  and  are  now  in  the  pupil's  working  vocab- 
ulary. There  should  be  no  end  of  the  reviews 
of  these  forms. 

/.  "Surface"  Terms 

Plane  Surface. — A  plane  surface  is  a  flat 
surface. 
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Polygon. — ^A  polygon  is  a  plane  surface 
having  straight  sides. 

Rectangle. — ^A  rectangle  is  a  plane  surface 
having  four  straight  sides  and  four  square 
comers 

Square. — A  square  is  a  rectangle  having 
equal  sides. 

Parallelogram. — A  parallelogram  is  a  plane 
siirface  having  fovu  straight  sides,  the  opposite 
sides  being  equal  and  parallel. 

Triangle. — A  triangle  is  a  plane  svirface 
having  three  straight  sides  and  three  comers. 

Rhombus. — A  rhombus  is  a  parallelogram 
whose  angles  are  oblique  and  whose  sides  are 
equal. 

Rhomboid. — A  rhomboid  is  a  parallelogram 
whose  angles  are  oblique  and  having  two  sides 
longer  than  the  other  two  sides. 

Pentagon. — A  pentagon  is  a  plane  surface 
having  five  straight  sides. 

Hexagon. — A  hexagon  is  a  plane  surface 
having  six  straight  sides. 

Pupils  should  be  able  to  recognize  these 
forms  and  to  define  them. 

Some  of  these  terms  are  used  to  describe 
prisms.  In  such  descriptions  they  apply  to 
the  "bases."  Pupils  should  learn  them  for 
use  not  only  for  surface  descriptions  but  for 
use  later  for  naming  "solid"  forms. 
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Surface 
Outline 


'  Triangle 
Quadrilateral 
Quadrangle 
Pentagon 
Hexagon 
Octagon 


[  Trapezium      I  Rhomboidal 


2.  The  ''Solid''  Terms 
a.  When  Introduced 

The  terms  prism,  triangular  prism,  etc. 
should  be  introduced  after  the  computation 
work  in  capacity  has  been  begim.  The  devel- 
opment plan  in  cubic  measure  is  based  upon 
measurements  of  specific  solids — solids  that 
the  teacher  places  before  the  class  or  describes 
in  diagrams  of  the  "bases.'*  The  pupil  exam- 
ines the  form  to  be  measured  and  determines 
with  the  eye  or  by  actual  trial  whether  the 
measuring  blocks  will  fit  into  it.  The  term 
prism  or  rectangular  prism  or  cylinder  does  not 
Center  into  the  thought  in  making  the  decision. 

The  name  of  the  form  to  be  measured  is 
therefore  not  necessary  to  the  computation 
work,  a  knowledge  of  the  name  of  the  form 
would  not  contribute  to  the  measurement. 

On  the  other  hand,  in  the  introduction  of 
the  terms,  there  must  be  very  close  observa- 
tion of  the  form  to  which  the  term  in  each  case 
applies.  The  computation  work  provides  for 
such  observation  in  the  very  best  objective 
way.   In  determining  with  the  blocks,  or  with 
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the  eye  later,  whether  he  could  measure  a  given 
form  for  content  or  capacity,  he  must  examine 
it  as  to  square  solid  angles  or  comers  and  as 
to  the  forms  and  relative  positions  of  the  faces. 
To  decide  that  he  can  measure  it  with  blocks, 
he  must  see  in  it  clearly  every  condition  that 
enters  into  the  definition  of  the  form. 

The  proper  place  in  the  development  order 
for  the  introduction  of  the  terms,  therefore,  is 
after  the  beginning  of  the  work  of  computation. 

b.  The  Terms  to  be  Developed 

In  selecting  the  cubic  measure  or  "solid" 
form  terms  to  be  taught  we  should  include — 

(i)  Those  that  the  pupil  has  learned  to 
measure. 

(2)  The  names  and  descriptions  of  the  addi- 
tional forms  that  should  be  a  part  of  everyone's 
stock  of  general  information. 

The  following  is  suggested  as  the  minimimi 
list  of  such  solids  and  "solid"  terms: 

Triangular        f  tj     t         1      /  ^"^^ 
Quadrangtdar  j     ^  \  Oblong 

Pentagonal      I  Rhomboidal 
Hexagonal 


'  Prisms 


Solids 


Regular 
solids 


Octagonal  ^  ,.,        ,    ,  /Square 

/-.  1-    J  Solid  angles*  <  ^.. 
Cylinders  ^         I  Oblique 

,  __, „      f Pyramids  „  ...  ^/Square 

J^  ,■■,         i  ^  Solid  comers*  <  _?,. 
[      Solids ...  I  Cones  I  Oblique 


*  This  outline,  on  account  of  the  age  of  the  pupils 
to  whom  cubic  measure   is  given,   limits    the   term 
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c.  The  Terms  Defined 

Prism. — A  regular  solid  whose  bases  are 
equal  parallel  polygons  and  whose  other  faces 
are  parallelograms. 

Triangular  Prism. — A  regular  solid  whose 
bases  are  equal  parallel  triangles. 

Quadrangular  Prism. — A  regular  solid  whose 
bases  are  equal  parallel  polygons  having  four 
sides. 

Rectangular  Prism. — A  regular  solid  whose 
bases  are  equal  parallel  rectangles. 

Cube. — A  rectangular  prism  having  equal 
faces. 

Rhomboidal  Prism. — A  regular  solid  whose 
bases  are  equal  parallel  rhombuses  or 
rhomboids. 

Pentagonal  Prism. — A  regular  solid  whose 
bases  are  equal  parallel  pentagons. 

solid  angle  to  an  interior  comer  of  a  receptacle — a 
comer  formed  by  three  or  more  sides  meeting  at  a 
point.  Such  an  angle  is  technically  a  trihedral  or  poly- 
hedral angle.  The  exterior  comers  of  prisms — the 
comers  formed  by  three  or  more  sides  meeting  at  a  point 
— are  described  as  solid  comers.  This  gives  us  a  simple, 
definite,  expressive  language  without  a  misuse  of  terms. 
They  were  introduced  and  defined  in  cormection  with 
capacity  measurements  in  Chapter  II,  A  5.  They 
should  be  reviewed  frequently  with  objects  which 
illustrate  them. 
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Hexagonal  Prism. — ^A  regular  solid  whose 
bases  are  equal  parallel  hexagons. 

Octagonal  Prism. — A  regular  solid  whose 
bases  are  equal  parallel  octagons. 

Cylinder. — A  regular  solid  whose  bases  are 
equal  parallel  circles. 

Solid. — ^Anything  that  has  content  or  ca- 
pacity or  both. 

Note. — The  term  solid  should  be  very  carefully 
developed  so  that  there  will  be  no  doubt  about  what, 
in  the  pupil's  mind,  it  signifies.  A  solid  may  have  con- 
tent or  capacity  or  both. 

The  following  is  given  to  suggest  the  method  of 
development : 

This  block  is  a  solid  because  it  has  content.  This 
piece  of  coal  is  a  solid.  This  rock  is  a  solid.  The  in- 
terior of  this  ink  bottle  is  a  solid  because  it  has  capacity. 
The  interior  of  this  empty  box  is  a  solid.  The  interior 
of  this  empty  milk  bottle  is  a  solid.  The  glass  part  of 
the  ink  bottle,  the  glass  part  of  the  milk  bottle,  the  wood 
part  of  this  box  are  solids.  The  ink  bottle,  including 
its  interior,  and  the  empty  milk  bottle,  including  its 
interior,  are  solids  having  both  content  and  capacity. 
After  the  terms  prism,  rectangular  prism,  cylinder,  etc. 
have  been  taught,  the  forms  of  the  various  content  and 
capacity  solids  should  be  asked  for.  A  form  should 
not  be  called  a  prism  or  a  cylinder  unless  it  fully  answers 
the  definition.  The  interior  of  the  milk  bottle  is  in 
part  cylinder;  in  part  its  form  has  no  name. 

Regular  Solid. — A  solid  in  which  the  size 
and  shape  remain  the  same  throughout  its 
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length,  from  one  base  to  the  other.    It  does 
not  taper. 

Pyramid. — ^A  solid  whose  base  is  a  polygon 
and  whose  other  faces  are  triangles  which 
meet  at  a  point. 

Cone. — ^A  solid  whose  base  is  a  circle  and 
which  tapers  imiformly  from  the  base  to  a 
point. 

d.  "Prism"  Developed 

The  term  prism  is  first  developed  by  the  use 
of  all  prism  forms.  Geometrical  forms  may  be 
available  for  use.  Small  pieces  of  limiber 
remnants  may  usually  be  obtained.  Lead 
pencils,  rubber  erasers,  may  be  used  as  illus- 
trations of  prisms.  The  enterprising  teacher 
will  find  many  objects  to  illustrate  one  and 
another  of  the  prism  forms — rectangular, 
triangular,  hexagonal,  etc. 

In  studying  a  form  to  determine  whether 
it  is  or  is  not  a  prism,  the  following  questions 
show  what  the  requirements  are  that  are 
involved  in  the  term: 

As  to  the  bases — 

Which  surfaces  shall  we  call  bases?  (Sur- 
faces that  are  equal  to  each  other  and  parallel 
to  each  other.) 

Are  these  two  surfaces  equal? 

Are  they  parallel? 

Are  they  plane  surfaces? 
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What  is  a  plane  surface? 

Now  as  to  the  other  surfaces  of  the  object — 

Is  this  surface  a  plane  surface? 

What  is  a  plane  surface? 

Is  it  a  parallelogram?  Why?  (Pupil  makes 
this  proof  through  the  definition.) 

(These  two  questions  are  asked  as  to  each 
of  the  other  lateral  faces.) 

Definition. — ^A  prism  is  a  regular  solid 
whose  bases  are  equal  parallel  plane  surfaces 
and  whose  sides  are  parallelograms.  The  term 
regular  must  be  introduced.  In  every  prism 
used  in  this  connection,  the  questions  must 
be  asked.     Is  it  regular?    Why? 

For  this  development  work  on  the  term 
prism  the  teacher  must  make  use  of  all  prism 
forms.  The  separation  of  these  prisms  into 
classes — rectangular,  triangular,  hexagonal, 
etc. — must  not  he  attempted  until  the  pupils  are 
able  to  recognize  the  prism  in  whatever  form 
it  may  be  presented.  Then  it  will  be  proper 
to  discuss  the  forms  again  and  classify  them 
as  rectangular,  triangular,  etc.  Such  classifi- 
cation will  be  found  very  simple  if  deferred 
until  the  general  term  prism  is  thus  learned. 

e.  Prisms  Classified 

The  child  being  able  to  recognize  the  prism 
in  any  of  its  forms,  the  teacher  takes  up  with 
the  objects  the  classification  of  prisms  accord- 
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ing  to  the  forms  of  the  bases.  Whenever  a 
pupil  names  an  object  as  a  rectangular  or 
triangular  or  other  kind  of  prism,  the  question, 
Why?  should  be  asked.  The  answer  is  the 
definition,  Because  its  bases  are — 

The  teacher  takes  up  the  object,  the  pupil 
points  out  (See  D  below)  and  names  the  bases 
(rectangle  or  triangle  or  hexagon,  etc.)  and 
the  prism  is  named  accordingly: 

Rectangular  prism — because  its  bases  are 
rectangles — 

A  rectangular  prism  is  a  regular  solid  whose 
bases  are  equal  parallel  rectangles. 

What  kind  of  solid  comers? 

(Square  solid  comers.) 

Triangular  prism — because  its  bases  are 
triangles — 

A  triangtilar  prism  is  a  regular  solid  whose 
bases  are  equal  parallel  triangles. 

What  kind  of  comers? 

(Oblique  solid  comers.) 

Pentagonal  prism — because  its  bases  are 
pentagons — 

A  pentagonal  prism  is  a  regular  solid  whose 
bases  are  equal  parallel  pentagons. 

What  kind  of  comers? 

(Oblique  solid  comers.) 

The  forms  for  the  description  of  hexagonal 
prism  are  similar: 
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What  kind  of  corners? 

(Oblique  solid  comers.) 

The  questions  suggested  above  for  prisms  in 
general  should  be  asked  in  the  discussion  of 
each  prism  when  classifying  as  rectangular, 
triangular,  etc.  A  prism  that  the  pupil  calls 
hexagonal  must  meet  all  the  requirements  of 
the  questions.  The  matter  of  the  comers  is 
important.  We  shall  find  that  we  can  con- 
struct with  the  blocks  only  prisms  with  square 
solid  comers. 

D.  How  to  Define  Objectively 

In  learning  the  definitions  of  terms  and  in 
giving  them  in  reviews,  the  teacher  should 
require  the  pupil  to  give  each  with  the  object 
in  his  hand.  He  should  be  required  to  point 
to  each  part  as  he  refers  to  it  in  the  defini- 
tion. For  illustration:  The  pupil  is  defining 
triangular  prism — 

A  triangular  prism  is  a  regular  solid  (show- 
ing it  and  drawing  his  hand  over  it  from  end 
to  end  to  show  its  regularity)  whose  bases 
(putting  the  prism  between  his  hands  with  his 
palms  on  the  bases)  are  equal  (with  motions 
toward  the  bases  indicating  equality  in  sur- 
face) parallel  (with  motions  showing  parallel 
directions  of  the  bases)  triangles  (tracing  with 
a  finger  the  three  sides  of  one  of  the  bases  and 
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touching  each  of  its  three  comers)  and  whose 
sides  (running  his  pahn  over  each  side  in  suc- 
cession) are  parallelograms  (with  finger  show- 
ing the  parallel  direction  of  the  opposite  edges 
of  each  of  the  sides  one  after  the  other). 

This  will  serve  to  show  the  form  in  which 
definitions  should  be  required.  The  child 
who  can  define  each  form  of  solid  thus  objec- 
tively could  not  be  accused  of  not  knowing 
what  his  definitions  mean. 

E.  Content  Measurements 

I.  Measuring  with  Objects — Cubes 

The  teacher  selects  a  rectangular  prism 
model  and  asks  the  pupils  to  build  a  similar 
form  with  the  cubic  inch  blocks.  We  will 
suppose  that  this  model  is  8"  by  6"  and  4'' 
thick.  The  first  step  in  the  measuring  devel- 
opment is  to  go  over  the  questions  to  prove — 

(i)  That  the  block  is  a  prism. 

(2)  That  it  is  a  rectangular  prism. 

The  definitions  of  prism  and  rectangular 
prism  must  be  required. 

The  work  of  construction  is  now  taken  up. 
This  work  must  be  so  directed  that  the  pupil 
constructs  one  row — an  8 -inch  or  a  6-inch  row 
as  he  may  choose — then  the  other  rows  of 
a  full  layer,  and  then  the  other  layers.  There 
are  questions  which  should  be  used  in  connec- 
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tion  with  this  construction  in  order  to  direct 
the  child's  thought  into  the  Hne  to  be  followed 
in  the  computation  later — 

How  many  blocks  in  this  row? 

How  many  rows  in  this  layer? 

How  many  layers? 

What  is  the  form  of  the  block? 

(Rectangular  prism.) 

Is  it  regular?    Why? 

What  kind  of  comers  has  it? 

(Square  solid  comers.) 

The  computation  of  the  content  *  is  now 
taken  up — 

*  The  teacher  must  be  very  careful  in  this  matter 
of  content  measure  to  be  specific  and  consistent  in  the 
use  of  the  term.  If,  for  illustration,  she  were  to  ask 
for  the  content  of  a  soUd  rubber  ball,  there  would  be 
no  misunderstanding  as  to  what  the  content  includes. 
If,  however,  she  were  to  ask  for  the  content  of  a  soft 
rubber  ball  (hollow,  filled  with  air)  the  real  content 
wovild  be  impossible  without  cutting  the  ball  open  so  as 
to  fill  the  inside  with  sand  to  get  the  actual  displace- 
ment due  to  the  actual  rubber  in  the  ball.  If  the  content 
of  such  a  ball  is  desired  as  ij  it  were  solid  rubber,  the 
teacher  must  so  specify.  A  pasteboard  prism  6"  by  4" 
by  2"  would  have  an  actual  content  equal  to  what  the 
amount  of  paper  in  it  grotmd  fine  would  prove  to  be 
when  measured  in  the  cubic  inch  cup.  If  such  a  problem 
were  given  to  the  child  without  any  statement  further 
than  to  find  the  content,  the  measurement  must  be  by 
displacement  and  the  actual  amoimt  of  the  paper  must 
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I  row  =6  cu.  in. 

8  rows  =8  X6  cu.  in.  =48  cu.  in.,  i  layer  at 
the  base. 

4  layers  =4  X48  cu.  in.  =  192  cu.  in.,  content. 

In  how  many  ways  may  we  measure  it? 

(In  two  ways — by  displacement  with  sand, 
and  with  the  blocks.) 

Another  rectangular  prism  is  selected  for 
measurement.  The  questions  suggested  to  be 
asked  by  way  of  proving  that  it  is  a  prism  and 
that  it  is  a  rectangular  prism  and  regular  are 
asked  as  before.  The  definitions  of  prism  and 
rectangular  prism  are  required.  The  form  is 
now  copied  with  the  blocks  as  before.  The 
questions  about  the  number  of  blocks  in  a 
row,  the  rows  in  a  layer,  and  the  number  of 
layers,  and  the  questions  as  to  the  form  and 
comers,  are  again  asked.  The  computation 
of  the  content  is  written  out  in  proper  analyti- 
cal form. 

In  how  many  ways  may  we  measure  this 
block? 

(In  two  ways — with  sand  by  displacement 
and  by  constructing  the  form  with  the  cubes.) 

be  found.  The  box  would  have  to  be  opened  to  make 
the  measurement.  If  the  teacher's  intention  is  to  find 
the  content  as  if  made  solid  throughout,  she  must  so 
specify.  The  child  must  not  acquire  the  habit  of  using 
the  word  loosely. 
Vol.  III-15 
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The  teacher  now  selects  an  oblique  or  other 
prism  not  rectangular  for  construction  in  the 
same  way. 

The  pupil  tries  to  build  it,  perhaps.  The 
construction  fails,  however,  because  cubes 
with  square,  solid  comers  will  not  make  solids 
with  oblique  solid  comers.  The  measurement 
with  the  blocks  fails,  therefore. 

Questions. 

There  are  three  of  the  questions,  however, 
that  must  be  used — 

What  kind  of  form  in  this  block? 

( prism.) 

What  kind  of  comers  has  it? 

(Oblique  solid  comers.) 

Is  it  regular? 

How  many  ways  are  there  to  measure  it? 

(By  displacement.) 

The  teacher  selects  another  and  then  an- 
other model  for  construction,  discussion,  and 
measurement  as  before.  This  should  be  a 
judicious  alternation  of  rectangular  and  other 
forms  of  prisms.  The  questions  must  be  asked. 
From  this  work  the  pupil  will  soon  have  to 
recognize  that  with  rectangular  prisms  the 
forms  may  be  made  with  the  cubes  and  the 
content  of  each  thus  measured.  He  will 
observe  too  that  only  rectangular  prisms  may 
be  so  measured.  The  computations  must  be 
written  out  in  proper  form  for  each  exercise. 
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2.  Measuring  Without  Cubes 

a.  With  Footrule 

The  pupils  now  take  up  the  measurements 
without  the  cubes  but  with  the  footrule  to 
find  out  with  it  what  the  cubes  would  show. 
This  being  practically  a  repetition  of  similar 
work  with  capacities  the  pupils  will  need  no 
suggestions  except  as  to  oral  work  and  the 
form  of  the  analytical  computations. 

When  a  solid  is  given  for  measurement,  the 
pupil  should  state  first  that  it  may  or  may  not 
be  duplicated  with  the  cubes. 

Why  may  the  form  be  constructed  with 
cubes? 

(Because  it  is  a  prism  with  square  comers.) 

What  do  we  mean  by  prism? 

(The  pupil  defines  it.) 

What  kind  of  a  prism  is  it? 

(A  rectangular  prism.) 

What  is  a  rectangular  prism? 

(The  pupil  defines  it.) 

In  the  same  way  (in  case  it  is  an  oblique 
prism) — 

Why  may  not  the  form  be  constructed? 

(Because  it  is  a  prism  with  oblique  solid 
comers.) 

What  kind  of  a  prism  is  it? 

(The  pupil  states  the  class — triangular, 
quadrangular,  or  pentagonal,  etc.) 


714         NUMBER  BY  DEVELOPMENT 

What  is  a prism? 

(The  pupil  defines.) 

What  kind  of  prisms  can  we  measure  with 
cubes? 

(Rectangular  prisms  having  square,  solid 
comers.) 

How  must  we  measure  other  kinds  of  prisms? 

(By  displacement.) 

b.  Form  of  Computation 

Let  us  suppose  that  the  solid  to  be  measured 
involves  the  problem  of  finding  the  content  of 
a  right  rectangular  prism  whose  base  is  8"  by 
6''  and  whose  length  is  lo". 

8  in.  long  .*.  8  cu.  in.  in  i  row. 

6  in.  wide  .•.6  rows  in  i  layer. 

6  rows  =6X8  cu.  in.  =48  cu.  in.,  i  layer. 
10  in.  long  .*.  10  layers. 

10  layers  =10X48  cu.  in.  =480  cu.  in., 
content. 

Many  solids  should  be  given  for  measure- 
ment. Some  of  these  should  involve  the  use 
of  fractions.  Some  should  be  given  in  diagram 
form  using  the  solid  forms  suggested  for 
capacity  work  in  Chapter  II,  C5. 

c.  Problems  Without  Objects 

The  problems  are  given  in  the  usual  way — 
the  dimensions  of  solids  are  given  and  the 
form  of  the  solid.  Diagrams  of  bases  should 
be  used  freely. 
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Find  the  content  of  a  rectangular  prism 
15  in.  long,  5  in.  wide,  and  4-|  in.  thick. 
,  What  is  the  content  of  a  rectangiilar  prism 
y^  in.  long,  6^  in.  wide,  and  5^^  in.  thick? 
Many  problems  in  diagram  form  like  those 
used  in  capacity  measurements  in  Chapter  II, 
C  jt  shoiild  be  given. 

F.  The  Cubic  Foot 

I.  The  Development 

The  pupils  are  told  that  besides  the  cubic 
inch  there  is  the  cubic  foot.  This  cubic  foot 
has  12  cubic  inches  in  one  row,  12  rows,  and 
12  layers. 

This  should  now  be  constructed.  It  can 
not  be  fully  constructed  because  of  lack  of 
inch  cubes.  The  pupil,  however,  may  con- 
struct I  row,  the  end  cubes  of  each  of  the  next 
10  rows,  and  the  full  12th  row.  This  will 
serve  as  an  outline  of  the  first  layer.  The 
corners  of  the  other  layers  may  be  built  up 
showing  what  the  height  of  the  completed  con- 
struction would  be.  The  child  has  constructed 
so  much  with  the  cubes  that  this  will  suffice 
for  imagery  ptirposes.  The  pupils  should  be 
asked  to  build  up  a  cubic  foot  in  this  way 
frequently.  The  computation  must  now  be 
made — 
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I  row  =12  cu.  in. 

12  rows  =  12  X 12  cu.  in.  =  144  cu.  in.,  i  layer. 
12  layers  =  12  X144  cu.  in.  =1728  cu.  in., 
content. 

What  is  the  form  of  the  cubic  foot? 
(Rectangular  prism.) 
What  kind  of  corners  has  it? 
(Square  solid  comers.) 

Note. — Models  for  School  Use.  There  ought  to  be 
several  cubic  foot  models  available  for  use  in  the  school 
room  with  cubic  measure.  They  may  easily  be  made  of 
stiff  pasteboard  cut  to  proper  size  and  put  together 
with  tough  paper  and  paste.  The  child  should  have 
cubic  inch  and  cubic  foot  imagery.  These  may  be 
developed  by  the  presence  of  models  in  the  school- 
room and  their  occasional  use.  It  is  the  cubic  foot 
before  the  child  every  day  for  a  considerable  period  of 
time  that  gives  the  child  power  to  use  the  cubic  foot 
intelligently  in  estimating  content  and  capacity. 

2.  Problems  Involving  Cubic  Feet 

Exercises  should  now  be  given  in  finding 
capacity  and  content  in  cubic  feet.  These 
should  involve  fractions.  The  computations 
should  be  written  out  in  full  analytical  form 
showing  cu.  ft.  in  a  row,  nimiber  of  rows  in 
a  layer,  etc. — 

( I )  Capacities  of  specific  boxes  having  plane 
stirfaces  and  square  solid  angles.  The  pupils 
should  find  the  dimensions  by  meastu-ements. 
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(2)  The  content  of  specific  solids,  right 
rectangular  prisms.  The  dimensions  should 
be  found  by  the  pupils. 

(3)  Content  and  capacity  exercises  in  which 
the  problem  states  the  dimensions.  In  these, 
the  pupil's  first  step  should  be  to  draw  a 
diagram  of  the  "base." 

(4)  Content  and  capacity  exercises  in  com- 
puting irregular  rectangular  prism  forms  from 
"base"  diagrams  as  in  Chapter  II,  C  5. 
These  problems  should  relate  to  walls  of  struc- 
tures, to  excavations  for  foundation  walls  and 
those  for  other  uses,  to  walls  with  cross- walls 
inclosing  areas,  etc.  These  are  exercises  of 
the  greatest  value  because  the  forms  of  the 
"solids"  to  be  measured  as  to  content  or 
capacity  are  such  as  to  compel  the  pupil  to 
look  very  closely  to  the  separation  of  the 
"bases"  of  his  problems  into  rectangles  so 
that  in  his  arrangements  of  rows  and  layers  he 
will  not  be  making  one  part  of  a  content  or 
capacity  overlap  another. 

G.  The  Cubic  Yard 

I.  The  Development 
In  the  same  way,  the  pupils  are  told  that 
there  is  a  cubic  yard.     This  cubic  yard  has 
3  cubic  feet  in  i  row,  three  rows,  and  3  layers. 
The  computations  are  made — 
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I  row  =3  cu.  ft. 

3  rows  =3  X3  cu.  ft.  =9  cu.  ft.,  i  layer. 
3  layers  =3  X9  cu.  ft.  =2'j  cu.  ft.,  content. 
What  is  the  form  of  the  cubic  yard? 
What  kind  of  comers  has  it? 

Note. — The  schoolroom  should  have  its  cubic  yard 
for  imagery  purposes.  It  is  a  very  simple  matter  to  make 
a  framework  of  wooden  slats,  just  the  outer  framework 
for  each  of  the  6  faces.  These  are  firmly  nailed  together 
and  the  whole  covered  with  firm  paper.  The  cubic  foot 
and  the  cubic  yard  have  large  places  in  practical  life 
in  building  and  excavating.  The  child's  imagery  of  these 
units  should  be  carefully  developed.  The  pupils  should 
be  required  frequently  to  build  up  a  cubic  yard  with 
cubic  feet  or  with  inch  cubes  considered  as  cubic  feet. 

2.  Problems  Involving  Cubic  Yard 

Exercises  should  be  given  in  capacity  and 
in  content  involving  computations  in  cubic 
yards.  Some  of  these  should  be  in  measiuing 
specific  receptacles  and  solids,  the  pupils  find- 
ing the  dimensions  with  the  footrule  or  yard- 
stick. Some  should  be  given  in  diagram  form 
and  should  include  forms  like  those  used  in 
Chapter  II,  C $. 

Other  exercises  should  be  given  in  which  the 
problem  simply  states  the  dimensions.  These 
exercises  should  involve  fractions.  The  pupil's 
first  step  in  one  of  these  solutions  should  be  to 
draw  a  diagram  of  the  "base"  marking  on  it 
the  dimensions. 
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H.  The  Cord 

This  should  be  taught  at  this  time. 

A  cord  of  wood  has  128  cubic  feet.  The  cord 
form  may  be  constructed  with  cubic  inch 
blocks.  Each  block  is  called  I  ft.  long.  The 
cord  may  then  be  built  up — 

8  cu.  ft.  in  a  row,  4  rows  in  a  layer,  and  4 
layers. 

The  computation  is  made — 

I  row  =8  cu.  ft. 

4  rows  =4X8  cu.  ft.  =32  cu.  ft. 

4  layers  =4  X32  cu.  ft.  =  128  cu.  ft.,  content 
of  the  cord. 

The  cord  should  be  built  up  in  this  way 
frequently,  the  pupil  each  time  being  required 
to  state  that  his  cube  (inch)  is  one  foot  long, 
one  foot  wide,  and  one  foot  thick. 

Problems  in  cord  measiu-e  should  be  given 
in  which  the  dimensions  are  not  in  regular 
cord  form  (8  by  4  by  4). 

I.  Bushels  and  Gallons 

Pupils  should  be  taught  the  number  of  cubic 
inches  that  constitute  a  gallon  and  the  ntimber 
that  constitute  a  bushel.  How  many  cupfuls 
of  water  (cubic  inch  cup)  would  make  a  gallon? 
How  many  cupfuls  of  wheat  would  it  take  to 
fill  a  bushel  measure? 

I  bushel  =  21 50.4  cu.  in. 

I  gallon  =  23 1  cu.  in. 
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These  numbers  have  very  little  meaning  to 
a  child  unless  he  uses  them  many  times  in  a 
constructive  way.  He  should  be  required  to 
measure  out  bushels,  pecks,  dry  quarts,  dry 
pints,  gallons,  liquid  quarts,  and  liquid  pints 
with  the  cubic  inch  cup  using  the  sand.  He 
should  not  be  encouraged  to  memorize  the 
ntmiber  of  cubic  inches  in  any  of  the  subdi- 
visions of  the  bushel  or  gallon.  He  should  find 
these  each  time  by  computation. 

As  was  suggested  under  displacement  meas- 
uring in  Chapter  1,  B  j  Note,  the  actual  use 
of  the  cubic  inch  cup  for  each  cubic  inch 
of  sand  is  entn":;ly  unnecessary.  Several  re- 
ceptacles, large  and  small,  that  may  be 
"struck"  are  measured  as  to  their  capacities 
and  that  of  each  is  recorded.  To  measure  out 
a  bushel  of  sand  the  pupil  takes  one  of  these 
measured  receptacles,  a  large  one,  and  uses  it 
until  the  amount  measiu"ed  out  is  nearly  up 
to  2150.4  cu.  in.  The  work  is  completed  with 
the  smaller  receptacles  imtil  the  right  amount 
is  reached. 

Asked  to  measure  out  a  peck,  the  pupil  finds 
^  of  2150.4  cu.  in.  (537.6  cu.  in.)  and  measures 
out  the  amoimt. 

Asked  to  measure  out  a  dry  quart  he  finds 
■^  of  2150.4  cu.  in.  (67.2  cu.  in.)  and  measures 
it  out. 
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Asked  to  show  a  liquid  quart,  he  finds  -j  of 
231  cu.  in.  (57f  cu.  in.)  and  measures  it  out. 

In  the  same  way  he  measures  out  liquid 
pints  and  dry  pints  and  half  bushels. 

Building  Up  Quarts. 

The  fact  that  there  is  a  difference  between 
a  dry  quart  and  a  liquid  quart  and  between  dry 
and  liquid  pints  is  an  important  item  in  the 
pupil's  stock  of  knowledge.  He  ought  to 
know  that  his  peanut  pint  and  his  milk  pint 
are  quite  different  measures.  He  should 
remember  that  the  dry  quart  or  pint  is  larger, 
considerably  larger,  than  the  liquid  unit  of 
the  same  name. 

These  facts  are  brought  out  in  the  measur- 
ing work  suggested  above.  They  may  be 
emphasized  in  another  way  by  building  up  the 
quarts  with  the  cubic  inch  blocks. 

In  building  up  a  liquidquart,  57f  cu.  in. — 

3  cu.  in.  in  i  row. 

3  rows  in  a  layer. 

6  layers. 

4  additional  cubes  toward  a  7th  layer. 
This  construction  shows  J  cu.  in.  more  than 

I  liquid  quart. 
In  building  up  a  dry  quart,  67.2  cu.  in. — 
3  cu.  in.  in  i  row. 
3  rows  in  a  layer. 

7  layers. 
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4  additional  cubes  toward  an  8th  layer. 

This  construction  shows  -J  cu.  in.  less  than 
a  dry  quart. 

The  pupil  should  be  required  to  remember 
only  the  gallon  capacity  (231  cu.  in.)  and  the 
bushel  capacity  (2150.4  cu.  in.).  He  should 
be  encouraged  to  depend  upon  computation 
for  the  capacities  of  the  subdivisions  of  gallons 
and  bushels. 

a.  The  Uses  of  the  Various  Units 
In  connection  with  the  work  of  this  chapter 
the  teacher  should  bring  up  frequently  the 
question  of  how  to  choose  between  cubic  inch, 
cubic  foot,  and  cubic  yard  in  a  practical  prob- 
lem. In  measuring  the  capacity  of  this  room 
or  of  the  next  room  or  of  the  hallway  people 
use  cubic  feet.  When,  however,  they  are 
computing  the  amount  of  dirt  to  be  removed 
in  excavating  the  cellar  or  for  foundation  walls 
they  talk  in  cubic  yards.  In  small  "solids" 
they  use  the  cubic  inch.  The  aim  is  to  instruct 
the  pupil  in  the  uses  of  the  three  cubic  measure 
units.  He  should  understand  that  in  all  dry- 
measure  and  liquid-measure  computations 
cubic  inches  are  used. 

h.  The  Term  Content 
After  the  development  work  has  proceeded 
as  far  as  the  measurement  of  the  ' '  content ' '  of 
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rectangular  prisms  the  teacher  will  begin  to 
use  problems  from  arithmetic  textbooks.  The 
pupil  will  find  that  these  books  do  not  limit 
"content"  to  quantity  of  solid  matter  in  a 
body.  He  will  find  capacity  problems  stated 
as  content.  It  will  be  necessary  for  the  teacher 
to  explain  that  the  content  is  not  necessarily 
limited,  but  may  without  error  be  applied  to 
capacity.  He  should  be  told  that  the  word 
has  been  given  to  him  as  relating  to  the  meas- 
urement of  material  only,  because  we  want  him 
in  every  case  to  think  capacity  whenever  it  is 
capacity  that  is  being  computed. 

Summary. 

The  "surface"  terms  that  are  used  in  de- 
scribing solids  with  their  definitions  (C.) 

The  common  "solid"  terms  with  the  defini- 
tion of  each.     (C,  2,) 

The  development  of  "prism"  and  the  classi- 
fication of  prisms.    {C  2,  d  and  e.) 

The  development  of  content  measurements : 
Measuring  with  the  blocks.    (£.) 
Measuring  without  the  blocks — with  the 
footrule.    (£,  2.) 

The  cubic  foot,  the  cubic  yard,  the  gallon, 
the  bushel,  the  cord.    {F,  3.) 

Time  required  for  the  work  of  this  chapter  with  the 
reviews,  fifteen  days.  Chapter  IV  is  for  older 
classes — pupils  of  an  upper  grammar  grade. 


CHAPTER  IV 

OBLIQUE-ANGLED   PRISMS   AND   THE   CYLINDER 

Topics: — Measuring  Right  Prisms  that  have  Oblique  Comers  or 
Angles.   Measuring  the  Cylinder 

A.  Measuring  Prisms 

It  is  very  necessary  that  the  pupil  should 
learn  to  measure  oblique-angled  right  prisms 
because  the  measurement  of  the  cylinder  is 
based  upon  them. 

I.  Right-angled  Triangular  Prisms 

It  would  not  be  a  difficult  matter  for  the 
teacher  to  secure  from  a  wood  working  shop 
two  equal  right-triangular  prisms.  The  pupil 
from  his  experience  with  triangles  in  stirface 
measure,  suggests,  when  he  sees  the  two 
prisms  put  together  into  the  form  of  a  rectan- 
gular prism,  that  he  can  measure  the  latter 
and  that  the  number  of  cubic  units  in  one  of 
the  two  triangular  prisms  is  equal  to  half  of 
the  content  of  the  rectangular  prism.  He  will 
proceed  with  his  footrule  to  make  the  com- 
putation. Many  exercises  in  measuring  such 
prisms  should  be  given,  the  dictations  giving 
the  bases  in  diagram  form  with  statements  of 
the  lengths. 

Find  the  capacity  of  a  right-triangular  vessel 
724 
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7  in. 


10  inches  deep  whose  base 
is  as  shown  on  the  follow- 
ing diagram : 

This  diagram  shows  the 
first  two  of  the  rows. 

Can   we   measure  the 
base  layer  with  blocks? 

(No,  not  without  chang- 
ing it  to  a  rectangle  its  double  in  size.) 

The  pupil  makes  the  change,  completing 
the  rectangle  as  in  this  diagram. 

(7  in.  long .'.  7_  cu.  in.  in  i  row  of  the  rect- 
angle.) 

(8  in.  wide  .*.  8  rows  in  the  first  layer.) 

(8x7  cu.  in.  =56  cu.  in.,  the  capacity  of 
the  first  layer.) 

(10  in.  long  .*.  10  layers.) 

(10X56  cu.  in.  =560  cu.  in.,  the  capacity 
of  the  rectangular  prism.) 

(|-  of  560  cu.  in.  =280  cu.  in.,  capacity  of 
the  triangular  vessel.) 

2.  Rhomhoidal  Prisms 

It  is  necessary  to  take  up  with  diagrams  of 
the  bases  the  measurement  of  the  rhomboidal 
prisms.  It  enters  into  the  measurement  of 
circles  through  the  measurement  of  the  tri- 
angles into  which  a  circle  is  subdivided  when 
we  compute  the  cubic  imits  on  the  base  of  a 
cylinder. 
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Find  the  content  of  a  rhom- 
boidal  prism  8  ft.  long  having 
a  base  as  in  diagram  (a). 
(Can  I  measure   the   base 
^"^  ^P  layer  with  blocks? 

No,  not  without  changing  the  rhomboid  to 
an  equivalent  rectangle.) 

1       The  change  is  now  made, 

^.  /  as  in  diagram  (b). 

1*0  /        The  equivalent  rectangle — 

\         (4  ft.  long  .*.  4  cu.  ft.  in  i 

(«>)  4ft.  j.Q-^  Qf  -the  rectangle.) 

(3  ft.  wide  .'.3  rows  in  i  layer  of  the  rect- 
angle.) 

(3X4  cu.  ft.  =  12  cu.  ft.  =1  layer  on  the 
base.) 

(The  rectangle  and  rhomboid  are  equiva- 
lents .'.12  cu.  ft.  on  the  rhomboid  base.) 

(8  ft.  long  .'.8  layers.) 

(8X12  cu.  ft.  =96  cu.  ft.  =  content  of  the 
prism.) 

J.  Oblique-angled  Triangular  Prisms 

In  the  same  way,  other  forms  of  right  tri- 
angular prisms  should  be  given  to  the  pupils 
for  measurement.  These  should  be  given  in 
diagram  form. 

Find  the  content  of  a  triangular  prism  9  in. 
long  with  base  as  in  diagram  (a). 

(Can  I  measiu-e  the  base  layer  with  blocks?) 
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ib)  5  in. 


(No,  not  without  changing  it 
to  a  rectangle  its  double  in  size.) 

The  pupil  makes  the  change 
as  in  diagram  (b) 

If  required  to  do  so,  the  pupil 
should  show  the  rows  on  the 
diagram. 

(5  in.  long  .'.  5  cu.  in.  in  one  row  on  the 
rectangle.) 

(6  in.  wide  .*.  6  rows  in  the  first 
layer.) 

(6X5  cu.  in.  =30  cu.  in.,  con- 
tent of  the  1st  layer  of  the  rect- 
angular prism.) 

(^  of  30  cu.  in.  =15  cu.  in.,  content  of  the 
first  layer  of  the  triangular  prism.) 

(9  in.  long  .'.  9  layers.) 

(9X15  cu.  in.  =135  cu.  in.,  content  of  the 
prism.) 

B.  Cylinder  Measurement 

I.  The  CyltJider  a  Regular  Solid 
A  regular  solid  is  one  in  which  the  size  and 
shape  remain  the  same  throughout  its  length 
from  one  base  to  the  other.  A  prism  of  what- 
ever class  keeps  its  form,  does  not  taper.  It  is 
therefore  regular.  A  cylinder  is  a  regular  solid 
for  the  same  reason.  A  prism-like  or  a  cylinder- 
like solid  that  tapers  ever  so  little  is  out  of  the 
prism  or  the  cylinder  class  at  once. 
Vol.  III-16 
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These  facts  are  practically  stated  in  the 
definitions  of  these  solids.  The  lateral  faces  of 
prisms  could  not  be  parallelograms  imder  any 
other  conditions.  The  teacher,  however,  in 
order  to  train  the  child  to  be  alert  and  discrimi- 
nating in  the  matter  of  these  forms  must  place 
before  the  class  frustums  of  pyramids  and 
frustums  of  cones  to  give  the  members  an 
opportunity  to  compare  them  with  the  prism 
and  the  cylinder.  The  child  in  looking  for 
examples  of  these  regular  solids  in  objects 
outside  the  school-room  ought  to  discover  that 
tree-trunks  wooden  telegraph  poles,  and  some 
monument  shafts  taper  slightly  and  are  on  that 
account  not  cylinders  or  prisms. 

2.  The  Measurement  Plan 
All  changes  in  bases  for  measurement  pur- 
poses have  been  to  rectangles.  The  prisms  with 
rhombus,  or  rhomboid,  or  right  triangle  bases 
were  made  into  rectangular  prisms.  These 
we  could  measure  with  blocks.  The  oblique 
triangular  prism  became  rhomboidal,  then 
rectangular.  As  a  rectangular  prism  we  could 
measure  it.  The  triangle  layer  is  equivalent 
to  half  that  of  the  rectangle. 

The  bases  of  the  cylinder  are  circles.  The 
pupil  doubtless  learned  in  his  surface  measure 
work  that  a  circle  is  separable  into  triangles, 
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that  the  triangles  from  any  circle  may  be  made 
into  a  rhomboid  having  a  base  equal  in  length 
to  the  semicircumf erence  and  a  width  equal  to 
half  the  diameter. 

The  plan  of  work  with  a  cylinder,  therefore, 
is  to  diagram  each  half  of  the  circle  into  a 
chain  of  triangles,  to  put  these  two  chains 
together  forming  a  rhomboid,  and  to  change 
this  rhomboid  into  an  equivalent  rectangle. 
(See  diagrams  on  p.  730.)  In  this  way  the 
cylinder  is  exchanged  for  an  equivalent  rect- 
angular prism.  The  measurement  of  the  rect- 
angle base  gives  the  content  or  capacity  of  the 
first  layer  on  the  circle  base  of  the  cylinder. 

It  is  necessary  in  connection  with  this  to 
teach  the  pupil  3. 141 6.  He  is  told  that,  if  we 
multiply  the  diameter  by  this  number,  the 
product  is  the  circumference.  If  we  divide  the 
circimiference  by  the  number,  the  quotient  is 
the  diameter.  To  define  it,  3.1416  is  the  ratio 
of  the  circumference  to  the  diameter  of  a  circle. 

J.  Form  of  Solution 
Find  the  capacity  of  a  cylindrical  can  25 
inches  deep  and  12  in.  in  diameter. 

(Can  I  measure  the  "base' '  layer  with  blocks  ?) 
(No,  only  by  changing  (pointing  to  the  dia- 
gram) the  circle  base  to  triangles,  the  triangles 
to  an  equivalent  rhomboid,  and  the  rhomboid 
to  an  equivalent  rectangle. 
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^LENGTH^/z  CIRCUMFERENCE 
LE'^'6TH=y2  CIRCUMFERENCE 


BASE  OF  RHOMBOID  AND  OF 
EQUIVALENT  RECTANGLE 

Explanations  of  the  diagrams: — 

(a)  Diagram  of  circular  base,  12  in.  in  diameter,  (ft)  Chain 
of  triangles  formed  by  opening  out  half  the  circle,  (c)  Chain  of 
triangles  formed  by  opening  out  the  other  half  circle,  {d)  The 
rhomboid  and,  within  the  dotted  lines,  the  equivalent  rectangle 
formed  by  combining  {b)  and  (c). 
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(12  In.  =  diameter  of  (a).) 

(3.1416X12  in.  =  37.6992  in.,  circiimfer- 
ence.) 

(i  of  37.6992  in.  =18.8496  in.,  length  of 
rhomboid  (d)  and  of  the  equivalent  rect- 
angle.) 

(18.8496  in.  =the  length  .'.  18.8496  cu.  in. 
in  I  row.) 

(-1  diameter  =6  in.  =  width  =  number  of  rows 
in  first  layer  on  the  rectangle.) 

(6  X  18.8496  cu.in.  =  1 13.0976  cu.  in.,  capac- 
ity of  the  first  layer  on  the  rectangle  and  on 
the  circle  base.) 

(25  in.  deep  .'.25  layers.) 

(25x113.0976  cu.  in.  =2827.44  cu.  in.,  ca- 
pacity of  the  can.) 

The  teacher  should  give  several  exercises  in 
cylinder  meastirements.  The  pupil  should 
make  a  diagram  (See  p.  730)  in  each  case 
showing  how  the  base  is  changed  in  measuring. 

4.  Reviews  of  Prisms  and  Cylinders 
Much  experience  should  be  given  in  finding 
content  and  capacity  of  objects  or  receptacles 
that  the  pupil  must  measure  to  find  the  dimen- 
sions. There  is  more  real  training  from  finding 
one  content  or  capacity  in  that  way  than  from 
several  exercises  in  which  the  dimensions 
required  for  computation  are  not  ascertained 
by  the  pupil  for  himself. 
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C.  Cones  and  Pyramids 

There  is  no  development  for  the  computa- 
tions of  content  or  capacity  in  these  forms. 
The  fact  that  the  content  of  a  solid  of  either  of 
these  forms  is  ^  the  content  of  a  cylinder  or 
prism  having  the  same  base  and  height  must 
be  given  to  the  child.  He  should  have  oppor- 
tunities to  verify  this  approximately.  This  is 
best  done  by  displacement  with  the  sand.  To 
verify  the  fact  as  to  the  cone,  the  content  of 
the  cone  is  found  by  displacement.  The  pupil 
is  then  given  a  cylinder  having  the  same  diam- 
eter and  the  same  height.  He  finds  the  content 
of  this  by  displacement.  The  content  of  the 
latter  will  prove  to  be  approximately  3  times 
that  of  the  cone. 

Summary. 

The  measurement  of  the  right  triangular 
prism. 

The  measiu*ement  of  the  rhomboidal  prism. 

Measuring  the  oblique-angled  triangular 
prism.    • 

Measuring  the  cylinder. 

Measuring  the  pyramid  and  the  cone. 

The  work  outlined  in  this  chapter  may  properly  be 
taken  up  in  either  of  the  last  two  years  of  the 
grammar  school. 


CHAPTER  V 
THE  EMPHASIS-POINTS  IN  CUBIC  MEASURE 
A.  As  to  Forms  and  Computations 

I.  The  Names  of  the  Solids 
The  pupil  should  be  able  to  recognize  the 
cylinder  and  the  common  prism  forms — rec- 
tangular, triangular,  hexagonal,  etc. 

2.  The  Forms  Measured 

(a)  He  should  be  able  to  state  from  the 
shape  of  a  solid  that  he  can  or  can  not  measure 
it  and  why. 

(b)  He  must  know  that  if  the  solid  is  "reg- 
ular" and  has  equal  parallel  plane  bases,  he 
should  be  able  to  measure  it  if  he  can  find  the 
content  or  capacity  of  the  first  layer. 

(c)  He  should  know  definitely  that  he  can 
measure  "regular"  solids  other  than  rectangu- 
lar prisms  only  when  he  is  able  to  change  the 
bases  to  rectangular  form. 

(d)  He  has  learned  how  to  change  in  this 
way  only  triangles,  rhombs,  and  circles.  He 
should  have  his  attention  called  to  the  fact 
that  these  are  all  of  the  forms  of  bases  that  he 
has  learned  to  change  to  rectangular  form. 
He  can  change  no  others. 

733 
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J.  Operations  Stated 

He  should  be  able  to  state  the  operations  in 
cubic  measurements — 

(o)  How  do  we  measure  rectangular  prisms? 

("Multiply  the  length  by  the  breadth  and 
that  product  by  the  height.") 

"What  does  that  mean?" 

("It  means  to  multiply  the  number  of  cubic 
units  on  the  base  by  the  number  representing 
the  height.") 

{h)  How  do  we  measure  a  right-angled  tri- 
angular prism? 

("Enlarge  the  triangular  prism  to  a  rect- 
angular prism.  Multiply  the  length  by  the 
breadth  and  that  product  by  the  number 
representing  the  height  for  the  measurement 
of  the  rectangular  prism.  Half  of  this  is  the 
measurement  of  the  triangular  prism.") 

(c)  How  do  we  measure  a  rhomboidal  prism  ? 

("Change  the  rhomboidal  to  an  equivalent 
rectangular  prism  and  measure  the  latter.") 

{d)  How  do  we  measure  an  oblique-angled 
triangular  prism? 

("Enlarge  the  triangular  to  a  rhomboidal 
prism,  change  the  rhomboidal  to  an  equivalent 
rectangular  prism,  and  measure  the  latter.") 

{e)  How  do  we  measure  a  cylinder? 

("Change  the  circle  base  to  triangles,  the 
triangles  to  an  equivalent  rhomboid,  the  rhom- 
boid to  an  equivalent  rectangle.     This  is  the 
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base  of  an  equivalent  rectangular  prism. 
Measure  this  prism.  It  gives  the  measure- 
ment of  the  cyHnder.") 

(/)  Given  the  diameter  of  a  circle  how  do 
we  find  the  circumference? 

("Multiply  the  diameter  by  3.1416.") 

(g)  Given  the  circimif  erence  of  a  circle  how 
do  we  find  the  diameter? 

("Divide  the  circumference  by  3. 14 16.") 

4.  The  pupil  should  memorize  the  capacities 
of  gallon  and  bushel,  and  the  content  of  the 
cord. 

5.  He  should  be  able  to  put  capacity  meas- 
urements into  gallon  and  bushel  imits. 

B.  The  Short  Method 

The  pupil  after  he  has  learned  to  measure 
all  the  "solid"  forms  outlined  for  him  should 
be  given  a  short  form  of  work.  The  short  form 
must  not  be  used,  however,  to  the  exclusion  of 
the  longer  form.  In  a  short  method  in  any  line 
of  computation  in  arithmetic,  the  pupil  should 
be  required  to  give  orally  full  analytical  state- 
ments with  each  part  of  the  short  form.  Such 
an  analysis  given  with  the  numerical  state- 
ments of  the  problem  tends  to  protect  the  pupil 
against  error  in  process.  The  short  method  in 
cubic  measure  is  an  arrangement  of  factors  and 
divisors  above  and  below  a  line  for  canceling. 
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(i)  Capacity  in  gallons  of  a  box  3^  ft.  long, 
2^  ft.  wide,  and  2  ft.  deep? 
The  full  short  statement — 

2X5X7X1728  cu.  in.  .  , 

— : =  130.91  .  .  130.91  gal. 

2X2X231  cu.  m.  ^    ^  o    y   s 

The  child's  oral  work — 
"This  is  to  be  in  gallons,  therefore  I  must 
use  cubic  inches." 

''3^  ft.  long  .'.  1x1728  cu.  in.  in  i  row." 
(He  writes  the  ■|-Xi728  cu.  in.  in  the  com- 
putation statement  as  he  says  this.) 

"2^  ft.  wide  .*.  2^  (f )  rows  in  the  first  layer." 
(As  he  says  this  he  writes  the  f  into  the 
statement.) 

"2  ft.  deep  .*.  2  layers." 
(He  writes  2  into  the  statement.) 
"This  is  the  capacity  in  cubic  inches." 
"231  cu.  in.  in  i  gallon  .*.  I  change  to  gallons 
by  dividing  by  231  cu.  in." 

"There  are  130.91  groups  of  231  cu.  in.  .'. 
130.91  gallons." 

(2)  Capacity  of  a  cylinder  8  ft.  in  diameter 
and  25  ft.  deep? 

The  statement-^5X4X3.i4i6X8cu.ft.  ^ 

2 
1256.64  CU.  ft. 
In  his  oral  analysis  the  pupil  states — 

=half  of  the  circimiference  .*.  the 
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length  of  the  rhomboid,  the  number  of  cu.  ft. 
in  I  row  of  the  equivalent  rectangle." 

"  4  ft.  =  the  radius,  the  width  of  the  rectangle 
.*.  the  number  of  rows  in  the  first  layer." 
"The  depth  is  25  ft.  .'.  25  layers." 
(He  writes  each  part  of  the  computation 
statement  as  he  makes  its  oral  statement.) 

(3)  Capacity  in  bushels  of  a  cylinder  6  ft. 
in  diameter  and  10  ft.  deep. 

The  statement — 
10  X3  X3.1416  X6  X1728  cu.  in.  _ 
2X2X2150.4  cu.  in. 

227.205  .-.  227.205  bu. 
The  child's  oral  analysis  states — 
(i)  The  operations  for  the  circtmiference — 
3.1416  x6  ft. 

(ii)  The  semi-circiimference  and  with  it  the 
number  of  cu.  ft.  in  i  row  of  the  rectangle — 
3.1416x6  cu.  ft. 
2 
(iii)  The  measurement  of  the  first  layer  in 
cu.  ft. —        3X3.1416X6CU.  ft. 

2 
(iv)  The  total  capacity  in  cu.  in. — 
10X3X3.1416X6X1728  cu.  in. 
2 
(v)  The  final  full  statement  of  the  capacity 
in  bushels,  as  above. 

The  suggestions  in  this  chapter  apply  to  grammar  school 
classes  which  have  taken  the  work  in  Chapter  IV. 


PART  V 
PERCENTAGE 

CHAPTER  I 

THE  ORAL,  WRITTEN,  AND  DIAGRAM  LANGUAGE 
OF    PERCENTAGE 

Topic: — The  Development  of  the  Oral,  Written,  and  Diagram 
Language  "Part  and  Whole"  Relations 

A.  Limitations  and  General  Teaching  Plan 

I.  Nature 

This  subject  took  its  name  originally  from 
the  way  in  which  its  fractions  were  expressed 
orally.  The  term  applies  to  and  includes 
properly  only  the  subjects  in  which  the  meas- 
urements are  entirely  of  the  relations  of  parts 
to  wholes.  To  be  consistent  in  its  use,  it 
should  not  be  made  to  include  any  of  the  forms 
of  interest — simple  or  compound  interest, 
bank  or  true  discount — because  in  these  sub- 
jects the  computations  do  not  involve  con- 
siderations of  part  and  whole  relations. 

The  problems  of  percentage  have  to  do 
entirely,  therefore,  in  one  form  or  another — 

(a)  With  the  part  that  one  quantity  or 
each  of  two  or  more  quantities  is  of  a  definite 
whole;  or, 

{b)  With  the  ratio  that  one  quantity  or  each 
738 
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of  two  or  more  quantities  bears  to  another 
quantity  which  must  be  regarded  as  a  whole 
it  being  the  basis  of  the  meastirement  in  a 
ratio — an  impHed  whole  and  part  relation. 

In  (a)  there  is  a  whole  and  one  or  more 
quantities  that  are  strictly  parts  of  that  whole. 
For  example:  A  bought  a  box  for  4^  and  sold 
it  for  3^.  The  i  ^  loss  is  a  part  of  the  whole  4.^. 
He,  in  fact,  lost  J  of  his  invested  capital.  For 
a  second  example:  A  collection  agency  col- 
lected an  account  of  $5  and  was  given  $1  for 
the  service.  The  $1  was  a  part  of  the  collec- 
tion, the  whole  being  the  $5.00. 

In  (b) ,  there  must  be  a  whole  and  the  one  or 
more  other  quantities  must  be  regarded  as 
parts  because  the  measiu-ement  of  a  relation 
(a  ratio)  makes  it  necessary  that  one  term  be 
regarded  as  a  whole  and  the  others  as  parts  of 
that  whole.  For  example:  A  bought  a  box  for 
4jzf  and  sold  it  for  5^.  In  this  case,  the  i  ^,  the 
profit,  is  not  strictly  a  part,  but  no  measure- 
ment of  the  profit  is  possible  imless  we  regard 
and  use  the  4^  as  a  whole  and  the  i  ^  as  a  part 
of  that  whole. 

These  limitations  of  the  term  being  accepted, 
percentage  should  be  defined  as  that  depart- 
ment of  arithmetic  in  which  are  grouped  the 
subjects  under  which  the  computations  have 
to  do  entirely  with  part  and  whole  relations. 
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2.  The  Development  Plan 

a.  Aims 

Some  of  the  aims  that  must  be  in  view  in 
outlining  a  teaching  plan  in  this  subject  must 
be  the  development  of  certain  lines  of  power 
and  mental  habit — 

(i)  Power  to  recognize  the  problem  as  hav- 
ing one  or  more  parts  and  a  whole. 

(2)  Power  to  know  definitely  which  of  the 
elements  of  the  problem  are  parts  and  which 
is  the  whole. 

(3)  Ability  to  give  clearly  the  reason  why 
the  quantity  which  is  designated  as  the  whole 
is  the  whole. 

(4)  The  habit  of  classifying  the  elements  of 
the  problem  at  the  very  outset  of  the  solution 
as  whole  and  parts;  and 

(5)  The  habit  of  giving  attention,  in  writing 
the  fraction  that  is  to  express  the  measure  of 
the  part  or  the  ratio,  to  the  fact  that  the  whole 
must  be  its  denominator — that  no  other  quan- 
tity is  admissible,  under  any  circimistances,  as 
such  denominator. 

b.  The  Development  Language — Common 
Fractions 

The  first  step,  naturally,  in  teaching  per- 
centage is  to  train  the  child  in  spoken,  written, 
and  picture  language  of  whole  and  part. 
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Note. — In  the  solutions  of  problems  in  "part  and 
whole"  (the  term  imder  which  properly  this  subject  of 
percentage  should  be  known),  we  may  use  common 
fractions — ^,  f ,  ^,  f ,  etc. ;  or,  we  may  use  decimal  frac- 
tions in  himdredths  exclusively  under  the  name  "per 
cent";  or,  we  may  use  the  common  fraction  forms 
through  the  solutions  and  translate  the  results,  if  frac- 
tional, into  per  cent  form.  The  natural,  simple  form  of 
solutions,  the  form  in  which  a  relation  of  part  to  whole 
first  seeks  expression  when  discovered,  however,  is  in 
that  of  a  common  fraction.  This  is  because  the  common 
fraction  needs  no  explanation — the  measiu-e  of  this 
relation  being  in  its  simplest  form  in  such  language. 
We  do  not  have  to  interpret  or  translate  |,  I,  f ,  |,  etc. 
in  terms  of  other  fractions.  Each  tells  its  full  story 
clearly.  The  child  understands  it.  It  is  the  language 
in  which  he  frames  fraction  thoughts. 

On  the  other  hand,  50%,  25%,  66|%,  37^%,  etc. 
are  invariably  translated  mentally  into  -i,  \,  |,  |,  etc. 
This  thinking  j,  ^,  j,  etc.  when  the  terms  50  per  cent, 
S3^  per  cent,  40  per  cent,  etc.  are  used  is  imavoidable 
even  by  the  mature  person,  no  matter  how  much  experi- 
ence he  may  have  had  in  percentage  operations  in 
per  cent  form. 

We  must,  therefore,  separate  the  development  of  the 
subject  into  three  development  steps — 

ist.  The  introduction,  and  the  expression  of  part 
and  whole  relations  in  common  fraction  language ; 

2d.  The  application  of  this  language  in  practical 
computations;  and 

3d.  The  translation  of  such  expressions  and  computa- 
tions into  the  artificial  language  of  per  cent. 

This  gives  the  mind  in  each  step  of  the  development 
but  a  single  problem  upon  which  to  concentrate. 
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B.  "  Part  Of  "  and  "  Ratio  To  "  Developed 

I.  Aims 

To  develop  the  power  to  recognize  wholes 
and  parts. 

To  teach  to  express  the  measure  of  the 
relations  of  parts  to  wholes. 

To  teach  that  in  "part  of"  exercises  the 
whole  is  always  the  denominator  of  the  frac- 
tion; the  part,  the  numerator. 

2.  Part  Of 
a.  Oral  Dictations 
Pupils  respond  orally  and  are  then  asked  to 
write  the  fractions  given.    The  first  dictation 
is  given  abruptly  without  preliminary  develop- 
ment or  explanations — 
"3  is  what  part  of  4?" 
The  pupils  will  respond,  "Three-fourths." 
Some  one  is  then  asked  to  write  it  on  the 
blackboard,  (f). 

Questions  : — The  following  questions  should 
be  asked  upon  this  and  upon  each  of  the  dicta- 
tions in  part  of,  ratio  to,  and  following  steps: 
' '  Which  is  the  whole  ?    Which  is  the  part  ? ' ' 
("Four  is  the  whole."    "Three  is  the  part.") 
The  pupils  get  these  by  inference.     The 
"part  of"   in  the  question  leads  the  child 
directly  to  the  4  as  a  whole.    No  teaching  or 
explaining  will  be  necessary. 
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"When  you  wrote  the  fraction  where  did 
you  write  the  whole?" 
("In  the  denominator.") 
"Where  did  you  write  the  part?" 
("In  the  numerator.") 
"What  tells  me  the  measure  of  the  part?" 
("The  J.") 

(This  question  should  occasionally  be  in  the 
form,  "What  tells  me  the  value  of  the  part? ") 
2  is  what  part  of  3? 

This  is  dictated  in  the  same  way,  pupils 
respond  orally  ("Two-thirds"),  and  some  one 
writes  the  fraction. 

The  questions  are  asked  developing  that  3 
is  the  whole,  2  is  the  part,  f  is  the  measiu^e  of 
the  part,  the  whole  is  written  as  the  denomin- 
ator, and  the  part  as  the  numerator. 
Other  similar  exercises  follow — 
"4  is  what  part  of  6?" 
"3  is  what  part  of  7?" 
"5  is  what  part  of  10?" 
"2  is  what  part  of  12?" 
"7  is  what  part  of  8?" 
"3  is  what  part  of  9?" 
Many  others  should  be  given  in  rapid 
succession. 

Exercises  which  yield  improper  fractions — 
"5  is  what  part  of  4?" 

"8  is  what  part  of  6?" 
Vol.  III-17 
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"7  is  what  part  of  3?" 

"9  is  what  part  of  5?" 

No  explanations  will  be  needed  with  such 
exercises. 

The  questions  must  not  be  overlooked. 
Mixed  exercises — 

"8  is  what  part  of  lo?" 

"  7  is  what  part  of  4?  " 

"  ID  is  what  part  of  6?  " 

"9  is  what  part  of  12?" 
Many  of  these  mixed  exercises  should  be 
given. 

b.  Written  Dictations — Oral  Responses 

This  is  the  reverse  of  the  work  in  (a).  The 
teacher  writes  the  fraction  measure  or  value 
of  one,  then  another,  and  then  another  "part 
of  "  expression  on  the  blackboard  for  the  pupils 
to  frame  the  expression  from  which  it  came. 
Some  of  these  fractions  should  be  improper 
fractions. 


"Make  a  'part  of  question  from  this." 

("Four  is  what  part  of  five?") 

"What  is  the  part?" 

("Four.") 

"What  is  the  whole?" 

("Five.") 

"Where  was  the  whole  written?" 
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("As  the  denominator.") 
"Where  was  the  part  written?" 
"What  is  the  value  of  the  part?" 
("Four-fifths.") 
Other  dictations  should  be  written  one  by 

one  for  pupils  to  state  the  "part  of"  question 

which  each  answers — 

2      35.       7       12      9.15.      2       8.9.14       3       p,+r« 
T»  "ff»   4»  T5"»     8  »   4'     2  '  TS"»   9»   8»  ~3~»  Ti"»  C'*— 

The  questions  should  be  asked  in  each  case 

J.  Ratio  To 
a.  Oral  Dictations 

These  exercises  are  introduced  abruptly  in 
the  same  way  as  in  "Part  Of"  above,  the 
pupils  being  left  to  infer  the  "measures"  and 
the  wholes  and  parts  as  in  that  step. 

(ist)  Oral  Ratios. 

The  pupils'  responses  are  oral.  A  pupil 
writes  each  measure  or  value  on  the  blackboard 
after  it  has  been  stated. 

"What  is  the  ratio  of  2  to  5?" 

("Two  fifths.") 

Questions. — The  questions  suggested  in 
"Part  Of"  must  be  asked  with  each  exercise 
here.    (See  2  a.) 

(2d)  The  Written  Ratio. 

The  aim  here  is  to  teach  the  pupils  to  write 
a  ratio  expression.  They  are  simply  told  how 
to  write  it. 
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"I  asked  you  the  ratio  of  2  to  5.    This  is 
the  way  to  write  it — 2  :  5." 

(3d)  Reading  the  Ratio  Expression. 

After  writing  the  ratio  as  above  (2  15),  the 
teacher  shows  how  it  must  be  read,  "The  * 
ratio  of  2  to  5." 

Other  Dictation  Work 

The  teacher  now  gives  many  other  ratio 
dictations  in  the  same  way,  following  each 
with  the  questions,  the  written  form  of  the 
ratio,  and  the  reading  of  the  written  ratio — 
The  ratio  of to . 

What  is  the  ratio  of  4  to  6?  What  is  the 
ratio  of  5  to  9?  What  is  the  ratio  of  7  to  12? 
What  is  the  ratio  of  7  to  4?  What  is  the  ratio 
of  8  to  3?  The  ratio  of  4  to  16?  The  ratio  of 
16  to  4?    The  ratio  of  10  to  2?  etc. 

b.  Written  Dictations — Responses  Oral  and 
Written 

This  is  the  reverse  of  the  work  in  (a).  The 
dictations  are  the  fractions,  written.  The 
teacher  writes  the  fraction.  The  pupils  ask 
the  ratio  question  from  this  fraction,  (What 

♦  This  is  the  proper  reading  and  this  form  must 
be  followed  absolutely  in  reading  ratio  expressions. 
9 :  2  must  be  read,  '  'The  ratio  of  9  to  2."  The  reading, 
"9  is  to  2,"  may  be  used  when  proportion  is  taught  but 
not  in  this  development  work  in  percentage. 
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is  the  ratio  of,  etc.?),  then  write  the  ratio  in 

ratio  language,  and  then  read  it  in  proper 

form — The  ratio  of to . 

The  questions  as  to  which  is  the  part,  which 

the  whole,  etc.,  with  each  exercise,  are  not  to 

be  omitted. 
5. 

"Ask  a  ratio  question  from  this." 
("What  is  the  ratio  of  5  to  9?") 
"Write  the  ratio." 

("5:9.") 

"Read  the  ratio  expression." 

("The  ratio  of  5  to  9.") 
The  questions  are  now  asked. 
Similar  work  is  done  with  other  fractions — 

3A2.8.A73._i_12     pfr. 
3''8'3'4»8»'5''7>12>     4»   ^^*-" 

4.  Part  Of  and  Ratio  To — Mixed  Exercises 

These,  as  the  title  indicates,  are  alternate 
"part  of"  and  "ratio  to"  exercises  aiming  to 
train  the  pupilto  pass  from  the  one  to  the 
other,  also  to  read  any  given  fraction  at  one 
time  as  a  "part  of"  and  at  another  time  as  a 
"ratio  to"  expression.  The  questions  sug- 
gested, the  ratio  readings,  etc.  are  to  be  used 
here  as  in  exercises  above.  These  exercises 
should  be  as  varied  as  possible,  the  teacher 
going  from  "part  of"  to  "ratio  to"  and  the 
reverse  in  all  practicable  ways  so  as  to  bring 
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out  the  fact  that  in  whole,  part,  value,  whole 
as  denominator,  and  part  as  numerator,  the 
two  forms  of  expression  are  alike. 

"8  is  what  part  of  12?" 

"What  is  the  whole?"  "The  part?"  "The 
measure?" 

8 

"Write  this  fraction  as  a  ratio  expres- 
sion." 

("8:12") 

"Read  it." 

("Theratioof  8  to  12.") 

"The  whole?"  "The  part?"  "The  de- 
nominator ?  "    "  The  nimierator  ? '  * 

8 

T- 

"This  is  a  'part  of*  fraction."    "Ask  the 

'part  of*  question." 

"Write  a  'ratio'  to  expression  from  it.'* 

("8:7") 

"Read  the  'ratio  to'  expression." 

' '  What,  in  the  fraction,  is  the  part  ? "  "  The 
whole?" 

9:8. 

"Read  it." 

("Theratioof,  etc.") 

"Ask  a  'part  of  question  having  the  same 
value." 

("Qiswhatpart  of  8?") 

"The  part  in  the  'ratio  to'  expression?" 
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"The  whole?"     "The  numerator?"     "The 
denominator  ?  "    "  The  value  ? ' ' 

"The  part,  whole,  nimierator,  the  denomin- 
ator, the  value  in  the  'part  of  expression?" 

5.  Summaries  and  Reviews  in  Part  Of  and 
Ratio  To 

The  aim  of  these  exercises  is  to  center  the 
attention  upon  the  following  facts  relating  to 
the  fractions  which  express  the  values  of  "part 
of"  and  "ratio  to"  expressions — facts  that  are 
fundamental  in  percentage : 

(a)  That  the  whole  is  the  denominator. 

{h)  That  the  denominator  is  a  whole. 

(c)  That  no  nimiber  other  than  the  whole 
may  be  used  as  a  denominator. 

{d)  That  a  part  is  always  a  niimerator. 

(e)   That  a  numerator  is  always  a  part. 

Where,  in  the  fraction,  do  we  put  the  whole? 

Where  is  the  part? 

In  the  fraction  which  expresses  the  value — 

What  is  the  denominator?    (The  whole.) 

What  is  the  numerator?    (The  part.) 

If  a  number  is  a  part  where  must  we  write 
it?    (In  the  numerator.) 

If  a  nimiber  is  a  whole  what  part  of  the  frac- 
tion must  it  make? 

10  is  the  whole,  12  the  part.  Write  the  frac- 
tion,   (i^.) 
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2  is  the  part,  6  the  whole.  Write  the  fraction. 

9  is  the  whole,  8  the  part.  Make  a  "ratio  to " 
expression. 

12  is  the  part,  9  the  whole.  Ask  a  "part  of" 
question. 

f.    Which  of  the  terms  is  the  part? 

f .    Which  of  the  terms  is  the  whole? 

Many  similar  exercises  along  each  of  these 
lines  should  be  given  in  rapid  work. 

C.  Diagrams  in  "  Whole  and  Part  "Problems 

I.  Aim 

The  aim  of  this  work  is  to  give  the  pupil 
a  means  of  expressing  graphically  the  con- 
ditions and  relations  in  "whole  and  part" 
problems  of  all  kinds.  Oral  and  written 
tests  may  fail  to  reveal  imperfect  percentage 
imagery,  but  outline  by  diagram  shows  without 
question  that  the  child's  conception  and  inter- 
pretation of  any  given  problem  and  of  the 
relations  of  its  factors  are  or  are  not  accurate. 
There  is  no  subject  in  the  arithmetic  in  which 
power  to  analyze  is  so  essential  as  in  percent- 
age, hence  the  value  of  this  training  in  graph- 
ical analysis. 

2.  Form  of  the  Diagram 

This  must  be  taught.  There  is  no  way  in 
which  an  arbitrary  scheme  for  diagramming 
may  be  developed. 
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"3  is  what  part  of  4?"    ("f") 

' '  Which  is  the  part  ?  "    "  Which  is  the  whole  ? ' ' 

"We    will    now   make    a    picture    of    this 
problem." 

"First  we  will  make  a  pic- 
ture of  the  whole." 


'We  will  now  show  the  part." 


Note  i  . — There  is  but  one  picture.  4 

The  first  diagram  above  shows  the  first  stage,  the 
second  diagram  the  completed  stage  of  this  picture. 
The  whole —  The  whole  and  the  part — 


This  second  diagram  shows  the  first  one  completed. 
Where  the  diagram  is  made  in  practice  on  paper  or  on 
the  blackboard  there  is  but  the  one  picture — the  second 
as  shown  above. 

"  I  is  what  part  of  3? " 
"Which  is  the  whole?     The  part?     The 
value?" 

"You  may  make  the  picture." 


The  first  stage  of  the  picture — 
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I 


The  completed  picture 


3  :5 
"Read  it." 

("Theratioof  3  to  5.") 

"Thewhole?"    "Thepart?"    "Thevalue?" 

"You  may  make  the  picture.** 


The  first  stage  of  the  picture- 


2_ 


The  completed  picture — 

8:5 

"Read  it."  i 

("Theratioof  8  to5.") 
"The  part?"    "The  whole?"    "The  meas- 
ure?" 

"You  may  make  the  picture." 


The  first  stage 


The   completed   dia- 
gram— 
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Note  2. — The  teacher  will  observe  from  the  above 
illustrations  of  diagrams  that  the  whole  is  always  repre- 
sented by  a  rectangle  with  lines  entire. 

The  part  is  set  off  by  a  broken  line  or  by  a  series  of 
broken  lines.  e 

The  ratio  of  5  to  6  is  shown  in — 


6 
6 

The  ratio  of  6  to  5  is  shown  in- 

The  broken  line  with  its  brace  shows  the  part. 

Several  additional  exercises  in  "part  of  "  and 
in  "ratio  to"  should  be  given. 

Exercises  should  be  given  also  from  oral 
dictations  which  give  simply  the  part  and  the 
whole  as  follows: 

6  is  the  part,  8  the  whole.    Diagram  it. 

9  is  the  whole,  12  the  part.  Write  a  ratio 
expression  and  make  the  diagram. 

3  is  the  part,  2  the  whole.  Write  a  "part 
of"  question  and  diagram  it. 

The  diagram  will  be  a  regular  part  of  the 
percentage  work  hereafter  although  there 
should  be  the  luiderstanding  that  the  child 
will  make  a  diagram  of  a  problem  only  when 
the  teacher  specifically  requires  one. 
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J.  Interpretation  of  ''Part  0/"  Diagrams 

This  is  "part  of"  diagram  work  in  reverse 
form.  The  teacher  makes  diagrams  (complete 
forms  only)  and  asks  pupils  to  find  from  this 
diagram  what  the  "part  of"  question  was  that 
she  had  in  mind  when  she  made  the  picture. 
The  child  writes  the  "part  of"  question  which 
the  diagram  illustrates.  This  tests  the  pupils 
"part  of"  imagery.  If  it  means  nothing  to 
him  after  his  experiences  in  graphical  expres- 
sion in  the  subject,  he  has  no  "part  of" 
imagery.  If  his  interpretation  is  doubtful  or 
hesitating,  his  imagery  is  indistinct.  If  he 
interprets  it  at  once  and  correctly,  the  "part 
of"  training  has  borne  fruit. 

4.  Interpretation  of  ^^ Ratio  To''  Diagrams 

This  is  diagram  work  in  reverse  form.  The 
teacher  makes  diagrams  (completed  form  only) 
on  the  blackboard  for  pupils  to  interpret  into 
the  "ratio  to"  expressions  which  were  in  mind 
in  drawing  the  diagrams.  This  is  a  test  of  the 
pupil's  "ratio  to"  imagery. 

D.  Part  and  Whole  in  Division 

All  division  problems  involve  relations  of 
part  and  whole.  When  we  write  2  -^3  =f ,  the 
quotient  means  two  toward  a  group  of  3. 
3  is  the  whole  (the  full  group),  2  is  the  part. 
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I.  Aim. — The  aim  in  this  division  step  is  to 
develop  that  the  dividend  is  always  a  part; 
the  divisor  a  whole;  the  divisor,  the  whole,  is 
always  the  denominator;  the  dividend,  the 
part,  is  always  the  numerator. 

2.  The  Development 

3-4 

"What  is  the  whole?  "    "What  is  the  part  ? " 

"The  quotient?" 

The  pupil  readily  infers  and  replies  that  4 
is  the  whole  and  3  the  part.  The  dictation  is 
written  on  the  blackboard,  the  questions  are 
asked  by  the  teacher,  pupils  reply  orally,  and 
then  the  quotient  is  written  on  the  blackboard 
by  some  pupil. 

Additional  Exercises. 

5-^6=,  8-5-9=,  9-r-5=,  4-=-7=,  9-^4=, 

7 -4-8  = ,  6 -MO  = ,  10 -^6  = ,  etc. 

The  following  questions  with  each  exercise 
will  hold  the  attention  upon  the  facts  which 
the  step  aims  to  develop : 

Which  is  the  part?    The  whole? 

What  is  the  dividend?    The  divisor? 

Which  do  we  use  for  the  numerator?  (The 
dividend.) 

What  do  we  use  for  the  denominator?  (The 
divisor.) 

Where  in  the  quotient  fraction  do  we  put 
the  dividend?    Where  the  divisor? 
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As  to  part  and  whole  what  is  the  divisor? 
What  the  dividend? 

These  questions  and  any  others  that  may  be 
used  for  the  same  purpose  are  designed  to 
bring  out  strongly — 

That  the  dividend  is  a  "part"  and  a  num- 
erator. 

That  the  divisor  is  a  "whole"  and  consti- 
tutes the  only  possible  denominator. 

That  the  denominator  is  a  whole  and  the 
divisor. 

That  the  numerator  is  a  part  and  the 
dividend. 

J.  Diagrams  in  Division 

The  factors  of  division,  therefore,  having 
the  relations  of  part  and  whole,  the  diagram 
scheme  for  "part  of"  and  "ratio  to"  applies 
imchanged. 

Note. — ^As  to  the  single  rectangular  tinit  to  repre- 
sent groups  (6,  4,  2,  8,  etc.),  the  age  of  the  pupil  must 
be  taken  into  account.  In  the  primary  grades  it  was 
necessary  that  the  objects  used  to  show  group  imits 
(6,  5,  3,  etc.)  be  single  things,  so  that  the  construction 
would  show  as  a  imit  and  at  the  same  time  as  made  up 
of  the  ones  by  which  its  numerical  value  was  measured, 
A  4  was  constructed  of  foiu-,  equal,  distinct  units. 

In  percentage,  however,  the  age  and  training  of  the 
pupil  alters  conditions.  He  is  old  enough  to  have 
acquired  the  nimiber  concept  so  that  he  is  able  intelli- 
gently to  "consider"  a  whole  (a  single  rectangular  unit) 
as  representing  a  4,  a  6,  a  12,  or  any  other  group  unit. 
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3-4  = 

"Which  is  the  whole?"    "Thepart?"  "The 
quotient?" 

"What  is  the  numerator?" 

("3-") 

' '  The  denominator?  " 

"What  is  the  dividend?" 

("3.") 

"The  divisor?" 

"You  may  make  a  picture." 

The  first  stage — 


I     I     » 


The  completed  picture 


7-5  = 

The  questions  are  asked  as  above. 
You  may  diagram. 
The  first  stage   of  the   dia- 
gram— 


The  completed  diagram 


Several  exercises  should  be  given,  some 
with  proper  fraction  quotients  and  some  with 
quotients  that  are  improper  fractions. 
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4.  Interpretation  of  Division  Diagrams 

The  teacher  puts  a  series  of  division  dia- 
grams (the  completed  form  only)  on  the  black- 
board. Pupils  are  required  to  write  the  divi- 
sion expression  that  each  illustrates. 

5.  Part  Of,  Ratio   To,  and  Division — Mixed 
Exercises 

These  are  exercises  in  which  the  teacher 
puts  fractions  or  diagrams  on  the  blackboard 
for  pupils  to  write  from  each,  at  one  time  a 
**part  of"  question,  again  a  "ratio  to"  ex- 
pression, and  again  a  division  expression. 

a.  Interpreting  Fractions 

The  teacher  writes  a  series  of  fractions 
ih  h  h  ¥.  tI.  tI ,  ¥.  T2d  etc.  on  the  black- 
board and  asks — 

{a)  for  a  written  "part  of  "  question  for 
each; 

{b)  (after  the  ' '  part  of ' '  questions  have  been 
written),  for  a  "ratio  to"  expression  for  each; 
and 

(c),  in  the  same  way,  for  a  division  expres- 
sion for  each. 

The  questions  which  have  been  suggested 
must  be  used,  especially  the  two,  Which  is  the 
part?  and  Which  is  the  whole?  These  two  ques- 
tions should  be  applied  to  each  fraction  in  the 
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exercise  and  to  other  fractions  written  for  the 
sake  of  the  two  questions.  The  value  of  the 
questions  is  in  helping  to  enforce  the  very  im- 
portant fact  that  the  denominator  is  always 
a  whole.    This  is  fundamental  in  percentage. 

h.  Interpreting  Diagrams 

The  teacher  makes  a  series  of  diagrams 
(completed  form)  on  the  blackboard  and  asks 
the  pupils — 

(a)  for  the  "part  of"  questions  which  they 
illustrate ; 

(&)  for  the  division  expressions  which  they 
represent ;  and 

{c)  for  the  corresponding  "ratio  to"  ex- 
pressions. 

c.  Making  Fractions  and  Percentage  Expressions 

"I  have  these  two  numbers.  3  is  the  part, 
5  the  whole." 

"Write  a  division  fraction."  "Write  the 
division  expression." 

("*,3-5") 

"The  two  numbers  are  the  terms  of  a  'ratio 
to'  expression." 

"5  is  the  part,  3  the  whole."  "Write  the 
fraction  and  the  expression." 

("S,5:3-") 
Vol.  III-18 
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7,3. 

"7  is  the  whole,  3  the  part."  "Write  a 
'part  of  fraction  and  then  the  expression." 

C'f,  3  is  what  part  of  7?") 

"We  will  say  that  these  numbers  are  the 
terms  of  a  division  expression."  "Write  the 
fraction  and  then  the  expression." 

("1.3-7=-") 

Several  exercises  of  this  kind  should  be 
given — 

4,  8;  7,  3;  9,  4;  2,  5;  10,  8;  12,  9;  7,  5;  etc. 

The  special  aim  in  such  exercises  is  the 
fraction  part.  It  tests  the  pupil's  practical 
grasp  of  the  very  important  fact  that  a  de- 
nominator must  be  a  whole. 

E.  Part  and  Whole  in  "  Than  "  Expressions 

I.  The  Plan 

The  part  and  whole  nature  of  problems  in 
"than" — problems  involving  conditions  of 
greater  than,  less  than,  smaller  than,  larger 
than,  etc. — is  developed  on  much  the  same  plan 
as  that  used  under  "part  of"  and  "ratio  to." 

The  questions  suggested  in  those  steps  are 
applicable  and  must  be  used  here.  The  points 
to  which  attention  must  be  given  are — 

The  recognition  of  the  whole  and  the  part 
or  parts. 

The  writing  of  the  fraction  values. 

The  construction  of  diagrams. 
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2.  The  Development 

"8  is  how  much  less  than  9?" 

"What  is  the  whole?"     ("9.") 

Pupils  generally  agree  on  9  as  the  whole. 
The  part,  however,  is  not  recognized  until  the 
teacher  calls  attention  to  the  form  of  the 
problem — "How  much  less?'' 

"What  is  the  part?" 

The  8  is  I  less.    The  part  is  i. 

"What  is  the  fraction  value  of  the  part?" 

"Why  is  9  the  denominator?"  ("Because 
it  is  the  whole.") 

This  means  that  8  is-Jless  than  9,  which  is  true. 

"9  is  how  much  greater  than  8?" 

"What  is  the  whole?"     ("8.") 

"What  is  the  part?"    ("i.") 

"What  is  the  measure  of  the  part?"    ("|.") 

"Why  do  you  make  8  the  denominator?" 
("Because  it  is  the  whole.") 

Other  similar  exercises  are  given  varying 
the  question  so  that  they  involve  many  forms 
of  than — smaller  than,  more  than,  heavier 
than,  taller  than,  etc.  The  child  gradually 
recognizes  the  whole  from  its  relation  to  or 
association  with  than. 

J.   The  Diagrams  of  "  Than''  Expressions 
"  8  is  how  much  more  than  6? " 
"What  is  the  whole?"    "Thepart?"    "The 
measure  ?  "    "  Why  6  for  the  denominator  ? ' ' 
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"You  may  make  the  pictiire." 
The  first  stage —  The  full  diagram — 

2 


■»-"^— ■*—"*- 


"4  is  how  much  less  than  7?" 
The  questions  as  to  whole,  part,  measure, 
and  denominator  should  be  used. 
"You  may  make  the  diagram." 
The  first  stage —  The  completed  dia- 

gram— 


7 

Several  exercises  must  be  given  in  such 

diagrams  imtil  pupils  become  accustomed  to 
the  part — that  which  represents  the  difference 
which  the  comparison  in  the  greater  than  or 
the  less  than  or  the  smaller  than,  etc.,  calls  for. 

F,  Making  Fractions  from  Abstract  Related  Numbers 

J.  Aim. — The  aim  in  this  step  is  to  concen- 
trate attention  again  and  as  strongly  as  pos- 
sible upon  the  one  fundamental  principle  of 
percentage — that  the  denominator  of  a  fraction 
must  be  a  whole  and  that  no  other  number 
than  the  whole  can  be  used  as  a  denominator. 
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This  principle  is  a  nile  that  must  at  the  proper 
time  be  formulated,  memorized,  and  recited. 

2.  The  Development  Plan 

The  teacher  writes  a  group  of  numbers  on 
the  blackboard  marking  one  of  the  numbers — 
2,  4,  3,  5.    She  then  calls  the  attention  to  the 

nimibers  and  states  that  one  of  them,  the  one 
that  is  marked,  is  a  whole  and  that  it  is  the 
only  whole  in  the  group.  She  then  asks  the 
pupils  to  use  the  numbers  in  making  fractions 
and  to  make  as  many  fractions  as  possible 
from  them.  This  is  one  of  the  practical  tests 
of  the  pupil's  grasp  of  the  principle  that  has 
been  repeatedly  urged,  that  no  number  except 
one  which  represents  a  whole  may  be  used  for 
a  denominator.  In  the  group  given  above, 
3  is  the  only  one  of  the  mmibers  which,  luider 
the  rule,  may  be  a  denominator.  Most  pupils 
will  fail  to  rise  to  the  occasion  fully  on  the  first 
test.  The  plan  is  to  write  the  numbers,  mark 
one  of  them  as  a  whole,  state  that  the  marked 
number  is  a  whole  and  the  only  whole  in  the 
group,  and  leave  the  pupils  to  make  the  frac- 
tions without  further  suggestion.  It  impresses 
a  pupil  very  much  more  strongly  to  be 
"caught"  in  a  violation  of  the  rule  about  the 
whole  being  the  only  nimiber  that  may  be  used 
for  a  denominator  than  any  amount  of  teach- 
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ing  or  suggesting.  When  they  have  written 
their  fractions,  one  or  more  of  the  pupils 
should  copy  their  work  on  the  blackboard.  It 
is  then  that  the  teacher  calls  attention  to  the 
observances  and  violations  of  the  rule.  In  the 
group  given  above  the  possible  fractions  are 
f >  3">  f >  aiid  f.    Another  exercise  is  given — 5, 

X 

8,  4,  7.  Pupils  are  again  asked  to  make  all  the 
possible  fractions.    These  are  f ,  f ,  f,  and  J. 

The  question  should  be  asked  in  every  such 
exercise,  Why  do  you  use for  the  denom- 
inator in  every  fraction?    (It  is  the  whole.) 

Three  or  four  exercises  should  be  given 
before  taking  up  the  matter  of  what  the  frac- 
tions mean. 

J.  What  the  Fractions  Mean 

After  three  or  four  exercises  the  teacher 
takes  up,  in  connection  with  the  work  of  frac- 
tion making,  the  meaning  of  each  fraction. 

9,7,5,3.  I- 

X 

"Make   all   possible   fraction?   from   these 

nimibers,  5  being  a  whole." 

/<<  9.  X   5.   3    i  'M 
V    5,  5,  5,  5,  5-   / 

"What  is  f  the  fraction  of?" 
("It  is  the  fraction  of  the  whole.*^) 
"What  is  f  the  fraction  of?" 
("Of  apart.") 
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"What  is  i  the  fraction  of  ?  " 

C'Ofapart.") 

(The  teacher  will  observe  that  in  the  frac- 
tions from  a  group  of  this  kind  there  is  one 
that  is  the  fraction  of  the  whole,  the  others 
are  fractions  of  parts.) 

4.  The  Rule  as  to  Fraction  Making 

The  "rule"  is  alluded  to  above  is  now  for- 
mulated and  made  a  matter  to  be  recited  upon 
in  the  future  very  frequently — 

The  denominator  of  a  fraction  must  be  a 
whole  and  no  other  number  than  a  whole  may 
be  used  for  a  denominator. 

5.  Additional  Exercises 

Many  exercises  in  fraction  making  as  above 
must  be  given.  These  exercises  must  include 
statements  of  what  each  fraction  means  and 
also  occasional  statements  of  the  ' '  rule. ' '  ' '  The 
fraction  of  the  whole"  especially  must  be  noted. 

3,4,6,5;  4,6,2;  8,2,9,4;  5,8,3,6,4;  5,3; 

X  XX  XX 

3. 9.  8,  7;  5.  6, 9;  2,  3;  9,  2, 4;  9,  2, 4;  9,  2, 4;  etc. 

X  XXX  XX 

Note. — This  completes  the  development  work  and 
training  preUminary  to  the  regular  work  of  percent- 
age applications.  The  time  required  for  the  work  to 
this  point  should  not  be  more  than  i  o  lesson  periods  of 
20  minutes  each  with  occasional  lo-minute  reviews  later 
after  applied  percentage  work  is  taken  up. 
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Summary. 

The  pupil  learns  to  see  in  "percentage"  a 
subject  in  which  the  measurements  are  entirely 
of  "part  and  whole"  relations — the  relations 
of  parts  to  a  whole.  These  measurements  are 
fractional  expressions  in  which  the  denomin- 
ator in  each  case  must  be  the  whole.  (A.) 

The  natural  "part  and  whole"  fractions  are 
in  the  common  fraction  form.  The  decimal 
(per  cent)  form  is  artificial,  it  being  necessary 
for  the  individual  to  interpret  it  in  each  case 
by  mental  translation  to  a  common  fraction. 
The  introductory  work  in  "percentage"  must, 
therefore,  be  through  the  use  of  the  common 
fraction,  the  decimal  form  being  a  later  special 
development.   {A,  Note.) 

The  "part  and  whole"  relations  are  those 
which  find  expression  in  "part  of,"  "ratio  to," 
"than"  (greater  than,  less  than,  etc.),  and 
division.  The  pupil  learns  to  note  these  rela- 
tions and  to  express  their  measiu-ements  in 
common  fraction  form.  He  is  given  experi- 
ences in  changing  common  fractions  now  to  one 
and  now  to  another  of  the  formal  "whole  and 
part"  expressions — part  of,  ratio  to,  etc.  {B.) 

All  expressions  of  the  relations  of  parts  to 
wholes  may  be  shown  in  diagram  form.  The 
pupil  learns  to  make  such  diagrams.   (C.) 


CHAPTER  II 

APPLIED   WORK   IN   PERCENTAGE 

Topics: — Part  and  Whole  Applied  to — Loss  and  Gain;  Trade 
Discount;  Collecting;  Fire  Insurance 

A.  Aims 

The  plan  to  be  followed  in  this  development 
of  applied  work  is  to  regard  each  class  of 
problems  as  a  imit  and  to  take  them  up  one 
after  the  other  as  separate  steps.  These 
classes  of  problems  are  to  be  taken  in  the 
following  order — loss  and  gain,  trade  discount, 
collecting,  selling  commission,  buying  com- 
mission, fire  insurance,  tariff  duties,  and  prop- 
erty taxes. 

Later,  what  may  be  regarded  as  percentage 
concepts  will  be  treated — that  form  of  solution 
in  which,  for  computation  piuposes,  all  terms 
are  translated  into  corresponding  general  terms 
— base,  rate  and  percentage,  amoimt,  and 
difference. 

B.  Loss  and  Gain 

I.  The  Factors  in  Loss  and  Gain 

' '  I  buy  for  $6  and  sell  for  $7 . "    (Written  on 

the  blackboard.) 

"  In  this  statement,  what  facts  are  known?  " 

The  pupils  will  find  these  facts — the  cost,  $6  ; 

the  selling  price,  $7;  and  the  gain  or  profit  $1. 
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' '  How  many  facts?  " 

("Three, — the  cost,  selling  price,  and  gain.") 

"I  sell  for  $5  and  lose  $3." 

"In  this  problem,  what  facts  are  known?" 

("  The  selling  price,  $5 ;  the  loss,  $3 ;  and  the 
cost,  $8.00.") 

"How  many  facts?" 

("Three, — selling  price,  loss,  cost.") 

Several  simple  loss  and  gain  problems  are 
given  as  above  and  the  pupils  are  asked  to 
point  out  the  known  facts  and  state  how  many 
such  facts  there  are. 

This  will  develop  that  in  a  loss  problem 
there  are  three  and  only  three  facts — cost,  loss, 
and  selling  price;  and  that  in  a  gain  problem 
there  are  three  and  only  three  facts — cost, 
gain,  and  selling  price. 

These  developments  are  summarized  into 
statements — 

"What  are  the  items  in  a  loss  problem?" 

("The  items  in  a  loss  problem  are  cost,  loss, 
selling  price.") 

"What  are  the  items  in  a  gain  problem?" 

("The  items  in  a  gain  problem  are  cost,  gain, 
selling  price.") 

"How  many  items  in  a  loss  or  a  gain 
problem?" 

("A  gain  or  a  loss  problem  has  three 
items.") 
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2.   The  Fractions  in  Loss  and  Gain 

a.  The  Written  Fraction 

The  pupils  are  now  told  that  in  every  loss 
and  in  every  gain  problem  there  are  parts  and 
a  whole,  that  the  cost  is  always,  always  a  whole, 
and  that  the  other  two  items  in  a  problem  of 
either  of  these  kinds  are  parts.  These  are 
arbitrary  facts  and  not  possible  of  develop- 
ment, hence  the  pupils  are  told  directly. 

"Gained  $3  by  selling  for  $8." 

"What  kind  of  a  problem  is  this?" 

("It  is  a  gain  problem.") 

"What  are  the  items?" 

("Gain,  $3;  selling  price,  $8;  cost  I5.") 

"How  many  items?" 

"What  is  the  whole?" 

"Why?" 

("Because  it  is  the  cost.") 

"YouJ  may  make  fractions  from  the  item 
nimibers." 

(The  pupils  should  make  the  fractions  with- 
out further  suggestions.  After  they  have  writ- 
ten the  fractions,  several  of  the  pupils  should 
copy  on  the  blackboard  what  they  have  writ- 
ten. The  teacher  asks  of  each  of  these  sets  of 
fractions  whether  the  right  nimiber  has  been 
used  for  the  denominator  .^  This  brings  the 
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child  to  the  application  of  his  "rule"  (see 
Chapter  I,  F  4)  about  whole  being  the  only 
possible  denominator.) 

(The  fractions  in  this  case  should  be  f ,  f,  f .) 

"What  is  I  the  fraction  of?" 

("Of  the  gain.") 

''What  is  f  the  fraction  of?" 

("Of  the  cost.") 

"What  is  f  the  fraction  of?" 

("It  is  the  fraction  of  the  selling  price.") 

"The  cost  of  a  box  was  $4.  I  sold  at  a  loss 
of$i." 

"What  kind  of  problem?" 

("A  loss  problem.") 

"The  items?" 

("Cost,  $4;  loss  |i ;  selling  price  $3.") 

"How  many  items? " 

"What  is  the  whole?"    "Why?" 

"You  may  make  the  fractions." 

f"  ±  1   3.  "\ 
^,    4,  4>  4«  ; 

"Why  4  for  the  denominator?" 

"What  is  I- the  fraction  of?"    "J?"    "f?" 

"State  the  rule  about  the  denominator  in  a 
'part  and  whole'  problem." 

b.  Oral  Work  in  Fractions 

After  a  few  exercises  as  above  in  written 
fractions,  oral  drills  should  be  given  in  mental 
fraction  work — this  work  to  be  as  rapid  as 
possible.     The  problems  should  be  given  in 
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brief  form  and  may  be  in  abstract  niimbers 
instead  of  in  money  language. 

"Bought  for  9  and  sold  for  10."  "Kmd  of 
problem  ?  "  ( "  Gain . " )  "  Give  fraction  of  selling 
price."  "Fraction  of  gain."  " Fraction  of  the 
whole."    "The  rule  about  the  denominator?" 

"Bought  for  10  and  sold  for  9."  Kind  of 
problem  ?  "  Fraction  of  selling  price . "  "  Frac  - 
tion  of  the  whole."  "Fraction  of  the  loss?" 
"Rule?" 

In  the  same  way— 

"Soldfor  Sandlost  2." 

"Sold  for  9  and  gained  3." 

"Bought  for  6  and  sold  for  4." 

"Bought  for  4  and  sold  for  6." 

"  Sold  for  20  and  gained  4." 

' '  B  ought  for  20  and  lost  4 . " 

The  aim  of  such  work  is,  of  course,  rapid 
selection  of  the  proper  nimiber  for  the  denom- 
inator. 

J.  Statements  in  Loss  and  Gain 
The  pupils  are  now  taught  to  make  a  full 
written  statement  in  form  as  follows,  using  the 
transaction,  Sold  for  $3  losing  $1 ,  the  statement 
to  show  all  the  facts — 

(i)   I  =Cost  =$4 

-^=Loss  =$1 

1=  Selling  Price  =$3 
The  transaction  furnishes,  practically,  the 
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three  money  items  on  the  right  of  the  state- 
ment and  the  i  (the  whole)  on  the  left  side. 
The  child  makes  the  fractions  f,  f ,  and  f  from 
the  right  hand  items. 

"Gained  4ff  by  selling  for  20j!f." 

The  questions  suggested  in  the  exercises 
above  (in  2)  relating  to  the  kind  of  problem,  the 
items,  nimiber  of  items,  whole,  etc.,  are  asked 
and  the  fractions  called  for.  The  rule  as  to 
denominator  being  a  whole  is  called  for  if 
thought  best. 

"You  may  now  make  the  full  statement." 
(i|),  I  =Cost  =i6i 

^=Gain  =4J^ 

f^  =SelHng  Price  =20^ 

These  loss  and  gain  statements  should  be 
written  in  the  order  as  above — cost,  first ;  gain 
or  loss,  second;  selling  price,  third.  The  frac- 
tions should  always  be  placed  in  the  same  part 
of  the  statements — on  the  left  side,  as  above, 
is  preferable. 

In  the  exercise  above,  the  fractions  are  |f, 
3^,  etc.  Pupils  hereafter  should  be  required 
to  put  fractions  into  the  lowest  terms  unless 
for  development  or  other  reasons  a  higher 
form  should  be  desired  by  the  teacher  in  special 
exercises.  The  above  fractions  should  be  writ- 
ten ordinarily  as  |,  -J,  J.  The  fraction  of  the 
whole  in  the  parenthesis  will  eventually  be 
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discontinued.  The  proper  form  to  be  used  is  i 
(the  whole)  because  it  meets  our  need  in  using 
decimals  later. 

Instead  of  using  the  full  words  cost,  gain, 
loss,  selling  price,  it  is  desirable  on  account  of 
the  brevity  to  use  abbreviations — C,  G.,  L., 
and  S.  P. 

"The  selling  price  was  75^,  the  loss  15^" 
The  questions  are  asked  and  then  the  state- 
ment called  for.     The  pupil  first  enters  the 
items  from  the  problem — 

I  =C.      =90^ 
=  L.      =15,^ 

=  S.P.=75^ 
He  now  makes  the  fractions  (|-^,  -i-J,  is)^ 

reduces  them  to  their  lowest  terms  (J,  ^,  |-), 
and  completes  the  statement  by  entering  the 
fractions.  This  reduction  of  the  fractions  will 
doubtless  be  mental — the  child  writing  only 
the  reduced  forms. 

"Sold  for  $16  and  made  a  profit  of  J." 
The  questions  are  asked — 
' '  What  kind  of  a  problem  ? ' '    The  whole  ? 
"The  items?" 

("Only  one  of  the  three  is  given.") 
"You  may  make  the  statement." 
fi=C.     = 
First  stage]    =G. 

=  S.  P.  = 
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This  outline  part  of  a  statement  should  always 
be  made  first. 

f(|),  I  =C.      = 


Second  stage 


i=G. 


i=S.P.=^i6j 
The  outline  is  now  filled  in  from  the  problem 
as  shown  above.     The    outline   now    shows 
what  the  problem  practically  tells  us. 


The  statement 
as  it  appears' 
at  completion. 


f(|),  I  =C.        =$12] 


i=G.      =$4 
|=S.P.=^i6 


8 

The  statement  is  now  completed  as  shown 
here.  The  pupil  writes  out  the  analysis  of  the 
computations  as  follows : 

J=iof$i6=$4 
|=3X$4=$I2. 

Note. — Practically  the  pupil  will  complete  his  state- 
ment at  once,  computing  mentally.  There  could  be  no 
objection  to  this.  The  analysis,  however,  must  be 
written  out.  This  analysis,  at  this  time,  is  for  the  sake 
of  the  analysis.  Problems  will  present  themselves  later 
in  which  analysis  will  be  needed. 

Three  or  four  exercises  like  the  above  in 
which  the  pupils  make  completed  solutions 
shotild  be  given  before  taking  up  the  diagram 
featiu*e  of  loss  and  gain  work  as  outHned 
below.  In  each  of  these,  the  pupil  should  be 
required  to  proceed  systematically — 
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(i)  By  making  the  statement  form  with 
its  equahty  signs  and  the  i  (whole)  as  shown 
in  "first  stage"  above. 

(2)  By  putting  into  the  statement  all  that 
the  problem  tells,  as  in  "second  stage." 

(3)  By  making  the  computations  in  analy- 
sis form  as  shown  above  and  then  completing 
the  statement  so  that  it  will  be  in  "at  com- 
pletion" form  as  above. 

The  pupil's  statement  and  computation 
work  will  appear  as  follows  when  he  completes 
a  solution: 

"I  lost  5^  by  selling  at  ^  below  cost." 

(I),  i=C.=40^* 

1=7X5^=35^^ 
f  =8X5^=40?^ 


*  The  statement  form  as  given  here  is  used  in  all 
the  applications  of  percentage — Loss  and  Gain,  Trade 
Discount,  Collecting,  Selling  Commission,  etc.  The 
teacher  should  insist  upon  the  use  of  this  form  of  so- 
lution arrangement  in  every  problem.  It  is  a  short, 
simple,  compact,  complete  form,  providing  for  the  dis- 
play of  every  fact  relating  to  the  problem.  If  the  prob- 
lem asks  for  the  loss  (in  a  loss  problem),  the  rate  of  loss, 
the  cost,  or  any  other  fact,  the  statement  when  com- 
pleted shows  it.  It  answers  any  question.  Again,  such 
Vol.  III-19 
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a  statement  in  full  is  a  check  upon  errors  in  computa- 
tion or  reasoning.  If  there  is  an  error,  the  completed 
statement  will  be  out  of  balance.  Again,  it  is  as  brief 
as  is  compatible  with  accuracy.  Again,  under  it  the 
pupil's  work  is  arranged  in  orderly  manner. 

4.  Loss  and  Gain  Diagrams 

As  loss  and  gain  problems  are  in  the  "whole 
and  part"  class,  the  diagram  work  under  that 
subject  was  sufficient  preparation  for  the  use 
of  diagrams  here.  The  diagrams  simply  show 
the  whole  and  the  two  parts  (the  selling  price 
and  gain,  or  the  selling  price  and  loss) . 

"The  selling  price  was  $2.40,  the  gain  -f-" 

The  pupil,  if  at  the  blackboard,  is  required 
to  "talk"  as  he  works  at  his  diagram — 

"This  is  a  gain  problem.  I  first  make  a 
picture  of  the  whole  which  is  the  cost." 

After  he  has  drawn  the  "whole"  he  con- 
tinues— 

"I  must  now  make  the  selling  price  and  the 
gain.  This  is  a  gain  problem,  therefore  for 
the  selling  price  I  must  add  on  in  the  picture." 

(^),  I  =C.      =$2.10 

«2.40S.P  y=G.         =$.30 

,.  f  =S.P.=$2.40 

7:  f=$2.40 

"^  i=-i- of  $2.40  =1.30,  Gain. 

|-=7X$.30=$2.io,Cost. 
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(The  oral  work  by  the  pupil  as  he  is  making 
his  diagram  should  be  a  feature  of  the  con- 
struction. It  should  not  be  overlooked.  The 
same  oral  statements  of  what  is  being  done 
should  be  a  part  of  the  work  of  writing  the 
analytical  solutions  which  follow  the  making  of 
the  "2d  stage"  of  the  written  outline  of  the 
problem.) 

"The  loss  was  3^,  the  cost  $220."  "Dia- 
gram." 

The  pupil  who  is  sent  to  the  blackboard 
"talks"  as  suggested  above — 

"This  is  a  loss  problem.  I  must  first  make 
a  picture  of  the  whole — the  cost.  I  must  now 
make  the  selling  price  and  the  loss.  This  is 
a  loss  problem,  therefore,  for  the  selling  price, 
I  must  take  off  in  the  picture." 

(ia),  i=C.  =$220 
A=L.=$66 


^-$220 


»220  COST 


10 

-^  =  iV  of  $220  =$22 

j^=3X$22=$66,  L. 
-j^=7X$22=$i54,S.P. 

"Lost  $8  on  the  sale  of  a  cow  for  $64." 
"Diagram." 

The  pupil  at  the  blackboard  gives  the  oral 
work  as  suggested — 
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"This  is  a  loss  problem.  I  first  make  a 
diagram  of  the  whole — the  cost.  I  now  show 
the  selling  price  and  the  loss.  This  is  a  loss 
problem,  therefore  for  the  selling  price  I  must 
take  off  in  the  diagram." 

(f),  I  =C.  =$72 


8_       \i 
9        \9 


I  =S.  P.  = 


T2=i  =  Fraction  of  L. 
472  cosr  6^  ^1  ^Fraction  of  S.  P. 

5.  Proportions  in  Diagrams 
In  problems  where  fractions  are  given  to 
find  the  money  gain  or  loss,  or  other  money 
items,  the  diagram  need  not  be  drawn  to  exact 
scale  so  that  the  fractional  parts  shall  show  to 
scale.  The  diagrams  should  be  freehand  and 
when  the  fractional  parts  can  be  easily  shown 
in  something  like  proper  relative  size  they 
should  be  drawn  with  a  degree  of  care.  When, 
however,  a  fractional  part  is  so  small  that  any 
attempt  at  a  scale  drawing  would  require 
effort  out  of  proportion  to  the  value  of  the 
result,  any  reasonable  diagram  should  be 
accepted  provided  the  pupil  writes  on  it  the 
fraction  that  each  part  of  the  diagram  is 
intended  to  represent.  The  diagram  above 
(Lost  $8  by  selling  for  $64)  shows  what  each 
part  represents.    The  parts,  however,  are  out 
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of  proportion.  The  diagram  was  purposely  so 
drawn  to  illustrate  how  to  indicate  relative 
sizes  of  parts  in  percentage  when  a  drawing 
is  not  to  scale.  The  lack  of  proper  proportion 
in  this  diagram  does  no  manner  of  harm  be- 
cause the  fractional  values  are  plainly  stated. 
Diagrams  in  percentage  are  not  for  training 
in  drafting  or  for  aid  in  "getting  an  answer," 
but  to  show  to  the  teacher  what  the  child  is 
thinking  about  in  the  problem.  The  diagram 
under  discussion  tells  us  all  that  could  be  told 
by  the  most  perfectly  executed  scale  drawing. 
The  teacher,  however,  should  require  that 
the  diagrams  be  executed  with  neatness — the 
lines  straight  and  the  comers  reasonably 
perfect. 

a.  Additional  Exercises 

Many  additional  exercises  must  be  prepared 
but  the  teacher  must  pass  to  the  next  step — 
Trade  Discount — as  soon  as  the  pupils  show 
reasonable  accuracy  in  the  diagram  and  the 
analysis  work  with  simple  problems  such  as 
have  been  given  in  the  illustrative  work  above. 

The  pupil  will  not  show  discrimination  and 
power  in  either  loss  or  gain  or  trade  discount 
work  until  the  point  is  reached  where  he  must 
deal  with  mixed  exercises — exercises  in  which 
the  problems  are  sometimes  in  loss  and  gain 
and  sometimes  in  trade  discount.     There  is 
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less  necessity  for  concentration  of  attention 
where  the  individual  is  dealing  with  problems 
in  which  he  is  not  compelled  to  classify  each 
problem  before  he  attempts  solution.  The 
mixed  exercises  compel  the  classification  of  a 
problem  before  attempting  a  solution. 

b.  Reviews 

The  teacher  must  not  overlook  the  fact  that 
in  all  percentage  work,  as  well  as  in  all  other 
subjects,  reviews  of  all  previous  work  in  the 
subject  must  be  regularly  given.  With  this 
work  in  loss  and  gain  and  with  the  work  in  the 
subjects  which  follow,  there  should  be  occa- 
sional reviews  of  the  introductory  percentage 
work. 

C.  Trade  Discount 

Problems  of  this  class  relate  to  matters 
which  touch  every  child's  daily  life.  "Fire 
and  water  sales,"  " pre-inventory  sales,"  "an- 
niversary sales,"  etc.,  with  their  "marked 
down ' '  tags  are  familiar  to  everyone .  The  work 
follows  the  plan  outlined  for  Loss  and  Gain. 

I.  The  Factors  in  Trade  Discount 
a.  The  Introduction 

The  introduction  to  this  should  be  through 
representations  of  "marked  down "  tags  rather 
than  through  formally  stated  problems. 
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This  is  placed  on  the  blackboard 
by  the  teacher. 

"Do  you  remember  ever  having 
seen  anything  that  looks  like  this? 
One  or  more  pupils  may  recognize 
that  it  represents  a  tag  on  a  piece 
of  goods  in  the  show  window  of  a  store.  If  not, 
the  suggestion  should  be  made  "I  saw  some- 
thing of  the  kind  on  a  hat  down  town  in  a  show 
window."    This  will  open  up  the  subject  fully. 

"What  does  it  mean?" 

From  this  question  it  is  brought  out  that 
the  article  was  marked  to  sell  for  $4  but  not 
being  sold  the  merchant  put  the  sale  price  at 
$3  hoping  to  find  a  customer  at  that  price. 
Several  other  tag  representations  are  made  on 
the  blackboard  and  discussed  in  the  same 
way — as  to  what  it  signifies.  The  questions 
as  to  the  "items"  (see  B  2  a)  should  be 
asked  about  each  tag. 

"From  this  tag,  how  many  items  do  we 
know?" 

("We  know  three  items — the  marked  price, 
$4;  the  proposed  selling  price,  ^3;  and  the 
amount  taken  off  for  the  sake  of  a  sale  $1.") 

h.  Discount  and  Trade  Discount — The  Terms 
These  terms  must  be  defined  and  used. 
"People  call  this  amount  taken  off,   the 
discount.'' 
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"Discount  means  to  take  off.  We  use  the 
word  also  as  the  name  of  the  amotint  that  is 
taken  off — the  discount." 

Pupils  should  now  be  questioned  about  each 
of  the  tags — 

"What  is  the  discount  here?"  "What  is 
the  discotmt  here?"  etc. 

Pupils  should  be  given  also  the  information 
that  there  is  more  than  one  kind  of  discoimt 
and  therefore  people  speak  of  this  kind,  where 
something  is  taken  off  the  price  of  goods  when 
sold  or  offered  for  sale,  trade  discoimt.  The 
trade  discoimt  on  the  hat  marked  down  from 
$4  to  $3  is  $1.  Pupils  will  be  permitted  to 
speak  of  this  ordinarily  as  discount^  but  the 
question,  "What  kind  of  discount?"  must  be 
very  frequently  asked  so  that  the  full  term, 
trade  discount,  will  be  estabHshed  in  the 
vocabularies. 

This  term  discount  (and  with  it,  as  sug- 
gested, the  term  trade  discount)  must  now  be 
put  into  constant  use  in  the  class.  The  tag 
representations  on  the  blackboard  are  exam- 
ined and  the  names  marked  price,  trade  dis- 
count, and  selling  price  are  applied  to  the 
items.    The  questions  are — 

What  is  the  marked  price  here? 

What  is  the  discount  here?  etc. 

What  is  this  (pointing  to  a  marked  price)? 

What  is  this  (pointing  to  a  selling  price)  ?  etc. 
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Note  i. — The  pupil  should  learn  to  state  in  answer 
to  the  question,  How  many  trade  discount  items  are 
there  ?  the  number  and  the  names  of  the  trade  discount 
items — There  are  three  trade  discount  items,  marked 
price,  trade  discount,  and  selling  price. 

2.  The  Fractions  in  Trade  Discount 
a.  The  Written  Fraction 

The  pupil  is  now  told  that  in  a  trade  dis- 
count tag  or  problem  there  are  parts  and  a 
whole  as  in  loss  and  gain,  that  the  marked  price 
is  always,  always  the  whole  and  that  the  other 
two  items  are  parts. 

"Goods  were  marked  down  from  $6  to  $4." 

"What  kind  of  a  problem? "  (A  trade  dis- 
coimt  problem.") 

"What  items  and  how  many?"  (Three — 
marked  price,  $6;  discount,  $2;  selling  price, 

"What  is  the  whole?"  ("The  marked 
price,  $6.") 

"You  may  make  the  fractions." 

The  fractions  are  written  and  several  pupils 
write  their  fractions  on  the  blackboard. 

These  are  discussed  as  to  whether  or  not 
the  denominators  are  right  and  why. 

The  fractions  in  this  case  are — |,  f ,  f. 

The  questions  are  asked  as  to  what  each  is 
the  fraction  of.  These  questions  bring  out 
that  f  is  the  fraction  of  the  marked  price; 
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f,  the  fraction  of  the  discount ;  ^,  the  fraction 
of  the  seUing  price. 

The  above  development  and  questions  indi- 
cate the  form  of  the  work.  Several  exercises 
should  be  given,  some  from  problems  stated 
regiilarly  and  some  given  in  the  form  of  tag 
representations . 

b.  Oral  Work  in  Fractions 
Exercises  should  also  be  given  in  oral  state- 
ments of  the  fractions  in  problems. 
The  oral  statements  from  this  are — 

"This  is  a  trade  discount  problem. 
^y^      The  marked  price  is  the  whole. 
V^       ^  is  the  fraction  of  the   marked 
price. 
^  is   the   fraction   of  the   selling 

price. 

^  is  the  fraction  of  the  discoimt."' 
Several  such  exercises  should  be  given. 

J.  Statements  in  Trade  Discount 
These  are  in  the  very  same  form  as  those 
for  loss  and  gain.  The  statements  must  be 
made  in  the  order  to  correspond  with  the  order 
suggested  for  the  statements  in  loss  and  gain — 
I  St,  the  items  in  order  with  their  equality  signs 
on  both  sides;  2d,  entering  on  this  form  the 
facts  from  the  problem;  3d,  the  computations^ 
if  any,  in  analysis  form;  and  4th,  the  comple- 
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tion    of   the    form    from    the    computations. 

(See  B,  3.) 

"Sold  goods  for  $5  after  discounting  $2." 
There  must  be,  first,  the  questions  to  bring 

out — the  kind  of  problem   (trade  discoimt), 

the  names  and  number  of  the  items,  and  the 

whole.     (See  a  above.) 

"You  may  make  the  statement." 

This  is  the  first  stage  of 
the  statement. 

This  shows  how  the  state 
ment  looks  after,'  .'entering 
the  facts  from  the  problem. 

This  shows  how  the  state 
ment  looks  at  completion. 

There  would  be  no  analysis  computation  for 
a  problem  of  this  kind  because  the  only  work 
necessary  is  the  formation  of  the  fractions  and 
their  reduction  to  lowest  terms  when  such 
reduction  is  necessary.  The  statements  (oral) 
should  occasionally  be  required  relating  to 
what  each  of  the  fractions  is  the  fraction  of : 

■f-  is  the  fraction  of  the  discount  (in  the 
statement  above). 

^  is  the  fraction  of  the  marked  price,  etc. 

"Sold  for  $15.75  after  giving  a  discoimt 
of  i." 


i=M.  P. 

= 

=  D. 

= 

=S.  P. 

= 

i=M.  P. 

=$7l 

=  D. 

=$2 

=  S.  P. 

=$5) 

(i),  I  =M.  P. 

=f7l 

f=D. 

=  $2 

f  =S.P. 

=«5j 
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The  questions  (if  it  is  a  blackboard  exercise) 
bringing  out  the  kind  of  problem,  the  names 
and  number  of  the  items,  and  the  whole,  should 
be  asked. 

"You  may  make  the  statement."  * 

(I),  i=M.P.=$i8. 
i=D.       =$2.25. 
i=S.P.    =$1575 


i  =$15-75 

i=iof  15.75  =$2.25,  D. 

f  =8X2.25  =$18,  M.  P. 

4.   Trade  Discount  Diagrams 

As  the  diagram  plan  in  all ' '  whole  and  part " 
work  is  the  same  it  is  unnecessary  to  do  more 
than  to  show  how  the  plan  applies  in  trade 
discount. 

(This  is  a  problem  stated  in  "tag"  form.) 
"Diagram  and  solve." 

The  pupil  in  solving  at  the  black- 
board before  the  class  "talks"  as 
he  proceeds — 
^  "This  is  a  trade  discount  prob- 

^O        1^1^  •     The  whole  is  $9,  the  marked 
price." 

*  The  statement  form  as  given  here  and  in  loss  and 
gain  is  the  form  that  should  be  insisted  upon  in  every 
written  solution.    (See  footnote,  p.  775.) 
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"I  will  make  the  diagram." 

' '  I  first  make  a  picture  of  the 
whole." 

(The  first  stage  of  the  diagram . ) 

"  I  show  the  discount.  It  is  a 
discount  problem  therefore  I 
must  take  off." 

The  diagram  when  completed. 

(f),  i=M.P.=$9 

i=D.       =$3 

|=S.  P.    =$6 
"Sold  at  a  discoimt  of  f .    The  selling  price 
was  $11.27." 

"Diagram." 

("This  is  a  trade  discotint  problem.  The 
whole  is  the  marked  price."  "I  will  make  a 
picture  of  the  whole."  "I  will  show  the  dis- 
coimt.  It  is  a  discount  problem  therefore  I 
take  off." 


»9  M.R 


♦  6  S.P   «3  D. 


9  9  M.P. 


^  =i  =  fraction  of  the  D. 
f  =f  =  fraction  of  the  S.P. 


(I),  i=M.P.= 

^=S.  P.    =$11.27 


(I),  I  =M.  P.  =$14.49 
t=D.  =$3-22 
^=S.  P.    =$ii.27j 


With  the  facts  from 
the  problem. 

The  statement  when 
completed. 


788  NUMBER  BY  DEVELOPMENT 

«il:27S:P   D.       I  =$11.27 


'  '  '  ■  I  ' 

J.      :  2 
9      ;9 


i=i  of  $11.27  =$1.61 
f  =2X$i.6i  =$3.22  D. 


Tlr^^     i  =9 X$i.6i  =$14.49  M.  P.* 

Note  2. — When  the  teacher  wishes  to  have  a  pupil 
make  a  diagram  of  the  problem  she  indicates  it  by  the 
word  "Diagram  "  or  by  the  simple  initial  "D."  If  D  or 
Diagram  is  not  written  with  the  problem,  the  pupil 
gives  only  the  statement  and  the  analytical  solution. 

Note  3. — Teachers  will  find,  if  they  make  the  test, 
that  most  children  of  the  age  to  take  up  this  subject  of 
percentage  will  be  imder  the  impression  that  a  sale  at  a 
discount  means  a  loss  to  the  seller.  Goods  marked  to 
sell  for  60^  and  sold  for  sojzf  will  impress  them  as  a 
losing  bargain  for  the  merchant.  This  is  doubtless 
merely  an  impression  that  has  remained  until  it  seems 
to  them  a  fact  not  to  be  disputed.  One  of  the  duties  of 
the  teacher  in  this  trade  discount  work  is  thoroughly  to 
disabuse  the  children's  minds  of  this  idea.  The  question 
must  be  asked  quite  often.  How  much  did  he  lose? 
If  the  child's  reply  is  an  admission  of  a  loss,  the  teacher 
must  state  emphatically  that  there  was  a  good  profit. 
The  teacher's  attitude,  in  the  absence  of  good  evidence 
that  there  was  or  must  have  been  a  loss,  must  invariably 
be  that  there  is  not  the  slightest  doubt  that  the  mer- 
chant made  a  profit.  It  is  only  by  this  emphatic  insis- 
tence upon  the  opposite  view — that  discount  sales  are 
sources  of  profit — that  the  child  can  be  drawn  away 
from  his  seemingly  natural  tendency  to  associate 
discounts  with  losses. 

*  Some  pupils  will  write  this  statement — |  =  $11.27+ 
$3.22  =$14,49  M.  P.  This  is  proper  and  should  be 
fully  approved  and  accepted. 
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5.  Mixed  Exercises  in  Gain,  Loss,  and  Trade 
Discount 

Exercises  should  be  given  daily  in  the  solu- 
tion of  mixed  problems  in  gain,  loss,  and  trade 
discount.  Such  exercises  should  continue  dur- 
ing the  development  work  that  follows.  In 
most  of  these  exercises  the  pupil  should  be 
required  to  make  the  diagrams  as  well  as  the 
computations.  As  has  been  suggested,  the 
teacher  should  be  insistent  upon  the  solutions 
being  made  in  every  case  in  the  statement  form 
as  in  the  development  work.  The  teacher 
should  be  insistent  also  upon  the  pupil's 
beginning  his  solution  work  with  the  statement 
according  to  the  problem,  This  is  a  gain  prob- 
lem, the  whole  is  the  cost;  or,  This  is  a  loss 
problem,  the  whole  is  the  cost;  or.  This  is  a 
trade  discount  problem,  the  whole  is  the 
marked  price.  The  habit  of  thus  looking 
into  a  problem  to  determine  its  nature  before 
attempting  a  diagram  or  statement  helps  to 
insure  the  child  against  needless  errors  like 
solving  a  gain  problem  as  if  it  related  to  a  loss 
or  a  trade  discoiuit  transaction. 

6.  Double  Trade-Discounts 

This  step  has  to  do  with  the  problems  arising 
from  sales  of  goods  where  two  discounts  are 
given.    The  teacher  will  imderstand  that  this 
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work  with  common  fraction  discounts  is  merely 
preparation  for  the  regular  work  later  with 
hundredths. 

a.  Oral  Exercises 
The  aim  here  is  to  use  very  simple  problems  as 
a  means  of  giving  the  child  information  about 
double  discounts — what  we  mean  by  such  dis- 
coimtsand  how  the  second  discotmt  is  computed . 
"Goods  marked  to  sell  for  $24  were  sold 
at  ^  and  -^  off." 

"This  means  that  the  merchant  gave  a 
trade  discoimt  of  -J.  That  would  give  a  selling 
price  of  $20.  He  gave,  however,  another  dis- 
coimt  of  -g^.  This  means  ^  of  the  new  selling 
price,  $20.  For  this  latter  discount,  therefore, 
the  $20  is  the  marked  price." 

(t),  I  =M.  P.  =$24 
i=D.  =$4 
f^^S.P.  =$20 
f  =124 

i=iof$24=$4,  D. 
|=5X$4=$20,  S.  P. 
The  above  are  the  diagram,  outline  state- 
ment, and  analytical  solution  for  first  discount. 
I,  I  =M.P.  =$20 

^=D.       =$1  -      S.R    _0. 

it=S.P.    =$19 


«20  S.R 

D. 

5 
6 

.  1 
^6 

»24    M.R 

""^ 

\%=$20 


19 
20 


S  20  M.R 


^=^of  $20=$I,D. 

4f  =  i9X$i=|i9,  S.  P. 
The  above  are  the  diagram,  etc.,  for  the 
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final  discoimt.  The  instruction  sHould  aim  to 
inform  the  pupil  how  two  discoimts  are  com- 
puted— the  first  on  the  first  marked  price  and 
the  second  on  the  first  selling  price  used  as  a 
new  marked  price.  This  develops  that  there 
are  as  many  problems  and  as  many  solutions 
as  there  are  successive  discounts. 

"Sold  goods  for  $21.60  after  giving  succes- 
sive discounts  of  \  and  ■^."  5  p  P 

("This  is  two  trade  dis- 
count problems  in  one." 
"The  whole  in  a  trade  dis- 


4 


coimt  problem  is  the  marked  price."  '^•'^• 

"Being  discoimt  problems    I   'take  off'  in 
each. "  "  I  make  picturesof  the  two  problems. ' ') 

(t),  i=M.P.= 


12^60  Sj>._ 

0. 

i=D.       = 

9 
10 

ii^ 

i=s.  P.  = 

(U),  I  =M.  P.  = 

^"^^    M.R 

j^=S.  P.  =$21.60 

The  above  are  the  two  diagrams  and  the 
first  stages  of  the  two  outline  statements  that 
the  pupil  makes  directly  from  the  problem. 
The  pupil  is  now  ready  to  begin  his  solutions. 

From  the  outline,  it  is  readily  seen  that  the 
second  problem  is  the  first  to  solve — 


^=$21.60 


^3^=iof$2i.6o=$2.40,  D. 
ig  =  10X2.40  =$24,  M.  P. 
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The  pupil  now  completes  the  26.  outline  by- 
putting  the  $24  in  its  place  as  the  M.  P.  of  that 
problem— (^),  i  =M.  P.  =$24 

^=D.       =$2.40 
i^=S.  P.    =$21.60 
The  pupil  has  learned  that  the  S.  P.  of  the 
first   discount   is   always   the   M.  P.    of   the 
second  discount. 

The  $24,  the  M.  P.  of  the  second  outline,  is 
now  written  in  the  S.  P.  part  of  the  first  out- 
line and  the  solution  made. 
(t),  i=M.P.=l32  i=$24 

i=D.       =$8  i=iof$24=$8,  D. 

f=S.  P.    =$24  t=4X$8=$32,M.P. 

The  above  shows  the  first  outline  in  its 

completed  form  and  the  analytical  statement. 

"A  merchant  sold  goods  for  $24.50  after 

successive  discounts  of  ^ and  -§-."  "Diagram."* 

("This  is  two  problems  in  trade  discount." 

"The  whole  in  a  trade  discount  problem  is  the 

marked  price." 

' '  In  trade  discount  we  take  off. 
"I  will  first  make  the  diagrams.") 
(I),  I  =M.  P.      =$42. 
S.P  D.  i=D.  =$14. 

=$28.00 


2. 
3 


M.P. 


S.P. 


■3  =$28. 

i  =i  of  $28  =$14,  D. 
|=3X$i4    =$42,  M.  P. 


*  See  Note  2  above. 
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(f),  i=M.P.   =$28. 

J  =D.  =$3.50  t_24.50  5.R     D. 

|=S.  P.     =$24.50 


J  =$24.50  

i  =1  of  24.50  =$3.50,  D.    ^ j^p^ 

f=8X$3.50  =$28,  M.  P. 
Several  double  trade-discount  problems 
should  be  given  and  then  single  and  double 
problems  of  this  class  should  form  a  part  of 
the  work  in  mixed  problems  that  pupils 
should  have  daily  for  seat  practice  work  in 
gain,  loss,  and  trade  discount. 

D.  Collecting 

/.  The  Aims  and  the  Vocabulary 
The  first  step  in  this  subject  is  a  series  of 
explanatory  illustrations  of  what  is  meant  by 
collecting  debts;  what  conditions  make  paid 
collectors  of  business  debts  necessary;  and 
what  we  mean  by  collecting  agent,  commis- 
sion, and  net  proceeds. 

"A  merchant  sold  goods  to  Mr.  A  for  $41. 
Mr.  A  failed  to  pay.  The  merchant  finally 
asked  a  lawyer  to  collect.  The  latter  collected 
the  debt  and  gave  the  merchant  $38,  the  rest 
of  the  money  being  kept  as  his  pay  for  the 
service. 

•    The  $3,  the  collector's  pay,  is  called  the 
commission.    This  commission  is  deducted  by 
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the  collector  from  the  amount  collected  and  the 
balance  is  paid  over  to  the  merchant. 

The  $T,8,  the  amount  that  the  merchant 
received  from  his  collector,  is  called  the  net 
proceeds.  The  amount  that  the  agent  col- 
lected, $41,  goes  under  the  name  of  amount 
collected.  This  is  sometimes  called  the  gross 
proceeds. 

Net  proceeds  means  the  amoimt  that  is  left 
after  all  the  expenses  of  collection  have  been 
taken  out.    In  this  case  it  is  $38. 

Gross  proceeds  means  the  whole  amoimt  col- 
lected.   In  this  case  it  is  I4 1. 

(The  items  net  and  gross  are  in  such  common 
use  as  business  terms  that  they  should  be 
careftdly  developed  and  worked  into  the 
child's  vocabulary.) 

The  amount  of  a  debt  and  the  amount  col- 
lected must  be  very  carefully  discriminated. 
Illustrative  problems  should  be  given  in  which 
the  collector  was  able  to  collect  only  a  part 
of  the  debt.    (See  j  below.) 

When  the  agent  collects  the  ftill  amoimt  of 
the  debt,  the  debt  and  the  amount  collected  are 
equal.  When  the  amount  of  the  collection, 
the  gross  proceeds,  is  less  than  the  full  amount 
of  the  accoimt,  the  pupil  must  discriminate  in 
making  up  his  statement  "items." 

The  "items"  in  a  collecting  problem  are 
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three — the  gross  proceeds  (amount  collected), 
the  commission,  and  the  net  proceeds. 

The  whole  in  a  collecting  problem  is  the 
amoimt  actually  collected,  the  gross  proceeds. 

The  term  agent  should  be  illustrated  and 
defined.  There  are  agents  of  all  kinds — collect- 
ing agents,  purchasing  agents  who  buy  goods 
for  merchants  or  others,  selling  agents,  insur- 
ance agents,  etc.  What  these  various  agents 
do  is  a  part  of  the  development  of  the  term. 

Agents  are  sometimes  employed  at  regular 
salaries.  The  problems  of  collecting  have  noth- 
ing to  do  with  the  pay  of  salaried  agents. 
Their  pay  is  not  classed  under  commissions. 

"Collecting"  has  to  do  with  the  work  and 
compensation  of  agents  who  collect  for  some 
part  of  the  amount  collected. 

These  are  some  of  the  facts  that  must  be 
taught.  This  "content"  of  collecting  is  the 
most  valuable  part  of  the  work  in  the  subject. 
We  should  regard  the  computation  part  as 
entirely  secondary,  as  being  for  the  sake  of  the 
content  more  than  for  the  sake  of  arithmetical 
power.  However,  an  informational  outline  in 
this  subject  that  does  not  provide  for  simple 
computations  would  lack  vitality. 

2.   The  Factors  in  Collecting 

The  introduction  should  be  made  through  a 
simple  problem. 
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"A  collector  was  paid  $3  for  collecting  an 
account  of  $30." 

"What  items  do  we  know  in  this  prob- 
lem?" 

("The  amount  collected,  $30;  the  commis- 
sion, $3;  and  the  net  proceeds,  $2^.'') 

"How  many  items?"     ("Three.") 

"In  a  collecting  problem,  there  are  three 

and  only  three  items.    The  amount  collected 

is  the  whole,  the  other  items  are  parts.'" 

"You   may   write   the   fractions."      C'M' 
3     27  "^ 

30'    30-     / 

The  questions  are  now  asked  as  to  what 
each  is  the  fraction  of. 

"In  a  collecting  diagram  should  we  'add 
on'  or  should  we  'take  off '  "? 

gram." 

The  experience  that  the 
pupil  has  had  in  gain,  loss, 


Am.  C.«30  ^j^(j    trade    discount,    will 

make  explanations  almost  unnecessary.    The 
diagram  will  be  made  without  suggestion. 

("This  is  a  collecting  problem  therefore  we 
take  off.") 

"You  may  outline  and  solve." 
I  =Am.  C.  =$30     fo  =   I  =Amoimt  Collected. 

=  C.  =$3     -^  =  1^  =  Commission. 

=  N.  P.     =$27     U=^  =Net  Proceeds. 
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"A  collector  received  $9  for  collecting  a 
debt  on  a  commission  of  3^."    "Diagram." 

("This  is  a  collecting  problem.  We  take 
off.") 

("The  whole  is  the  amoimt  collected.") 

(«)^=Am.C.  =$67.50  ^^        ^,g 

15 


=  C.         =$  9.00 
i|=N.P.     =$58.50 


13 
15 


A=l9,  c.  ^ 

33^  =i  of  $9  =$4.50  Am.C. 

i|  =  i3X$4.5o=$58.50,  N.  P. 
if  =  15  X$4-50  =$67.50,  Am.  C. 

Several  problems  in  collecting  should  now 
be  given. 

(No  ftirther  suggestions  need  be  made  here 
on  this  subject  ot  collecting.  The  plan  as  to 
the  pupil's  oral  work  in  connection  with  the 
diagrams  and' .outline  statements,  as  to  ques- 
tions to  be  asked,  and  as  to  the  forms  of  dia- 
grams and  statements,  is  the  same  as  that  for 
gain,  loss,  and  trade  discount.) 

J.  Special  Problems  on  Amount  Collected 

The  child  is  taught  in  connection  with  the 
informational  work  on  this  subject  that  the 
amount  collected  is  not  necessarily  the  face  of 
the  debt  or  accoimt.  No  ordinary  amoimt  of 
instruction,  however,  will  give  this  the  force 
and  the  reality  that  it  acquires  when  the  fact 
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comes  to  him  when  he  is  in  difficulties.    The 
following  problem  will  illustrate : 

"A  collector  was  given  an  accoimt  of  $80  for 
collection  at  a  commission  of  ^.  As  the  result 
of  his  work  he  paid  over  to  the  merchant 

I56." 

Most  pupils,  regardless  of  the  fact  that 
they  may  have  solved  a  dozen  or  more  col- 
lecting problems,  will  make  the  statement  as 
follows: 

(f),  I  =Amt.  C.  =$80 
i  =C.  = 

|=N.P.      =$56 

The  analytical  computation  will  show  the 
pupil  that  the  statement  will  not  prove.  It 
is  out  of  balance. 

The  pupil  reaches  the  conclusion  at  once,  the 
agent  was  dishonest. 

With  regard  to  questions  of  honesty,  the 
teacher  must  state,  and  state  with  emphasis, 
that  problems  for  solution  assume  honesty  in 
transactions.  This  question  must  not  enter 
into  the  considerations. 

This  being  disposed  of,  the  only  allowable 
suggestion  in  the  difficulty  is  to  read  the  prob- 
lem again  to  see  what  it  says.  Does  it  state 
any  thing  positively  so  that  we  may  find  what 
is  wrong.  The  8o-dollar  item  or  the  56-dollar 
item  must  be  wrong. 
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This  reading  may  lead  to  the  conclusion 
that  the  merchant  received  $56  and  this  is 
surely  the  net  proceeds. 

The  pupils,  if  they  so  decide,  make  the  state- 
ment with  $56.  The  teacher  puts  on  the  black- 
board the  statement  with  $80  as  follows: 

The  pupil's  statement  — 
(I),  I  =Amt.  C.  =$63 


1 

9 

=c. 

=$7 

8 
9 

=  N.  P. 

=  $56 

8 
9^ 

=$56 

i 

=  iof$56 

=  $7,  C. 

1 

=  9X$7=; 

^63,  Amt. 

,  C. 

The  teacher's  statement— 

(f): 

,    I   ■■ 

=Amt.  C. 

=  |8o 

1   . 
9 

=  C. 

=$  8.89 

8  . 

9  ■ 

=  N.  P. 

=  $71-11 

9.  . 
9 

=  $80 

1   . 
9  " 

=iof$8o 

=  $8.88f, 

c. 

f  =8X$8.88t=$7i.iii,  N.  P. 

Both  statements  balance. 

The  teacher's  statement  involves  dishonesty 
or  error  in  computation  on  the  part  of  the 
agent.  Either  supposition  is  impossible  to 
consider  in  school  room  work. 

The  pupil's  statement  must  therefore  be  the 
correct  one. 

What  is  the  conclusion?  That  the  collector 
failed  to  collect  the  whole  debt. 
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The  problem  purposely  left  this  fact  out. 

The  solution  should  discover  it. 

Problems  of  this  kind  should  be  given  occa- 
sionally in  the  mixed  problem  work  in  4.  They 
serve  a  very  valuable  purpose — 

(i)  In  forcing  the  child  to  be  discriminating 
in  determining  the  "items"  in  a  problem. 

(2)  In  teaching  him  how  to  use  a  statement 
that  does  not  balance — to  check  up  the  error. 

4.  Mixed  Exercises  for  Seat  Work 

These  should  include  problems  in  gain,  loss, 
trade  discount,  and  collecting.  The  problems 
in  collecting  should  include  occasionally  one 
like  those  discussed  in  j  above. 

E.  Commission 

I.  Selling  Commission 
a.  The  Vocabulary 

The  information  work  imder  this  subject 
includes  the  following: 

Commission  merchant — a  merchant  who 
sells  or  buys  goods  for  others,  generally  re- 
ceiving pay  for  his  services  in  proportion  to 
the  amoimt  of  the  sales  or  purchases. 

Commission  merchants  for  arithmetical 
purposes  are  selHng  merchants  and  buying 
merchants. 


APPLIED  WORK  IN  PERCENTAGE      8oi 

One  commission  merchant  may  be  both  a 
selling  agent  and  a  buying  agent. 

Commission — the  amount  paid  the  agent 
for  services  in  buying  or  in  selling. 

Amoimt  sold — the  amount  paid  the  agent 
for  the  goods,  the  gross  proceeds  of  the  sale. 
This  is  called  the  selling  price. 

Net  proceeds — the  amoimt  paid  by  the 
selling  agent  to  the  person  for  whom  he  sold 
the  goods.  It  is  the  gross  proceeds  less  the 
agent's  commission  for  selling.  It  is  what  the 
merchant  receives  from  his  selling  agent. 

Kinds  of  commission.  There  are  two  kinds 
of  commission,  selling  commission  and  buying 
commission. 

6.  The  Factors  in  Selling  Commission 
The  items  in  a  selling  commission  problem 
are  three — the  gross  proceeds  (the  agent's  sell- 
ing price),  the  net  proceeds,  and  the  agent's 
commission. 

The  whole  in  a  selling  commission  problem — 
the  agent's  selling  price  (the  gross  proceeds). 

c.  Diagrams  and  Statements 
"A  grain  dealer  sent  wheat  to  his  agent  for 

sale .    The  grain  was  sold  by  the  agent  for  ^814. 

The  agent  sent  the  dealer  $773.30." 

"This  is  a  problem  in  selling  commission." 
"  The  whole  is  the  agent's  selling  price,  $814.'* 
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"In  a  selling  commission  problem  we  take 
off." 

(M),  I  =A.  S.  P.  =$814.00 

=  C.  =1  40.70 

P. ^=$77330 


N.P»7 73.30    C. 


1 
20 

20  —  ■'■^• 


=  1 


A,S.R  «8I4 


814 

814 

407  _    1 

814  ~20 

7733  _  1  9  _  TSJ     P 

814  — 20""-'-^'-^* 


=A.  S.  P. 
=  C. 


"An  agent  sold  goods  on  a  commission  of 
^  and  sent  to  the  dealer  as  the  proceeds  of  the 
sale  $66." 

(ff),  i=A.S.P.=$7i-74 
^=C.  =$574 

J|=N.P.     =166 


N.P. 


C 


23 
25 

XS.R 


ff=l66 


^=Aof$66     =$2.86ff 

^=2X2.86f|    =   5.73U 

||=25X2.86||  =  7i.73|i, 

A.  S.  P. 

d.  Mixed  Exercises 

Several  exercises  should  be  given  in  this 
class  of  problems  and  then  they  shoiild  find  a 
place  in  the  daily  seat  work  among  the  mixed 
problems. 

Note. — The  following  problem  with  its  diagram  and 
solution  are  given  here  to  show  the  teacher  the  form  of 
work  with  problems  which  involve  charges  for  freight, 
insurance,  etc. : 

"Sent  a  consignment  of  goods  to  my  agent  for  sale 
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on  a  commission  of  t^.  The  agent  sold  the  goods  and 
sent  me,  after  deducting  his  commission  and  $12  for 
freight  and  cartage  charges,  $507." 

Remittance  by  the  agent $507 

Charges  deducted  by  the  agent $  12 

Net  Proceeds  of  Sale $519 

i=A.  S.  P.  =  $532.3i 

1eV=C.  =  $3.3i  _      N.R  C 

f|  =  N.  P.  =  $si9 


f|  =  $5i9 


39 
40 


^  =  ^of  $5i9  =  $i3-3o|§  _ 

|^  =  4oX$i3.30  |  =  $S32.3oii,  A.S.R 

A.  S.  P. 

The  teacher  will  observe  that  the  commission  is 
regularly  and  always  reckoned  on  what  the  agent  sells 
the  goods  for.  In  the  problem  above  the  agent  actually 
sold  the  goods  for  $53  2 .3 1 .  He  took  for  his  commission 
-^  of  this.  He  paid  the  freight  charges  out  of  the 
remainder,  $519.  This  left  for  the  consignor  $519  — 
$12  =$507.  The  fact  of  freight,  insurance,  or  other 
charges  makes  no  difference  in  the  computation  of 
commissions.  This  principle  applies  in  *  'Buying  Com- 
mission" work  also.  Commissions,  net  proceeds,  etc., 
are  not  changed  in  form  of  reckoning  on  account  of 
freight  or  other  charges. 

2.  Buying  Commission 
The  information  connected  with  this  subject 
is  practically  the  same  as  for  "selling  com- 
mission" excepting  that — 
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The  whole  is  the  agent's  buying  price,  what 
the  agent  pays  for  the  goods. 

The  agent  adds  his  commission  to  what  he 
pays  for  the  goods,  the  total  of  these  two  items 
being  the  amotmt  due  the  agent. 

The  total  cost  of  the  goods,  therefore,  is  the 
agent's  buying  price  and  the  commission. 

The  "items"  in  a  "buying  commission" 
problem  are  three — the  agent's  buying  price, 
the  commission,  and  the  total  cost. 

"A  commission  merchant  bought  goods  for 
his  principal  for  $600.  His  commission  was 
$25." 

"This  is  a  'buying  commission'  prob- 
lem." 

"The  whole  is  the  agent's  buying  price, 
I600." 

"It  being  a  'buying  commission'  problem, 
we  add  on." 

I  =A.  B.  P.    =$600 

Tor^C. A=C.  =$  25 

ff=  Tot.  Cost  =$625 

^-^^  =  1    =A  B.  P 


A.B.R^eOO     c    -ih=-h=^' 


625  _ 25  —Tnf   nn<rfc 
6"oo  -^T  -  ^^^'  ^-^=>^' 


"A  merchant  purchased  goods  through  a 
commission  house  at  a  commission  of  -^.  The 
total  cost  of  the  goods  was  $265." 
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3 

50 

f^=  Tot.  Cost 


50 
50 


(fg),  I  =A.  B.  P.    =$250 

C.  =$   15  Tot.C.«265 

=  $265 

^=J^  of  $265  =$5  A.B.R 

M=50X$5       =|250,A.B.P. 

The  following  problem  is  given  here  with  the 
diagram  and  solution  in  order  to  show  the 
teacher  the  proper  treatment  of  problems 
which  involve  expenditures  by  the  agent  for 
freight,  insurance,  etc. 

"My  agent  bought  goods  for  me  on  a  com- 
mission of  yq.  His  commission  was  $14.40  and 
there  were  expenses  as  follows:  freight  I4.30, 
insurance  $2.60." 

(■|g),i=A.  B.  P.  =$288.00 

^=C.  =$  14.40 

fi  =Tot.Cost=$302.40 


Tof.  C. 


20 

20 


A.B.R 


A  =$1440 

f^  =20  X$i440  =$288,  A.  B.  P. 

fi  =21  X$i440  =$302.40,  Tot.  Cost 

Total  Buying  Cost $302.40 

Charges— Freight  . . .   $4.30 

Insurance.     $2.60        6.90 


« 14.40 


Cost  of  goods  to  merchants  $309.30 


8o6         NUMBER  BY  DEVELOPMENT 

MIXED    EXERCISES 

Buying  Commission  problems  should  now 
be  among  the  mixed  exercises  for  daily  seat 
work. 

F.  Fire  Insurance 

I.  The  Plan 
Every  pupil  of  the  age  to  take  up  applied 
percentage  in  school  is  more  or  less  familiar 
with  the  many  forms  of  insiu*ance  that  touch 
ordinary  life.  Fire  insurance,  life  insurance, 
accident  insurance,  burglar  insurance,  auto- 
mobile insurance,  etc.  are  matters  that  could 
hardly  be  unfamiliar  terms  with  children  who 
have  had  any  contact  with  e very-day  affairs. 
They  know  enough  of  fire  insurance  to  make 
it  imnecessary  to  make  any  developments.  It 
is  perfectly  proper  for  the  teacher  to  assume 
that  policy,  premiimi,  insurer,  and  insured  are 
well  enough  understood  for  her  to  introduce 
fire  insurance  instruction  by  simply  organizing 
and  making  more  definite  the  knowledge  that 
the  pupils  possess. 

2.  Oral  Exercises — Introduction 
This  introduction  should  be  conducted  in 
oral  exercises  devoted  wholly  to  discussions  of 
what  they  know  and  think  about  fire  insurance 
with  a  view  to  correct  any  erroneous  impres- 
sions in  minor  matters  that  some  may  have. 
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but  particularly  to  make  definite  their  knowl- 
edge of  the  meanings  of  terms. 

The  matters  to  be  discussed  in  these  exer- 
cises should  cover  the  following  points :  * 

(i)  That  the  fire  insurance  company  prom- 
ises to  make  the  owner  sure  (to  protect  him) 
against  loss  by  fire,  to  a  given  amount. 

(2)  That  the  owner  pays  the  company  for 
assuming  this  risk — premium, 

(3)  That  the  promise  must  be  written  so 
that  there  could  be  no  dispute  later  about  the 
agreement.  This  brings  policy,  the  written 
promise,  into  use  and  definition. 

(4)  That  this  promise  relates  to  protection 
from  loss  on  particular  property,  which  must 
be  spoken  of  in  the  promise  very  definitely. 

(5)  That  the  promise  must  relate  to  such 
protection  for  a  definite  period  of  time,  the 
agreement  being  very  clear  as  to  when  the 
protection  begins  and  when  it  ends — expires. 
Term,  of  the  policy,  expiration. 

(6)  That  the  insurer  promises  protection  to 
the  insured. 

*  The  teacher  will  understand  that  although  for 
the  sake  of  brevity  of  statement,  it  has  been  necessary 
to  make  this  outline  of  "points"  very  formal,  the 
oral  work  which  it  suggests  must  be  conducted  in  a 
manner  as  informal  as  possible.  It  has  not  seemed 
necessary  to  suggest  the  method — simply  the  material 
Vol.  III-21 
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J.  Written  Exercises 
a.  The  Policy 
Following  the  oral  introduction,  the  teacher 
should  take  up  written  construction  work  on 
the  insurance  policy.  This  consists  in  writing 
the  insurance  agreements  in  a  rough  form — 
mere  written  promises  that  cover  the  "points  " 
which  the  oral  introduction  has  organized  and 
emphasized.  It  is  a  series  of  lessons  in  written 
language  in  which  the  aim  is  written  promises 
to  protect  against  loss,  the  requirement  being 
that  the  pupil  state  the  full  promise  in  definite, 
connected,  clear  language. 

Note. — The  teacher  is  warned  that  a  real  policy 
of  fire  insurance  must  not  under  any  circumstances  be 
brought  before  the  class  until  after  the  completion  of 
this  written  work.  The  study  of  a  real  policy  would 
destroy  the  value  of  the  written  work  here  contemplated. 
The  child  would  try  to  copy  what  he  might  hastily 
glean  from  looking  at  or  discussing  such  policy.  What 
we  want  here  is  concentration  upon  the  essential  points 
in  an  insurance  promise.  Stating  his  conception  of  it 
makes  for  the  closest  attention  to  these  points  without 
the  form  or  language  being  influenced  by  what  the 
child  may  have  seen  on  a  formal  policy.  The  real 
insurance  policy  is  a  document  that  only  the  mature, 
trained  mind  can  understand.    Every  child  should  have 


of  the  discussion.  These  discussions  should  be  kept, 
so  far  as  possible,  from  extending  beyond  the  simple 
facts  and  terms  outlined. 
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an  opportunity  to  see  one,  but  it  should  be  after  he  has 
•written  policies  of  his  own  in  his  own  language  stating 
the  essential  points  of  the  agreements,  the  real  policy 
being  studied  very  briefly  afterwards  with  the  sole 
purpose  of  picking  out  from  the  verbiage  the  fact  that 
the  policy  contains  in  long  drawn  out  form,  so  far  as 
the  promises  and  period  and  signature  are  concerned, 
the  very  points  that  he  has  forecast  in  his  own  little 
policies.  What  the  child  should  know  about  fire  insur- 
ance policies  is  what  they  are  all  about.  This  he  gets 
from  writing  his  own  insurance  policies.  The  use  of  the 
real  policy  is  to  verify  his  forecast. 

b.  The  Essential  Features 
So  far  as  the  elementary  school  pupil  is 
concerned,  the  essential  features  of  a  fire 
insurance  policy — the  features  that  he  must 
embody  in  the  written  policies  that  he  com- 
poses— are — 

(i)  The  date  of  the  promise,  like  the  head- 
ing of  letters  that  he  has  been  taught. 

(2)  The  receipt  for  the  premium. 

(3)  The  promise  to  protect. 

(4)  The  amount  of  the  promised  protection 
— the  face  of  the  policy. 

(5)  The  definite  statement  of  the  property 
insiu'ed. 

(6)  The  date  when  the  protection  begins. 

(7)  The  date  when  the  protection  ceases. 

(8)  The  name  of  the  person  insured 

(9)  The  signature  of  the  insurer. 
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c.  Preliminary  Information 

This  outline  should  be  written  on  the  black- 
board before  the  pupils  begin  to  write  their 
policies  (promises). 

The  points  in  the  outline  have  been  covered 
in  the  Oral  Exercises  (see  2  above).  The 
outline  (in  h  above)  is  placed  on  the  black- 
board now  as  a  guide  in  writing — to  know 
when  the  "promise"  (his  policy)  is  complete. 

The  pupils  should  know  in  advance  that  the 
promise  must,  like  any  letter,  have  a  regular 
"heading"  but  not  di  "salutation." 

The  letter  should  begin  with  a  receipt  for 
the  premiimi. 

Before  the  pupils  are  ready  for  this  work, 
they  should  know  how  to  describe  houses  and 
lots. 

(In  some  cities  lots  are  described"  by  metes 
and  bounds. ' '  In  such  cases  the  pupils'  ' '  prom- 
ises" (which  must  always  relate  to  houses  or 
other  property  within  view  from  the  school 
windows  or  to  houses  whose  locations  and 
descriptions  are  well  known)  should  describe 
houses  by  street  and  number.  In  cities  where 
descriptions  are  in  terms  of  Lot — of  Block — 

in Addition  to  the  City  of ,  or 

similar  plan,  this  form  is  sufficiently  simple. 
We  should  aim  for  descriptions  that  are  as 
simple  as  is  compatible  with  definiteness  of 
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location  so  far  as  the  child  knows.  Our 
business  now  is  the  insurance  policy,  not  real- 
estate  descriptions. 

Pupils  must  also  be  taught  to  describe 
houses  in  a  very  simple  way — one  story,  frame, 
slate  roof,  dwelling  house;  two  story,  brick, 
shingle  roof,  dwelling;  three  story,  brick, 
gravel  roof,  store  bmlding;  etc. 

It  is  well  for  the  teacher  to  know  in  advance 
approximately  what  the  annual  insurance 
rates  are  so  that  she  may  guide  the  pupils 
against  putting  premiimi  rates  ridiculously 
high  or  low.  If  thought  desirable,  premium 
rates  and  consequently  premiums  may  enter 
into  the  Oral  Exercise  work  above.  In  that 
case  pupils  would  be  prepared  in  this  matter 
at  this  time.) 

d.  The  "Promises" 

The  insurer  should,  at  first,  be  the  pupil 
himself.  The  insured  should  be  the  owner  of 
the  house,  which  should  be  some  particular 
house  in  the  neighborhood.  The  amount  of 
the  insurance — in  each  case  the  face  of  the 
policy — should  be  agreed  upon  in  advance. 
The  amount  of  the  premium  should  also  be 
agreed  upon. 

Later,  the  insurer  should  be  some  person  in 
the  room  other  than  the  writer.    The  aim  here 
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is  to  give  experience  in  having  the  right  name 
signed  to  the  promise.  The  pupil  needs  this 
experience  to  compel  him  to  discriminate  as  to 
whose  signature  the  "promise"  requires. 

Last  of  all,  the  "promises"  are  to  be  made 
by  regular  insurance  companies.  Every  child 
knows  the  names  of  half  a  dozen  fire  insurance 
companies.  These  should  furnish  the  names 
of  the  insurers  in  their  "promises." 

The  first  set  of  compositions  ("promises") 
should  be  corrected  first  as  language  exercises 
— corrected  as  to  spelling,  English,  and  so 
much  of  punctuation  and  capitals  as  their 
language  course  has  thus  far  developed.  This 
correction  work  ought  to  be  in  the  form  of 
class  exercises  with  several  of  the  papers 
copied  on  the  blackboard  and  not  by  the 
teacher  after  school  hotirs.  The  pupils  should 
have  a  part  in  the  correcting. 

After  the  compositions  on  the  blackboard 
have  been  corrected  thus  as  to  the  English, 
etc.,  the  teacher  should  suggest  any  omis- 
sions that  there  may  be  in  each — 

"You  did  not  receipt  for  the  premitim" ;  or, 

"You  do  not  have  a  signature.  A  person 
does  not  promise  until  he  signs.  An  unsigned 
promise  is  not  a  promise";  or, 

"You  did,  not  state  the  time  of  expira- 
tion": etc. 
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The  compositions  are  now  laid  aside  and 
each  writes  another  "promise."  The  English 
is  again  corrected  and  the  omissions  again 
noted.  After  three  or  four  "promises"  have 
been  written,  complete  productions  will  be 
found.  These  repeated  compositions  will  be 
valuable  for  written  EngHsh  and  will  fix  thor- 
oughly the  essential  points  in  a  fire  policy. 

The  following  has  been  selected  as  a  good 
representation  of  the  form  of  the  completed 
"promise"   that  this  written  work  contem- 
plates: ^,.  -, 
^                                                      Chicopee,  Mass., 

February  8,  191 7. 
I  have  received  from  N.  P.  Carter  seven 
dollars  and  fifty  cents.  For  this  I  promise  to 
insure  him  against  loss  by  fire  on  his  two -story 
frame,  slate  roof  dwelling,  No.  256  Grove 
Street,  Chicopee  Falls,  to  the  amoimt  of  one 
thousand  two  hundred  dollars,  from  twelve 
o'clock  noon  February  9,  191 7,  to  twelve 
o'clock 'noori  February  9,  191 8. 

Allen  T.  Howard. 

e.  The  Owner 

After  each  written  exercise,  the  pupil  should 
be  asked  the  questions— 

Who  owns  that  promise  (policy)  ? 

In  whose  pocket  or  box  or  safe  should  it 
be  placed? 
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Why  should  he  have  it? 

It  is  with  these  "promises"  as  with  receipts, 
orders,  notes,  etc.  The  pupil  must  learn  who 
the  proper  holder  is.  Without  this  feature  of 
the  work,  the  teacher  may  find  the  pupil 
delivering  a  policy  to  the  insurer. 

The  above  questions  should  be  asked  of  each 
written  promise  whether  it  is  perfect  or 
imperfect. 

/.  Diagrams  and  Solutions 

The  "items"  in  insurance  are  three — pre- 
miumjace,  and  net  insurance — the  net  return  in 
case  of  total  loss.      The 
Carter    "  poHcy  "    above  .^— ^Jgtlng:^7.50 

would  appear  as  follows : 

I  =F.  =$1200 

^=P.  =$7-50  ?.%\2Q0' 

^=N.  Ins.  =$1192.50 

1200      _    T  —TTopp 

1200""^  ~      ""^^ 

7.5 


u%  =T6o"  =Rate  of  Premium 


121 

^\\l^^'  =\^  =Rate  of  Net  Insurance. 
The  pupil's  oral  work  in  solution  is — 
(' '  This  is  an  insiu-ance  problem.    The  whole 
is  the  face  of  the  policy." 

"In  an  insurance  problem  we  take  off." 
"I  make  a  diagram.    The  whole  is  the  face. 
The  net  insurance  and  the  premiimi  are  parts.") 
Many  exercises  should  be  given  in  diagram- 
ing, in  solutions,  and  in  writing  "promises" 
from  stated  conditions. 
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g.  The  Real  Insurance  Policy 
A  regular  fire  insurance  policy  is  now  in 
order.    An  expired  policy  is  as  useful  as  one 
that  is  alive  and  it  is  easier  to  obtain. 

The  use  to  be  made  of  it  is  to  find  in  it  the 
"points"  that  the  pupils'  "promises"  have 
contained.  It  is  to  verify  their  work.  The 
other  matter  in  the  policy  may  or  may  not 
be  noted  as  the  teacher  may  think  best.  The 
"points"  are  the  essential  and  only  essential 
features. 

Summary. 

LOSS  AND   GAIN 

The  factors  in  loss  and  gain  are  the  cost  of 
the  goods,  the  gain  or  the  loss,  and  the  selling 
price.  The  cost  is  the  whole;  the  other  two 
factors,  parts. 

Every  statement  in  loss  and  gain  must  be 
made  with  a  view  to  computing  all  the  facts 
in  the  transaction — the  items  and  the  fractions 
which  express  the  measures  of  the  relations. 

The  pupil  is  taught  to  show  the  factors  and 
the  fractions  of  each  problem  in  diagram  form. 

TRADE    DISCOUNT 

The  factors  in  trade  discount  are  the  marked 
price,  the  discoimt,  and  the  selling  price.  The 
marked  price  is  the  whole;  the  other  factors, 
parts. 
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The  pupil  learns  to  show  the  factors  in  their 
relations  with  diagrams. 

Double  trade  discounts  are  developed  with 
the  forms  of  their  diagrams  and  statements. 

COLLECTING 

The  factors  in  collecting  are  the  amoimt  col- 
lected, the  commission,  and  the  net  proceeds. 

The  forms  of  statements  and  the  diagrams 
are  on  the  same  plan  as  those  for  loss  and  gain 
and  trade  discount. 

COMMISSION 

This  subject  includes  selling  commission  and 
buying  commission.  The  factors  in  selling 
commission  are  agent's  selling  price,  the  com- 
mission, and  net  proceeds ;  in  buying  commis- 
sion— agent's  buying  price,  commission,  and 
total  cost  to  the  merchant. 

The  plan  for  commission  follows  that  for  the 
other  subjects. 

FIRE    INSURANCE 

The  factors  are  the  amount  insured,  the 
premium,  and  the  net  insurance. 

The   statement   and   diagram  plans   follow 
those  for  the  other  subjects. 

The  development  aims  to  teach  the  pupil  in 
simple  form  the  essential  featiu-es  of  a  fire 
insurance  policy. 


CHAPTER  III 

INTRODUCTION   OF   DECIMALS — I  GOTHS 

Topics: — Decimal  Fractions  in  Applied  Problems.     Taxation 
Terms  and  Solutions.    The  Methods  with  Multiple  Problems 

A.  Decimal  Fraction  Reviews^ 

Before  the  introduction"  of  decimals  is 
attempted,  the  teacher  must  know  that  her 
pupils  are  fresh  in  the  following  work  with 
decimal  fractions: 

( 1 )  Making  and  reading  the  series  of  decimal 
fraction  equivalents  from  .7,  .9,  .04,  .13,  .5, 
.15, 1. 01, 2.2, 5.3,  etc.  (See  Decimal  Fractions, 
Chapter  VII,  B  and  C.)  This  includes  the 
reading  of  decimal  mixed  nimibers  as  mixed 
numbers  or  as  improper  fractions  as  the 
teacher  shall  direct.  (See  Decimal  Fractions, 
Chapter  VI,  C.) 

(2)  Writing  decimaV  fractions  in  common 
fraction  form  and  in  decimal  fraction  form  as 
the  teacher  may  direct.  The  dictations  are 
.oral. 

(3)  Reading  hundredths  in  per  cent  lan- 
guage. 

(4)  Translating  oral  per  cent  dictations  into 
written  decimal  form. 

(5)  Giving  readily  the  common  fraction 
equivalents  of  per  cent  expressions. 

817 
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B.  Per  Cent  Introduced  in  Solutions 

I.  The  Plan — Two  or  More  Fractions 
The  aim  in  this  step  is  to  teach  the  child 
that  the  loss  and  gain  fractions — C,  G.,  and 
S.  P.;  and  C,  L.,  and  S.  P.,  may  be  in  any 
case  fractions  of  any  name  that  the  individual 
may  choose.  Take  for  illustration  the  prob- 
lem, Sold  at  loss  of  ■§-  and  lost  $2.35.  The 
fractions  may  be  8ths  or  i6ths  or  64ths  or 
8oths  or  looths  as  one  may  elect. 

More  than  that,  we  may  have  two  sets  of 
fractions  or  three  sets  if  we  choose.  In  the  ana- 
lytical solution  we  may  use  any  one  of  the  sets, 
fi,  if.  (f).  I  =C.  =|i8.8o 
3V'  T6"»  s  —^'  —*'  2-35 
f|,H>i=S.P.=$i6.45 
A    "^i  =^2.35  L. 
f|=|=7X$2.35=^i6.45.S.P. 
11=1  =8  X$2.35  =$18.80,  C. 
The  diagram  would  show  the  same  propor- 
tional parts  whatever  fraction  name  is  used. 
In  the  problem  above  the  5  p       l.«2.35 

diagram  would  be — 

If  the  fractions  had  been 
72ds  or  looths,  the   frac-  c 

tions  entered  on  the  diagram  would  have  been 
J  and  J  or  .12^  and  .87 J. 

*  One  point  of  emphasis  in  all  solutions  is  that  we 
must  use  the  fractions  in  their  lowest  terms. 
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2.  The  Introduction — Fractions  in  Lowest 
Terms 
a.  Two  Illustrative  Problems 
No.   I.  "Sold  goods  for  $28  and  made  a 
profit  of  J." 
"Use20ths." 

M,  (i),  I  =C.  =$22.40 
^,  i=G.  =$5.60 
ft,  f  =S.P.  =$28 

If  =f=$28,  S.P. 
^=i=iof|28=$5.6o.G. 
f^=t  =4  X$5.6o  =$22.40,0. 
No.  2.     "Sold  goods  at  a  profit  of  f  and 
gained  $7.60." 
"Use  looths." 

i.oo,  (I),  I  =C.  =$19 
.40,  I  =G.  =$7.60 
1.40,  J=S.  P.  =$26.60 

.40=  .4  =$7.60,  G. 

.1    =1  of  $7.60  =$1.90 
1.00  =1.0  =iox$i.90  =$19,  C. 
1.40  =1.4  =14x1.90  =$26.60,  S.  P. 

h.  Common  Fraction  Solutions  in  Lowest  Terms 
No  I  of  the  above  solutions  shows  a  com- 
mon fraction  rate  of  gain  (J)  written  with 
two  fractions  and  solved,  as  directed,  in  20ths. 
The  only  teaching  necessary  is  (i)  with 
regard  to  the  way  to  write  the  second  fraction 
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(20ths)  at  the  left  of  the  statement,  and  (2) 
that  the  solution  must  be  made  by  the  use  of 
the  fg,  ^,  and  f^  in  their  lowest  terms. 

Several  exercises  using  loss  or  gain  or  trade 
discount  or  collecting,  etc.  should  be  given  for 
solution,  using  common  fractions  as  here  and 
requiring  the  use  of  fractions  not  in  their 
lowest  denominators.  The  solutions  will  bring 
out  that  the  analytical  work  must  be  done 
with  these  fractions  reduced  to  their  lowest 
terms. 

c.  Decimal  Fraction  Solutions  in  Lowest  Terms 

( I )  Regular  Decimal  Language — Himdredths. 

No.  2  of  the  solutions  asks  for  the  use  of 
looths.  In  the  use  of  looths  the  fractions 
must  be  written  invariably  \n  the  decimal  jorm. 
Do  not  use  lOOths  in  common  fraction  form — 
denominators  expressed. 

The  same  principle  applies  as  to  using  the 
fraction  in  the  solution  in  its  lowest  terms. 
The  fractions  here  are  himdredths.  Their 
lowest  decimal  terms  are  loths.  We  can  not 
express  the  three  with  a  common  decimul 
denominator  lower  than  loths.  The  fractions 
before  reduction  are  40  himdredths,  100  hun- 
dredths, and  140  hundredths.  They  should 
be  so  read.  After  reduction  they  are  4  tenths 
I  tenth,  10  tenths,  and  14  tenths. 
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Several  exercises,  using  problems  in  any  or 
all  the  applied  percentage  subjects  that  have 
been  developed,  should  now  be  given  requiring 
the  use  of  looths.  The  problems  should  state 
the  rates  of  the  loss,  gain,  discount,  etc.,  in 
common  fractions  as  in  No.  2.  These  fractions 
should  be  5ths,  loths,  and  halves.  These 
fractions  are  suggested  because  they  will 
involve  reductions  to  lowest  decimal  terms. 

(2)  Language  of  Per  Cent — Two  Fraction 
Outlines. 

Problems  should  now  be  given  in  per  cent 
language. 

The  outlines  should  have  both  common  and 
decimal  fractions. 

The  solutions  should  be  made  with  the  deci- 
mal fractions. 

The  per  cent  should  be  written  in  all  cases 
with  the  use  of  the  decimal  point.  In  out- 
lines, 10%,  20%,  etc.  must  be  written  .10, 
.20,  etc. 

Complex  fraction  per  cents — 33 J%,  12^%, 
etc. — should  not  be  used  while  the  analytical 
work  is  being  developed.  They  must  be  used 
later  but  the  solutions  with  such  fractions 
will  be  by  translating  them  to  common  fraction 
form. 

A  collector  received  $13.90  for  collecting 
at  10%. 
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i.OO,  0%),  I  =Amt.  C.  =$139. 

•10.  TO  =^-  =^    13-90 

.90,^  =N.  p.       =$125.10 

.10  =   .1  =    13.90,  C. 
.90=   .9=9X$i3.90    =$125.10,  N.  P. 
I.OO  =1.0  =ioX$i3.90  =$139.,  Amt.  C. 

Gave  a  discount  of  30%  and  sold  for  $129. 
I.OO,  (1^),  I  =M.  P.  =$184.29 

.30,  -A         =D.       =$  55.29 
.70,^         =S.P.    =$129 
.70=   .7  =$129,  S.  P. 

.1=1  of  $129       =$i8.42f 
.30=   .3=  3X$i8.42f  =$55.28f  D. 
i.oo  =  i.o  =  ioX$i8.42f  =$184.28^,  M.  P. 

A  commission  merchant  received  $39.25  for 
selling  goods  on  a  commission  of  2%.    He  paid 
out  $3.50  for  freight. 
I.OO,  (fj),  I  =A.  S.  P.  =$1962.50 

.02,  ^         =C.  =$    39.25 

.98,  U         =N.  P.     =$1923.25 

.02  =39.25,  c. 

.01  =  i  of  $39-25    =$19-625 

.98=98    X$i9.625  =$1923.25,  N.  P. 
I.OO  =  100  X$i9.625  =$1962.50,  A.  S.  P. 

Net  Proceeds  of  Sale $1923.25 

Freight $3.50 


Due  to  consignor  ....   $1919.75 
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The  above  outlines  and  analytical  solutions 
will  be  sufficient  suggestions  as  to  the  intro- 
ductory work  with  fractions  in  per  cent  lan- 
guage. The  two-fraction  outlines  should  be 
continued  for  several  weeks.  The  common 
fractions  serve  as  a  check  against  errors  in  the 
decimal  fractions.  The  child  should  have  this 
common  fraction  as  a  means  of  verifying  the 
decimal. 

Note — The  teacherwillobservethatinallthe  prob- 
lems given  in  this  outline  for  illustration  purposes  the 
usual  questions  with  which  book  problems  conclude, 
What  was  the  gain  ?  or  What  was  the  rate  of  commis- 
sion? or  What  was  the  selling  price?  or  What  was  the 
premiimi?  etc.,  have  been  omitted.  The  problems  are 
simply  stated  and  the  pupil  is  left  to  find  all  the  results. 

This  is  the  form  in  which  all  problems  in  percentage 
prepared  by  the  teacher  for  development  and  practice 
purposes  should  be  given.  The  pupil  should  acquire 
the  habit  of  finding  all  the  results  in  each  problem. 
This  should  be  done  even  when  the  question,  What  is 
the  — ?  is  asked.  This  full  solution  is  a  great  check 
against  error.  The  student  who  always  completes  the 
outline  statement  will  have  less  errors  in  reasoning  and 
computations. 

When  the  question  is  asked  with  the  problem,  the 
pupil  should  complete  the  outline  and  then  write  be- 
neath his  outline  and  solution  the  answer  to  the 
question — 

The  rate  of  loss  was ;  or, 

The  commission  was  dollars;  or  other  proper 

answer. 

Vol.  III-22 
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(3)  Mixed  Exercises.  Many  miscellaneous 
problems  in  loss,  gain,  trade  discount,  collect- 
ing, etc.,  for  practice  in  solutions  in  per  cent 
language  should  be  given. 

C.  Taxation 

This  is  a  subject  that  involves  a  wide  range 
of  information  that  ordinarily  is  a  part  of  the 
regular  course  in  civics.  It  includes  informa- 
tion relating  to  the  need  of  money  for  public 
purposes;  the  sources  of  the  funds;  and  the 
methods  of  apportionment,  collection,  and 
expenditure.  It  is  introduced  here  because 
of  the  need  of  decimals  and  per  cent  in  its 
development. 

The  vocabulary  includes  the  common  tech- 
nical terms — real  estate,  personal  property, 
assessor,  collector,  poll  tax,  property  tax, 
direct  tax,  indirect  tax,  income  tax,  duty, 
tariff,  import,  export,  impost,  ad  valorem,  spe- 
cific, excise,  internal  revenue,  stamps,  etc. 

Property  taxes,  and  all  duties  and  internal 
revenue  taxes  that  are  ad  valorem  are  included 
properly  under  the  percentage  applications. 

Property-tax  outline  statements  and  solu- 
tions are  of  two  kinds — (i),  those  that  have 
to  do  with  tax  rates  and  total  amounts  of  taxes ; 
and  (2),  those  that  relate  to  the  taxes  of  indi- 
vidual taxpayers.  The  two  following  outlines 
and  solutions  illustrate  the  two  kinds : 
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(a)  1. 00  =  Taxable  Property  =$2150000 
.oi|=Tax.  =$32250 

2150000  ^  T  QQ  =  Whole 

2150000        ^  '^^^        *^  IIUIC. 

32250       _   p,T-   —"Dofp 
2  150000   ~-^^^  —  xvdtc. ^ 

(b)  1. 00  =  Taxable  Property  =$2850 
.oi^=Tax.  =$42.75 

1. 00  =$2850 

.01    =yi^  of  $2850  =$28.50. 

.01^  =  I J  X$28.50  =$42.75,  Tax. 
Of  the  two  outlines  and  solutions  above — 

(a)  is  the  assessors'  first  problem,  to  find 
the  town  tax-rate.  The  problem  outlined  is 
that  of  finding  this  rate  when  the  total  real 
and  personal  property  subject  to  taxation  in 
the  town  is  $2150000  and  the  amount  to  be 
raised  by  the  property  tax  is  $32250.  It  shows 
a  tax-rate  of  i-J  per  cent. 

(b)  is  one  of  the  assessors'  second  problems, 
that  of  finding  the  amount  of  property  tax 
to  be  paid  by  the  individual  taxpayers.  In 
this  case,  the  problem  is  that  of  the  amoimt  to 
be  paid  by  an  individual  whose  taxable  real 
estate  and  personal  property  is  $2850. 

It  will  be  observed  that  in  taxation  problems 
which  come  under  percentage  there  is  in  each 
a  whole  and  one  "part."  The  outlines  and 
solutions  for  indirect  tax  problems  (ad  val- 
orem) need  not  be  shown  here.  They  are 
similar  to  those  for  property  taxes. 
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D.  Multiple  Problems  in  Percentage 

Problems  which  are  included  under  this  head 
are  those  in  which  two  or  more  solutions  are 
involved  in  each.  Illustrations  of  this  class  of 
problems  are  afforded  by  trade  discoimts  in 
which  there  are  two  or  three  successive  dis- 
counts from  an  asking  price. 

Whether  or  not  such  problems  should  be 
given  in  a  minimum  course  in  arithmetic  or 
should  be  reserved  for  advanced  courses  for 
commercial  students  is  not  a  question  that  a 
teaching  outline  is  called  upon  to  discuss. 
Such  problems  arise  in  business  computations 
and  are  given  in  reputable  textbooks.  An  out- 
line of  this  kind  should,  therefore,  provide  for 
their  development  by  those  who  wish  to  in- 
clude them  in  percentage  training. 

I,  Diagrams  and  Oral  Work 

The  Diagram  Plan. 

The  following  multiple  problem  in  trade 
discoimt  and  gain  will  be  sufficient  to  show 
the  diagram  plan  for  all  multiple  problems  : 

Sold  goods  at  a  discoimt  of  25  per  cent  and 
made  a  profit  of  10  per  cent.  The  selling  price 
was  $39.60. 

Note  i. — The  pupil  will  observe  when  he  reads 
this  problem  that  it  contains  a  reference  to  trade  dis- 
count and  a  reference  to  a  profit  on  the  sale.    He  must, 
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therefore,  prepare  to  solve  two  problems.  This  sugges- 
tion applies  to  all  multiple  problems  in  percentage. 
There  are  as  many  separate  distinct  wholes,  diagrams, 
outlines,  and  solutions  in  a  problem  as  there  are  per- 
centage applications  involved.  If  there  are  four  suc- 
cessive discounts  in  a  problem,  there  are  foiu*  wholes, 
four  diagrams,  foxir  outlines,  and  four  solutions. 

("This  is  two  problems,  one  in  trade  dis- 
count and  one  in  gain." 

"The  wholes  are  the  marked  price  and  the 
cost." 

"I  make  the  two  diagrams." 

"In  the  trade  discount  problem  we  take  off. 


In  a  gain  problem  we  add  on. 

i.oo,  (I),  i=M.  P.  =$52.80 
.25,  i  =D.  =$13-20 
.75,1         =S.  P.    =$39.60 


') 


S.R 


75% 


25% 


M.P. 


75  =$39.60,  S.  P. 

.01=^3- of  $39.60  =$.528 

.25=  25  x$.528  =$13.20,  D. 
1.00=  100  X$.528  =$52.80,  M.  P. 


1.00,  (fg),  I  =C.      =$36 
.10,^         =G.      =$3.60 
1 .  10,  H        =S.  P.  =$39.60 


S.R«39.60 


1. 10  =1.1  =$39.60,  S.  P.  C.  G. 

.10  =  .1  =^  of  $39.60  =$3.60,  G. 
1.00  =i.o  =  iox$3.6o  =$36,  C. 

Note  2. — The  teacher's  attention  is  called  to  these 
two  diagrams  in  this  respect — that  no  attempt  is  made 
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to  make  the  two  proportional.  The  selling  price  on  the 
first  diagram  is  quantitatively  equal  to  the  selling  price 
in  the  second.  The  diagram  is  not  for  solution  purposes 
but  to  express  the  relations  of  parts  to  wholes.  These 
diagrams  serve  their  purposes  if  the  relations  of  the 
trade  discount  "parts"  (D.  and  S.  P.)  to  their  "whole" 
(M.  P.)  are  shown,  and  the  relations  of  the  gain  "parts" 
(S.  P.  and  G.)  to  their  "whole"  (C)  are  shown.  That 
one  of  these  "wholes  "  is  larger  or  smaller  than  the  other 
is  not  a  matter  for  the  diagrams  to  show.  Each  diagram 
in  an  applied  percentage  multiple  problem  is  cotnplete  in 
itself,  having  no  quantitative  or  other  relation  to  any 
other  diagram.  Each  diagram  is  constructed  as  if  there 
were  no  other  in  the  problem. 

2.  The  Outline  Statement  and  Solution  Plan 

The  following  problem  is  illustrative  of 
problems  that  have  three  or  four  solutions: 

Marked  goods  to  be  sold  at  a  certain  profit 
but  gave  a  discount  of  20  per  cent.  The  ac- 
count had  to  be  collected  through  an  agency 
at  a  commission  of  5  per  cent.  The  agent's 
commission  was  $16.60.     There  was  a  loss 

of  ii%. 

("This  is  three  problems — one  in  trade  dis- 
coimt,  one  in  gain,  and  one  in  collecting." 

"The  wholes  are  marked  price,  cost,  and 
amotmt  collected." 

"In  a  trade  discount  problem  we  take  off, 
in  a  gain  problem  we  add  on,  in  a  collecting 
problem  we  take  off.") 
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1. 00, 

(1), 

I  =M.  P. 

=$415. 

.20, 

1 

6 

=  D. 

=$83. 

.80, 

4 

5 

=S.P. 

=$332. 

.80=   .8=$332.  S.  p. 

.1  =iof  $332    =$41.50. 
.20=  .2=2X$4i.50  =$83,  D. 
i.oo=i.o=iox$4i.50=$4i5,  M.  P. 

i.oo,  iun),  I  =c.   =$319.23. 

.oii  T^      =L.        :$3.83 
•98i  1^       =S.  P.  =$31540 
.988  =$315.40,  reals.  P.    (Owner's  C.  P.) 
•001  =9W8  of  $31540  =$.31923x3. 
.0i2=i2X$.3i923     =$3.83,  L. 
i.ooo -ioooX$.3i92   =$319.23,  C. 

1.00,  (f^),  I  =Amt.  C.  =$332. 

.05,  w         =C.  =$  16.60 

.95>i§        =N.  P.      =$31540 

.05  =$16.60,  C. 

.01=1  of  $16.60  =$3.32. 

.95  =95  X$3.32    =$31540,  N.  P.* 
1.00  =  100  X$3.32  =$332.  Amt.  C-t 

This  solution  shows  that  the  goods  cost 
$319.23,  that  they  were  marked  at  $415,  that 
they  were  actually  sold  for  $332,  that  the  col- 
lector collected  the  ftill  amount,  and  that  the 

*This  real  S.  P.  (the  owners) . 
tThe  "marked  price"  S.  P. 
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net  proceeds  to  the  merchant    (the 

collector's  N.  P.)  was $315.40 

The  solution  brings  out  that — 

The  goods  cost $319.23 

The  actual  cash  returns,  the  real  S.P. 
(the  owner's  S.  P.)  was $315.40 

The  actual  loss $     3.83 

J.  The  Solutions  when  there  are  Freight  and 
Other  Charges 

The  following  problems  show  the  form  of 
solution  of  a  two-part  multiple  problem  in 
commission  where  there  are  items  of  freight, 
etc.  to  be  considered. 

A  dealer  sent  potatoes  to  a  commission 
merchant  for  sale  at  a  commission  of  4  per  cent. 
The  agent  paid  the  freight  and  charges  for 
handling  on  the  potatoes  amounting  to  $23. 
He  was  directed  to  invest  the  proceeds  in 
sugar  at  a  commission  of  2%.  This  com- 
mission was  $18.60.  He  paid  freight  and 
other  charges  on  the  sugar  to  the  amount 
of  $8. 

("This  is  two  problems,  selling  commission 
and  buying  commission." 

"The  wholes  are  the  agent's  selling  price 
and  the  agent's  buying  price." 

"In  a  selling  commission  we  take  off,  in  a 
buying  commission  we  add  on.") 
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i.oo,  (fl),  I  =A.  S.  P.  =$1020.42 
.04,7^         =C.  =$     40.82 

.96,  M        =N.  P.      =$  97960 
.96  =$979.60,  N.  P. 
.01  =  J^  of  $979.60  =$10,204^ 
.04  =4X10.204!^  =$40.8i6f,  C. 

1 .00  =  100  X  10.204^  =  I020.4if,  A. 


S.  P. 


(c) 


1.00.  (f^),  I  =A.  B.  P.  =$930. 

.02,^         =C.  =$  18.60 

1.02,1^         =Tot.  C.  =$948.60 

.02  =$18.60 

.01  =i  of  $18.60  =$9.30 
1.00  =  100  X9.30  =$930,  A.  B.  P. 
1 .02=  io2X$9.30=$948.6o,Tot.C. 


(a*) 


(b) 


Total  cost  (to  the  agent)  of  the 

sugar $948.60 

Freight  and  other  charges  on  the 

sugar $8. 

Freight  and  other  charges  on  the 
potatoes $2T,. 

Total ' '  net  proceeds ' '  from  sale  of 

the  potatoes $979.60, 

4.  Solutions  by  Reducing  Fractions  to  Single 
Bases — Special 

The  following  shows  form  of  outline  state- 
ment and  solution  in  a  trade  discount  problem 
of  three  discounts  when  the  method  is  by  re- 
duction  to  a  single  selling-price  fraction  basis : 

*(a),  (b)  and  (c)  show  the  solution  steps  in  order. 
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Sold  goods  for  $56.45  after  discounts  of  20, 
10,  and  2  per  cent. 

1. 00  =M.  P.  =1.00  =$80 
*(a)    .20  =D.       =   .20 
.8o=S.P.   =   .80 

.7056  =$5645 
(d)  .01      =7^  of  $56.45  =$.80 

1 .00      =ioox|.8o=8o  M.  P.  (ist) 

i.oo=M.  P.  =.80  =$64 

(b)  .10  =D.       =.08 

.90  =S.  P.     =.']2 

(e)  .80  of  |8o  =$64,  M.  P.  (2d) 

i.oo  =M.  P.  =.']2  =$57.60 

(c)  .02  =D.       =.0144  = 
.98=8.  P.    =7056  =$56.45 

(f)  .72  of  $80  =$57.60,  M.  P.  (3d) 

In  this  outline  statement  the  fractions  of 
the  2d  and  3d  discounts  are  reduced  to  the 
basis  of  the  fractions  of  the  ist. 

5.  Solutions  with  Fractions  on  Single  Basis — 
Regular 
The  following  problem,  valuable  principally 
as  an  exercise  to  test  the  power  to  analyze,  is 
given  here  to  show  a  somewhat  different  form 
of  reduction.  In  (4)  the  reduction  is  direct, 
the  S.  P.  of  one  part  being  the  M.  P.  of  the 
next.  The  problem  given  below  is  more  of  a 
regular  percentage  problem. 

*  (a),  (b),  and  (c)  are  the  outlines;  (d),  (e),  and 
(f)  the  solutions — ^in  their  order. 
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A  commission  merchant  sold  goods  on  a 
commission  of  2  per  cent  and  invested  the  pro- 
ceeds in  other  goods  on  a  commission  of  3  per- 
cent. The  combined  commissions  amounted 
to  $31.55. 

i.oo,  iU),  I  =A.  S.  P.  =1.00  *  =$650  (e)  ] 
.02,  J^        =C.  =  .02*=$  13  (f)    (a)t 

.98,  M        =N.  p.     =  .98*  =$637  (g)j 


i.oo,(fg^),i=A.B.P.  =  .95ii^*=$6i8.45(i) 
.03,  rfo      =C.         =.02^*-$  18.55(3) 
I  -03,  if^         =  Tot.  C.  =  .98  *  =  $637  (h) 


(b) 


SelHng  commission  (A.S.P.  basis)   .02 
Buying  commission  (A.S.P.  basis)   .02 


88 
103 


(c) 


Total 04^^ 


•04i^=foi-55  Tot.  Com. 
.01  =MiU)  of  I31.55  =$6.50     (d) 
1 .00  =  100  X$6.50  =$650  A.  S.  P. 
Summary. 

REVIEWS   IN   DECIMALS 

The  pupil  is  given  special  reviews  of  decimal 
series  work  also  in  reading  and  writing  decimal 
proper  and  improper  fractions  in  hundredths. 
This  prepares  for  the  use  of  decimal  fractions 
in  lowest  terms. 

♦These  are  the  A.  S.  P.  and  the  A.  B.  P.  "rates" 
all  reckoned  on  the  A.  S.  P.  "whole"  (100%).  It  shows 
that  the  A.  B .  P.  rate  of  C.  was  2^%  of  A.  S.  P.  We 
may  now  add  (c)  these  C.  rates  because  they  are  fractions 
of  the  same  kind  of  whole. 

t  (a),  (b)  and  (c)  show  the  outlines,  solutions,  and 
final  results  in  order. 
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DECIMAL   FRACTION   SOLUTIONS 

The  chapter  aims  to  teach  the  pupil  that  he 
may  use  a  decimal  fraction  or  any  denomina- 
tion of  common  fractions  that  he  may  choose 
in  a  given  percentage  solution  but  that,  what- 
ever the  fraction  used,  the  solution  must  be 
made  with  this  fraction  in  its  lowest  terms. 
The  decimal  fraction  solutions  are  introduced 
and  the  pupil  taught  to  make  them  analjrtically . 

TAXATION 

Taxation,  an  application  of  decimals  in  "  per- 
centage," has  two  distinct  lines  of  computa- 
tion, each  with  two  factors.  The  two  lines  of 
work  in  this  subject  are — 

(i)  Finding  a  town  or  city  tax  rate;  and  (2) 
Finding  the  tax  of  an  individual  taxpayer. 

The  whole  in  the  former  is  the  total  of  the 
taxable  property  in  the  town  or  city.  The 
part  is  the  amount  to  be  raised  by  direct 
property  tax. 

The  whole  in  the  latter  is  the  assessed  value 
of  the  taxpayer's  property  subject  to  the  tax. 

Multiple  Problems  with  Decimals. 

Outlines  of  this  class  of  problems  are  given 
for  teachers  who  may  wish  to  use  them.  The 
outline  includes  problems  of  the  kind  in  which 
there  are  freight  and  other  charges  and  also 
problems  in  which  the  rates  must  be  reduced 
to  a  single  basis. 


CHAPTER  IV 

BASE,    PERCENTAGE,    AMOUNT,    DIFFERENCE — 
PERCENTAGE    CONCEPTS 

Topic: — "General"  Percentage — with  Base,  Rate  and  Percentage, 
Amount,  and  Difference 

A.  The  Aim 

All  solutions  so  far  have  been  what  we  may 
call  direct.  Loss  problems  were  solved  under  loss 
terms ;  trade  discount  problems,  under  marked 
price,discount,andsellingprice;collectingprob- 
lems,  under  the  collection  language  of  amount 
collected,  commission,  and  net  proceeds. 

This  is  the  way  to  solve  such  problems  prac- 
tically; but  there  is  reason  in  saying  that  the 
indirect  language — that  of  base,  rate,  percent- 
age, amount,  and  difference — is  too  widely 
used  and  too  serviceable  at  times  to  be  omitted 
from  a  course  of  study  in  number  that  is  not 
a  minimum.  This  chapter  is  to  provide  an 
outline  for  those  who  wish  to  introduce  the 
"indirect"  language. 

(In  direct  solutions,  the  pupil  is  working 
with  what  we  may  call  percentage  percepts. 
When  he  takes  up  the  general  terms  base, 
amount,  etc.  of  the  indirect  solutions,  his 
working  material  is  what  we  may  call  per- 
centage concepts.  To  have  introduced  the  sub- 
ject of  percentage  by  using  concept  material 

835 
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would  have  been  in  violation  of  elementary 
principles.) 

B.  How  Developed 

/.   The  Introduction 

To  teach  the  pupil  to  apply  the  term  base 
to  whole  is  a  simple  matter. 

Amount  and  difference  are  terms  that  were 
acquired  in  addition  and  subtraction. 

In  gain  and  buying  commission  diagrams  he 
has  "added  on"  scores  of  times.  The  selling 
price  in  a  gain  problem  and  the  "total  cost" 
in  a  buying  commission  problem  are  plainly 
and  easily  amounts — results  from  adding  on. 

In  loss,  selling  commission,  trade  discoimt, 
and  collecting  diagrams  he  has  many  and 
many  a  time  "taken  off."  The  selling  price 
in  a  loss  problem,  the  net  proceeds  in  a  col- 
lecting problem,  the  net  proceeds  in  a  selling 
commission  problem,  etc.  are  manifestly 
differences. 

Base  is  new,  but  it  goes  easily  into  the 
vocabulary. 

Amount  and  difference  are  perfectly  familiar 
terms  whose  meanings  fit  into  the  descriptions 
in  the  diagrams. 

Rate  and  percentage  are  so  obvious  in  their 
reference,  in  view  of  the  applied  percentage 
experiences  that  the  pupils  have  had,  that  the 
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part  of  the  outline  which  they  are  used  to 
describe  cannot  be  mistaken.  The  term  rate 
has,  in  fact,  been  in  use,  and  the  meaning  of 
percentage  is  suggested  by  its  etymology. 

2.  Diagram  Study  on  Base,  Rate,  Percentage, 

Amount,  and  Difference 

a.  With  Diagrams 

These  terms  are  developed  through  the 
diagrams. 

"You  may  make  a  diagram  of  a  gain 
problem." 

The  diagrams  are  made, SR^ 

three  or  four  on  the  black- 
board. 

''Show  me  the  whole  on 
the  diagram." 

"We  have  another  word  for  whole — base." 

"  Show  me  the  base." 

"There  is  another  word  that  I  want  you  to 
have  to  use — amount.'^ 

"What  is  meant  by  amount?" 

("The  answer  in  addition.") 

"Yes,  it  means  the  result  of  adding  on^ 

"Show  me  an  amount  on  the  diagram." 

The  part  marked  S.  P.  answers  this  descrip- 
tion and  is  pointed  out.  It  is  developed  from 
this  that  amount  in  a  gain  diagram  is  the 
selling  price. 
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Note  i  . — ^The  teacher,  in  the  work  on  the  diagrams 
in  the  development  of  the  terms  base,  rate,  percentage, 
etc.,  will  avoid  asking  the  pupils  to  show  rate  or  percent- 
age on  a  diagram.  These  terms  relate  to  fractional  parts. 
The  diagrams  show  quantities.  We  will  say,  "Show  me 
the  rate;"  or,  "Show  me  the  percentage,"  when  we  are 
questioning  on  outlines.  In  this  diagram  study  we 
confine  ourselves  to  base,  amount,  and  difference. 

*'  Show  me  the  amount. " 
"What  else  is  this?" 
("The  selling  price.") 
"Show  me  the  base." 
"What  else  do  we  call  it?" 
("Cost.") 

"What  does  base  mean?" 
("Whole.") 

5.  P.  6 


"You  may  make  a  loss 
diagram." 

"Show  me  the  base." 
"Why  is  this  the  base?" 
("It  is  the  whole.") 


c. 

"Is  there  an  amount  here? " 

It  is  now  developed  that  there  is  no  amount 
and  that  a  loss  problem  could  not  have  an 
amoimt  because  we  do  not  "add  on"  in  a  loss 
problem. 

It  is  recalled  that  in  a  loss  problem  we  "take 
off."    The  term  difference  is  now  given. 

A  loss  problem  has  a  difference  always. 

"  Show  me  the  base." 
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"What  does  base  mean?" 

("Whole.") 

"What  else  is  this  base?" 

("Cost.") 

"Show  me  the  selling  price." 

"What  else  do  we  call  it?" 

("Difference.") 

The  gain  diagram  and  the  loss  diagram  are 
now  reviewed  so  as  to  bring  out  the  base  in 
each,  the  amount,  and  the  difference. 

"You  may  make  a  trade  discount  diagram." 

This  is  studied  in  the  same  way  as  to  base, 
difference,  and  amount.  The  pupil  finds  that 
trade  discount  problems  show  differences, 
never  amounts. 

The  gain,  loss,  and  the  trade  discount  dia- 
grams are  now  compared  as  to  these  terms. 

The  diagrams  of  collecting,  buying  commis- 
sion, and  selling  commission,  are  now  taken 
up  in  order  and  discussed  in  the  same  way. 

b.  Without  Diagrams — Oral  Exercises 
The  same  discussions  are  now  taken  up 
without  diagrams.  The  aim  is  to  bring  out 
from  the  pupil's  imagery  what  the  base  is  in 
each  class  of  applied  problems  (cost,  amount 
collected,  or  agent's  buying  price,  etc.),  which 
of  the  classes  of  problems  have  amount,  and 
which  have  difference. 

Vol.  III-23 


840  NUMBER  BY  DEVELOPMENT 

J.  The  Terms  ''Regular'''  and  ''General" 
It  is  now  necessary  to  adopt  terms  that  will 
describe  the  two  forms  of  outlines  and  solu- 
tions. Pupils  should  learn  to  speak  of  the 
forms  of  outlines  and  solutions  that  they  have 
been  using  so  far,  as  "regular'*  form.  The 
base — rate — amount  and  the  base — rate — 
difference  forms  of  statement  may  be  called 
"general"  forms.  In  the  work  that  follows, 
the  teacher  will  speak  of  a  statement  as  being 
in  regular  form  or  in  general  form. 

4.  Solutions  in  "General"  Form 
Problems  should  now  be  given  for  pupils  to 
state  and  solve  in  the  "general"  form  language. 
These  problems  should  be  in  one  and  then 
another  of  the  applied  percentage  subjects. 
Pupils  will  have  no  difficulty  in  the  statements 
and  solutions  after  the  statement  of  the  first 
problem  with  rate  or  percentage  has  been 
worked  out. 

The  diagrams  should  be  required  for  the 
first  few  problems.  The  diagram  is  necessary 
in  order  that  the  pupil  may  get  the  point  that 
rate  and  percentage  are  fractions  rather  than 
expressions  of  quantity  as  are  cost,  selling 
price,  etc. 

Note  2. — When  the  diagram  is  made,  it  is  discussed 
as  before.    The  questions  are  asked  (in  a  gain  problem, 
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for  illustration),  What  shows  the  amount?  The  child 
points  to  it  on  the  diagram.  What  is  its  "regular" 
name?  ("Selling  price.")  What  shows  the  cost ?  The 
pupil  points  it  out.  What  is  its  '  'general ' '  name  ?  ( '  'The 
base.")  What  is  the  gain?  This  is  pointed  out  on  the 
diagram.  What  is  the  ratef  To  answer  this  question 
the  pupil  does  not  refer  to  the  diagram,  but  to  the  prob- 
lem or  the  outline  statement.  In  his  answer  he  always 
gives  the  rate  of  gain.  If  this  rate  of  gain  is  not  given 
and  is  not  readily  computed  mentally,  he  repUes  that  it 
is  not  given.  The  common  fraction  or  the  decimal 
fraction  may  be  given  in  answer  to  the  question  for  rate, 
the  decimal  should  be  given  in  preference  to  the  common 
fraction  if  both  are  given  or  known.  The  same  applies 
to  the  question  for  percentage.  Both  rate  and  percent- 
age relate  to  fractions.  The  teacher  asks,  as  above,  for 
"general"  names  and  for  "regular"  names. 

"Marked  goods  for  sale  at  a  certain  price 
but  gave  a  discount  of  25   per   cent.    The 
discount    amounted    to 
$16.50."  ^-^g:PjD^'6-50 

"You  may  make  the  dia- 
gram and  the  regular  solu- 


75% 


25% 


tion."  M.P. 

1. 00,  (J),  I  =M.  P.  =$66. 
.25,  i         =D.       =$16.50 
.75,1         =S.P.    =$49-50 
.25  =$16.50,  D. 
.01  =^  of  $16.50  =$.66 
i.oo  =  100  X$.66  =$66,  M.  P. 
75=75X$.66=$49.50,S.P. 
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"You  may  make  the  general  solution." 
i.oo,  (f),  I  =B.  =$66. 

.25,  J  =R.  or  P.  =$16.50 
.75,  f  =Diff.       =$49-50 
.25  =$16.50,  Percentage 
.01  =  Jg^  of  $16.50  =$.66 
1.00=  100  X$.66      =$66,  Base 
.75=75X$.66       =$49.50,  Diff. 
The  teacher  will  observe  that  the  "regular" 
and  the  "general"  statements  differ  only  in 
the  names  applied  to  the  terms.    The  numeri- 
cal part  of  the  statement  and  the  whole  solu- 
tion are  alike  in  the  regular  and  the  general 
forms.    It  will  not  be  necessary,  therefore,  to 
give  further  illustrations. 

After  a  few  problems  have  been  solved  in 
each  form  the  pupil  will  be  ready  for  seat  work 
without  oversight. 

Each  problem  hereafter  should  specify  the 
form  of  solution.  Double  solutions  as  above 
will  be  unnecessary. 

Summary. 

The  aim  of  this  chapter  is  an  outline  for  the 
introduction  of  the  general  terms  base,  rate 
and  percentage,  amount,  and  difference  to  be 
used  instead  of  the  special  terms. 

In  this  outline  the  diagram  plan  of  the 
regular  percentage  work  is  used  with  the  terms 
base,  amount,  difference,  etc. 


CHAPTER  V 

INTERPRETING  THE  RESULTS  OF  SHORT  METHOD 
OPERATIONS 

Topic: — How  to  EInow  from  the  Nature  of  the    Operation 
Whether  the  Result  is  a  "Whole"  or  a  "Part " 

A.  Aim 

A  matter  of  great  difficulty  and  a  source  of 
perplexity  and  error  with  students  in  percent- 
age operations  is  the  naming  of  certain  classes 
of  results  when  solutions  are  not  written  out 
analytically.    Let  us  take,  for  illustration,  the 
equation  .42  =$16.80.     We  will  assume  that 
this  is  the  statement  of  the  discount  in  a  trade 
discount  problem — .42  =D.  =$16.80. 
The  regular  analytical  solution  is — 
.42  =$16.80 
.01  =J^of  $16.80  =$.40 
1. 00  =  iooX$.40  =$40 
The  short  process,  that  which  the  mature 
student    would    use,    is    the    direct    division 
(really  partition)  of  16.80  by  .42  decimally — 
.42)16.80(40 

168 
o 

The  questions  at  once  arise  under  the  short 
process.  What  is  this  40?  Is  it  the  whole,  the 
marked  price;  or,  is  it  a  part,  the  selling  price? 

843 
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The  student  should  know  positively.  There 
should  not  be  the  need  of  testing  the  matter 
by  computation  to  see  if  it  will  "prove"  as 
the  marked  price. 

The  long  process  (the  analytical,  above) 
answers  this  question.  This  is  one  reason  for 
the  use  of  this  form  of  solution  exclusively 
during  the  development  period  in  percentage, 
the  other  reason  being  the  necessity  of  training 
in  analysis — analysis,  written  or  mental,  being 
the  one  final  test  to  which  nearly  every  student 
turns  in  cases  of  doubt  as  to  the  correctness 
of  his  classifications  of  such  results. 

This  short  process  must  be  taught,  however, 
because  it  is  practical  and  should  and  will  be 
used.  The  mental  "long  process"  solution 
with  the  written  short  process  is  theoretically 
the  habit  that  the  student  should  acquire  and 
preserve,  but  practically  this  mental  analysis 
will  persist  with  the  naturally  systematic 
individual  only.  The  less  methodical  student 
and,  in  fact,  all  students  should  be  taught  to 
understand  the  significance  of  short  process 
operations.  This,  to  enable  him  to  test  safely 
by  other  than  long  form  analysis  a  classifica- 
tion of  a  result. 

It  is  the  aim  of  this  step  to  develop  the  effects 
of  this  and  the  other  (the  "of")  decimal  opera- 
tion that  enter  into  percentage  computations. 
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Two  problems  will  illustrate  the  two  opera- 
tions which  the  pupil  must  study — 
(i)  1.02=^14.28.    The  operation: — 

I.02)|i4.28($i4 


102'^ 

What  is 

•  the  $14. 

408 
408 

28?    Is  it  a  whole  or  is  it 

a  part? 
What  is 

•  the  $14: 

*    Is  it  part  or  is  it  whole? 

(2)  .52 

of  $65  = 

The  operation: — 

$65 
.52 

130 

325 

$33.80 

What  is  the  $65 ?    Is  it  whole  or  is  it  part? 
What,  in  the  same  way,  is  $33.80? 

B.  The  Development 

I.  Common  Fractions 

This  development  is  best  introduced  and  the 
principles  illustrated  through  the  use  of  opera- 
tions with  common  fractions. 

a.  The  Equation. 

f  =  12.  This  problem  is  placed  before  the 
pupil  for  analysis. 

The  analysis  is — (i)  f  =  12,  part. 

(2)  i=ioi  12=4,  part. 

(3)  t  =4X4  =  16,  whole. 
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(l)  Special  Form  in  the  Solution 

For  our  purposes  of  development  it  will  be 
necessary  to  add  a  feature  to  the  above  analy- 
sis. We  wish  to  have  the  pupil  note  carefully 
that  in  (2)  the  operation  is  division  by  the 
numerator  of  the  first  member  of  the  equation 
in  (i),  and  that  the  operation  in  (3)  is  multi- 
plication by  the  denominator  in  the  first  mem- 
ber of  (i). 

The  form,  in  order  to  force  the  pupil  to 
think  of  this  while  he  is  working,  should  be — 

(i)  f  =  12  . 

(.).=.  of  12  =  (3^-4)  =4 

(3)  i  =4X4  =16 

Note  i. — The  pupils  must  discriminate  the  three 
statements  as  (i)  the  problem,  (2)  the  first  analysis 
statement,  (3)  the  second  analysis  statement. 

"How     many      steps    in     the    analysis?" 

("Two.") 

"What  is  the  operation  in  the  ist  analysis 

step?" 

("Division    by  3,    the    numerator  of    the 

problem.") 

As  the  pupil  answers  this  question  he  points 

to  the  "^of  12"  and  the  "(  ,-^V" 

V3)i2/ 

"What  is  the  operation  in  the  2d  analysis 

step?" 
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("  Mvdtiplication  of  the  quotient  by  4,  the 
denominator  of  the  problem.") 

(As  the  pupil  answers  this  question  he  points 
to  the  multiplier  (4X4)  in  the  26.  analysis 
statement.) 

"What  is  the  whole  in  this  problem?" 

(2)  Special  Questions 
"What  is  the  numerator  in  this  problem?" 

("3") 

"In  which  analysis  step  do  we  work  with 
the  numerator? "     (" In  the  first.") 

"What  is  the  work  with  the  numerator  in 
that  step?"     ("We  divide  by  it.") 

"In  which  analysis  step  do  we  work  with 
the  denominator?"     ("In  the  second.") 

"What  is  the  work  with  the  denominator  in 
that  step?"     ("We  multiply  by  it.") 

b.  The  "Of"  Expressions 

f  of  12. 

The  analysis  is — 

(i)  f  of  12,  whole. 

(2)  i=-i-of  I2=(^^^)  =^2,  part. 

(3)  1=5X2=10,  part. 

"What  is  the  operation  in  the  ist  analysis 
step?" 

("Division  by  6,  the  denominator  of  the 
problem.") 
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(As  the  pupil  answers  he  points  to  the 
f^x — j  of  the  1st  analysis  statement.) 

"What  is  the  operation  in  the  26.  analysis 
step?" 

("  Multiplication  of  the  quotient  by  5,  the 
numerator  of  the  problem.") 

(As  he  answers  he  points  to  the  5  of  the 
analysis.) 

(l)  Full  Statements 

The  pupil  must  now  be  required  to  give 
orally  the  full  statement  of  what  the  operations 
were — 

("In  this  step"  (the  first  analysis)  "I 
divided  the  12  by  6,  the  denominator  of  the 
problem.  In  this  step"  (the  2d  analysis) 
"I  multiplied  the  quotient  by  5,  the  nimierator 
of  the  problem.") 

"  Is  12  a  part  or  the  whole  in  this  problem? " 
(2)  Special  Questions.* 

"What  is  the  numerator  in  this  problem?" 

("5-")   , 

"In  which  analysis  step  do  we  work  with 
thentimerator." 
("In  the  first.") 

*These  special  questions  are  of  very  great  importance 
in  this  development.  They  must  not  be  omitted  in  any 
exercise  with  common  fraction  work  or  in  the  work  with 
decimal  fractions  following. 
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"What  is  the  work  with  the  numerator  in 
that  step?" 

C'We  divide  by  it.") 

"What  is  the  denominator?"     ("6.") 

"In  which  analysis  step  do  we  work  with 
the  denominator? " 

("In  the  second.") 

"What  is  the  work  with  the  denominator 
in  that  step?" 

("We  multiply  by  it.") 

c.  Mixed  Exercises. 

Many  exercises  are  now  given  in  these 
two  classes  of  problems,  now  one  or  two 
problems  of  one  of  the  classes  and  now  one 
or  more  problems  of  the  other  class.  In  each 
exercise  the  pupil  writes  out  the  analysis  as 
above  and  then  gives  orally  the  full  statements 
of  what  the  operations  were,  pointing  as  before, 
as  he  gives  the  statement  which  relates  to  the 
first  analysis  step,  to  the  part  or  parts  of  the 
written  analysis  where  the  operation  is  shown. 

(l)  Full  Statements  Before  Analysis 

After  a  few  exercises  of  each  class  the  pupils 
should  be  required  to  make  these  full  oral 
statements  of  the  operations  in  advance  of  the 
written  analysis. 

The  teacher  gives  the  problem — J  =31 -5. 

The  pupil,  before  writing  the  analysis,  states 
orally  what  the  written  analysis  will  be — 
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("Seven-eighths  is  equal  to  thirty-one  and 
five  tenths.  One  eighth  is  equal  to  one  seventh 
of  thirty-one  and  five  tenths.  I  divide  by 
seven,  the  numerator.  Eight  eighths  is  equal 
to  eight  times  that.  I  multiply  by  eight,  the 
denominator.") 

It  is  not  necessary  in  this  analysis  before 
the  written  work  to  state  quotients  or  prod- 
ucts. The  essential  part  is  the  statement  of 
the  operations  as  above. 

(2)  Questions  on  Part  and  Whole 

The  question.  What  is  the  whole?  or  What 
is  the  part?  should  be  asked  at  the  close  of 
each  discussion  on  an  analysis.  After  a 'few 
exercises  the  question  should  be  given  in 
advance  of  the  analysis.  When  asked  in 
advance,  the  form  should  be  changed. 

If  the  problem  is  f  =22.5,  the  question 
should  be.  Is  the  22.5  part  or  whole? 

If  the  problem  is  f  of  28,  the  question  should 
be,  Is  the  28  part  or  whole? 

Special  Questions. — See  a  (2)  and  b  (2) 
above,  and  footnote  on  p.  848. 

2.  Decimal  Fractions 
a.  The  Analysis  Operations 
The  same  kind  of  work  is  now  done  with 
decimal  fractions. 
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(l)   .15=375.  ^ 

This  problem  is  placed  before  the  class  for 

analysis. 

Before  asking  for  the  analysis  to  be  written, 
the  questions  should  be  asked,  What  is  the 
numerator  of  this  fraction  ?    The  denominator  ? 

(These  questions  should  be  asked  before 
every  analysis  because  it  involves  the  use  of 
numerator  and  denominator  in  exactly  the 
same  way  as  these  terms  were  used  in  the  com- 
mon fraction  work  above.  Ntmierator  and 
denominator  are  important  considerations.) 

The  pupils  now  write  the  analysis. 
.     In  this  analysis  the  plan  of  showing  in 
brackets  in  the  first  analysis  statement  the 
operation  that  is  performed  is  followed  here. 
.15  =375,  part. 

.01  =  jL  of  375  =  (j^)^)  =25,  part. 

1. 00  =100X25  =2500,  whole. 

"What  is  the  operation  in  the  first  analysis 
step?" 

("Division  by  15,  the  nimierator  of  the 
fraction.") 

(The  pupil  points  as  he  answers  to  the  -^  of 

375andthe(,^)J).) 

"What  is  the  operation  in  the  2d  analysis 
step?" 
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(''Multiplication  of  the  quotient  by  100,  the 
denominator  of  the  fraction.") 

(The  pupil,  in  answering,  points  to  the 
100X25.) 

"Is  375  a  part  or  a  whole? " 

The  ''Special  Questions''  under  I  (a)  and 
{b)  above  must  not  be  overlooked. 

Several  similar  exercises  are  given  in  the 
same  way. 

In  these  exercises,  the  teacher,  instead  of 
asking  the  questions  as  to  the  operations  in 
the  two  analysis  steps  should  require  the  full 
statements  {i,  b  and  c)  as  used  in  the  exercises 
with  common  fractions.  In  fact,  this  work 
with  decimal  fractions  repeats  the  work  with 
common  fractions. 

(2)   .16  of  35.    This  is  given  for  analysis. 

Before  beginning  to  write  the  analysis,  the 
questions,  as  above  as  to  what  the  nimierator 
and  what  the  denominator  of  the  fraction  are, 
are  asked. 

The  analysis  is  now  written — 

.16  =35,  whole. 

.oi=i^of35  =  (ioo)||)=-35»P^^- 

.16  =i6X.35  =5-6o,  part. 

The  pupil  is  reqmred  to  give  the  full  state- 
ments as  to  the  operations  in  the  two  analysis 
steps. 
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The  questions  as  to  whole  and  part  are  to 
be  asked. 

The  suggestions  given  under  the  common 
fraction  work  above  as  to  asking  these  ques- 
tions in  advance  and  changing  their  forms 
apply  here. 

See  Questions  on  Part  and  Whole  under 
I  c  (2)  above. 

See  Special  Questions  i ,  a  (2)  and  b  (2)  also 
footnote  p.  848. 

The  Special  Questions  and  the  oral  analysis 
in  advance  of  the  written  analysis  are  very 
important. 

(3)  Mixed  exercises  should  now  be  given  in 
each  of  these  two  classes  of  problems. 

h.  Statements  in  Advance  of  Analysis. 

The  teacher  should  require  the  oral  state- 
ments of  the  analysis  steps  in  advance  of  the 
written  analysis. 

(These  oral  statements  in  advance  should 
be  without  the  results  of  the  operations  be- 
cause the  analysis  is  all  that  is  essential.) 

.20=25. 

"Twenty  hundredths  is  equal  to  twenty- 
five.  One  hundredth  is  equal  to  one  twentieth 
of  twenty  five  which  is  so  many.  One  hundred 
hundredths  is  equal  to  one  hundred  times  that.'' 

(This  form  of  advance  analysis  is  sufficient 
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for  all  practical  purposes.  The  advantage  of 
this  abbreviated  form  is  that  it  leaves  the  mind 
free  to  concentrate  upon  the  analysis.) 

c.  Questions  in  Advance 

The  question  as  to  part  and  whole  and  as  to 
nvtmerator  and  denominator  should  also  be 
asked  in  advance  of  the  written  analysis. 

The  "Special  Questions"  must  not  be 
omitted.    (See  footnote  p.  848.) 

These  questions  and  the  analysis  in  advance 
are  specially  important. 

J.  Parallel  Solutions 
a.  Plan  of  the  Work 

These  are  solutions  in  which  on  one  side 
there  is  the  regular  analytical  form  and  oppo- 
site this  a  solution  that  is  also  analytical  but 
with  these  changes — 

(i)  The  analysis  uses  the  decimal  fraction. 

(2)  The  pupil  writes  only  one  analysis 
statement — the  one  in  which  the  work  is  with 
the  numerator. 

The  pupil  must  state  orally  in  advance  of 
writing  the  analysis  steps— 

(i)  Whether  the  quantity  (the  nimiber)  in 
the  problem  is  part  or  whole  and  must  mark  it. 

(2)  The  analysis  steps. 

(3)  Which  analysis  step  is  work  with  the 
numerator  and  which  with  the  denominator. 
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b.  The  Form 
(P)      .30  =  15,  part. 
(N)     .01  =^0  of  15  =  (30)1^)  =-5'  Pa^- 

A 

(D)   1 .00  =  100  X  .5  =  50,  whole. 

(P)      .30  =  15.  part. 

(N)*        =.Aofi5  =  C3,)^)=50 

A 

(D)   

The  above  are  the  forms  of  the  pupil's  parallel 
solutions.  In  the  first  solution  he  writes  the 
problem  and  marks  it  (P).  He  determines 
next  whether  15  is  part  or  whole  and  writes  the 
word  "part.'' 

His  next  step  is  to  give  the  oral  analysis 
steps  (2  b  above)  and  to  decide  which  of  these 
is  work  with  the  numerator.  This  being  de- 
cided he  writes  the  (N)  and  the  (D) . 

He  now  writes  the  two  analysis  steps  oppo- 
site the  (N)  and  (D),  completing  them  with 
"part"  and  "whole." 

The  teacher  now  directs  him  to  make  a 
second  solution.  The  problem  is  written  first 
with  its  "  (P) "  and  "part,"  then  the  (N)  and 
(D)  are  written  ready  for  the  analysis  steps. 

*This  space  can  not  be  filled  until  the  development 
work  of  this  section  is  finished.  (See  7  below.)  The 
(P),  (N),  and  (D)  in  the  statements  mean  respectively  the 
problem,  an  operation  with  the  nimierator,  and  an 
operation  with  the  denominator. 
Vol.  III-24 
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The  pupil  is  now  told  to  write  only  one 
analysis  step,  the  (N)  step,  but  with  the  deci- 
mal fraction  form.  It  will  be  necessary  to 
show  him  that  he  is  to  write  only  the  solution 
part,  and  that  we  wish  the  decimal  form  as  in 
-^  of  15  above.  In  the  bracket  solution,  the 
pupil  must  observe  that  his  divisor  is  a  decimal 
fraction  and  that  he  must  proceed  accordingly. 
4.  Comparing  the  Solutions 

The  pupil's  attention  is  now  called  to  the 
following  facts : 

(a)  That  in  the  ist  solution  the  opera- 
tions are  with  a  common  fraction  and 

That  we  work  with  both  nimierator  and 
denominator — two  analysis  steps. 

(b)  That  in  the  2d  solution  the  operation 
is  with  a  decimal  fraction  and 

That  we  work  with  the  numerator  only — 
one  analysis  step. 

(c)  That  the  results  in  the  two  solutions 
are  the  same. 

The  form  of  work  for  the  other  class  of 
problems  is  as  shown  in  the  following: 
(P)    .60  of  45, whole. 

(D)  .oi=TioOf45=(ioo)'|^.oo)=-45»Part. 

A 

(N)  .60  =60  X.45  -=27,  part. 
(P)  .60  of  45,  whole. 

(D)   

(N)    =.60  X45  =27,  part. 
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Note  2. — The  teacher  will  observe  that,  in  order  to 
determine  whether  the  45  in  the  (P)  (or  the  1 5  in  the  (P) 
of  the  problem  above)  is  whole  or  part  and  also  whether 
the  first  analysis  step  is  to  be  (N)  or  (D)  (the  (N)  and 
the  (D)  being  written  before  the  written  analysis  as 
directed  in  (j  6)),  the  pupil  must  ask  the  question  as  to 
part  and  whole  and  must  also  give  the  oral  analyses  in 
advance  of  the  wTitten  analysis  work.  He  would  not 
be  able  to  arrange  his  (N)  and  (D)  in  proper  order  with- 
out stating  or  thinking  the  analysis  steps.  This  pro- 
vides for  the  advance  analysis  even  in  the  seat  work 
later  when  the  pupil  is  not  under  supervision. 

The  suggestions  under  "Comparing  the 
Solutions"  above  apply  here. 

5.  Exercises  with  Mixed  Problems 

Three  or  four  exercises  with  each  of  the  two 
classes  of  problems  are  now  given — 
.24=30,       .12  of  18,       .75=27,       4  of  14, 
.45  of  17,       .8=32,        .40  of  21,       .25=15. 

Note  5. — This  work,  although  under  the  subject  of 
percentage  development,  should  not  be  confined  to 
work  with  hundredths.  The  problems  should  be  in 
loths,  looths,  and,  if  thought  desirable,  loooths.  Per- 
centage uses  only  looths,  but  the  truth  that  this  parallel 
problem  work  is  to  bring  out  is  general — it  applies 
broadly.  The  "Rule"  given  below  is  a  statement  of 
this  general  truth. 

(P)     .3=12,  part. 

(N)     .i=iof  i2  =  (^^^-4)=4,part. 
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(D)   1 .0  =  10  X4  =40,  whole. 

(P)     .3=12. 

(N)         =.iof  12  =  (3)^40)^^, 

A 

(D)   

(P)   .002  of  16,  whole. 

(D)   .001  =  1^00/^  Qi^N 

of  16  =  \  1 000)  16.000/  =.016,  part. 

A 

(N)  .002  =2  X.016  =.032,  part. 
(P)    .002  of  16,  whole. 

(D)   

(N)    =.002  X 16  =.032. 

In  each  of  these  exercises  the  suggestions  in 
"Comparing  the  Solutions"  above  must  be 
followed. 

After  two  or  three  exercises,  the  pupils 
should  put  the  facts  into  full  statements  to 
this  effect — 

"In  the  first  solution,  the  operations  are  with 
numerator  and  denominator,  two  statements. 

In  the  second  solution,  the  operation  is 
with  a  decimal  fraction.  We  work  with  the 
numerator  only,  one  statement.  The  two 
solutions  have  the  same  result." 

This  statement  of  the  facts  should  be  given 
in  answer  to  the  question,  What  is  the  differ- 
ence between  the  two  solutions?  or,  Why  is 
the  second  solution  the  shorter? 

The  Explanation. 
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In  connection  with  the  work  in  which  these 
full  statements  as  above  are  being  brought  out, 
we  should  have  also  the  explanation  of  the 
fact  that  by  operating  with  the  numerator 
only,  in  the  decimal  fraction  work,  we  have 
the  full  result  as  if  by  operating  with  the 
denominator  also. 

Why  in  the  second  solution  do  we  omit  the 
operation  with  the  denominator? 

Because,  when  we  place  the  decimal  point 
after  the  operation  with  the  numerator,  we 
operate  with  the  denominator. 

6.  The  Decimal  Rule 

After  a  few  parallel  solution  exercises  for 
bringing  out  the  full  statement  and  the  "ex- 
planation" as  above,  the  fact  that  has  now 
been  brought  out  relative  to  decimal  fraction 
operations  should  be  embodied  in  a  statement 
or  rule — 

Rule. — "In  all  operations  with  decimal 
fractions,  we  do  the  work  that  uses  the  numer- 
ator; the  work  that  uses  the  denominator  is 
done  in  placing  the  decimal  point." 

The  pupil  should  be  required  to  give  this 
rule  very  frequently  in  connection  with  this 
part  of  the  percentage  work  and  also  later 
when  percentage  work  is  done  exclusively 
with  decimal  fractions.     It  should  become  a 
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part  of  his  thinking  in  fraction  operations. 
The  principle  involved  in  it  is  applied  in  nearly 
every  decimal  computation.  No  person  can 
successfully  use  decimal  fractions  as  a  tool 
until  this  principle  has  become  so  familiar  to 
him  that  it  is  a  part  of  what  he  sees  in  them. 

7.  Completing   the   Decimal   Solution    Outline 

Before  passing  from  the  "parallel  solution" 
form  of  work  to  exclusive  decimal  fraction 
solutions  the  pupil  should  have  experience  in 
completing  the  decimal  solution  statement  by 
putting  in  the  fraction  which  should  introduce 
the  (N)  analysis  step.    (See  footnote  p.  855.) 

The  pupil  has  learned  through  the  solution 
work  that  the  result  of  the  (N)  analysis  step 
is  the  final  result,  it  being  the  same  as  that  of 
the  second  analysis  step  under  the  common 
fraction  solution.  He  has  noted  this  fact  and 
stated  it,  first  in  the  full  statement  following 
the  "Comparing"  work  and  later  in  the 
"Decimal  Rule."  This  "comparing,"  full 
statement,  and  "rule"  have  conveyed  the  fact 
that  the  (N)  decimal  analysis  step  includes 
also  the  (D)  analysis  step.  This  makes  it 
necessary  for  the  individual  in  writing  the  (N) 
step  to  give  it  for  its  introductory  fraction 
the  fraction  that  the  second  (final)  analysis  step 
would  require  if  both  steps  were  written. 
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Illustrations. 

(P)      .9  =S.  P.  =$31.50,  part. 

(N)     .1  =iof  $31.50  =(^)^)  =$3.50 

A 

(D)  I.0  =  I0X3.50=$35.  whole. 

(P)      .9  =S.  P.  =$31.50,       ,^    ^ 

(N)         =,i  of  $31.50  =  (.g)3^J=fo5. 

(D)   " 

(P)    .09  of  $32,  whole. 

(D).oi=^of$32  =  Goo)3i!i5)=^-3^ 

A 

(N)  .09  =9  X$.32  =$2.88,  part. 

(P)  .09  of  $32,  whole. 

(D)  

(N)         =.09 X$32  =$2.88,  part.        ^  ^ 

In  the  first  problem  above  the  .9)31.50  of 

the  decimal  solution  is  the  result  as  of  both 
(N)  and  (D)  analyses.  The  (D)  analysis,  if 
it  had  been  necessary  as  a  separate  statement, 
would  have  had  as  its  introductory  fraction 
1.0.  Therefore,  the  introductory  fraction  in 
the  (N)  analysis  should  be  i.o,  the  same  as 
that  in  the  (D)  analysis  of  the  common  frac- 
tion solution  above.  This  would  make  the 
(N)  statement,  when  completed,    i.o  =  .-J  of 


^^■•5°  =  (.9)^o)=^-55- 

A 
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The  same  applies  to  the  second  problem. 
The  (N)  analysis  of  the  decimal  solution 
includes  in  itself  the  (D)  analysis.  The  (N) 
analysis  is  the  final  step.  Its  introductory 
fraction  should  be  .09.  In  all  solutions  here- 
after those  in  decimal  fractions  should  have 
this  introductory  fraction  to  the  (N)  analysis. 

8.  Exercises  in  Decimal  Solutions 
These  exercises  are  for  solutions  of  problems 
by  the  decimal  fraction  method  without  the 
parallel  common  fraction  solutions.  In  con- 
nection with  this  work  the  "rule"  must  be 
required  very  frequently. 

.18=44,  33  per  cent  of  24,  1.2  of  15,  .30  =342, 
80  per  cent  =92,  102  per  cent  =34.68,  105  per 
cent  of  95,  2.25  of  22.,  etc. 

p.  Applied  Percentage  with  Decimal  Fractions 
The  work  should  now  be  in  applied  work — 
gain,  loss,  trade  discount,  etc. — using  decimals 
exclusively.  In  this  work,  the  term  per  cent 
should  be  freely  used.  The  outline  form  of 
statements  should  be  insisted  upon.  Every 
solution  should  be  given  in  outline.  It  saves 
time  in  the  end,  makes  it  possible  to  do  a 
greater  part  of  the  computation  work  mentally, 
and  makes  for  accuracy  in  results. 

As  has  been  suggested  before,  the  pupils 
should  show  all  the  parts  of  a  problem  in  every 
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case  regardless  of  problem  questions,  What 
was  the  rate?  What  was  the  trade  discount? 
and  the  like.    (See  Note  p.  823.) 

Summary. 

In  analjrtical  computations  the  individual 
necessarily  operates  with  the  numerator  and 
the  denominator  of  the  fraction  separately. 
This  chapter  outlines  the  method  by  which 
these  operations  are  combined  and  the  com- 
putation shortened  without  the  neglect  of  the 
full  oral  or  mental  analysis. 

The  pupil  studies  the  second  and  third  steps 
in  the  analytical  solutions,  noting  in  each 
whether  the  operation  is  with  the  numerator 
or  the  denominator  and  noting  also  the  nature 
of  the  operation  and  the  result,  whether  it  is 
a  "whole"  or  a  "part." 

Computations  are  now  given  in  which  the 
pupil  operates  with  the  numerator  alone,  re- 
taining and  using  the  decimal  point  in  the 
operation.  He  discovers  through  this  work 
that  when  the  decimal  point  is  retained  in 
the  regular  numerator  operation,  the  placing 
of  the  point  in  the  result  serves  to  effect  the 
regular  denominator  operation  also.  He  gives 
orally  in  connection  with  this  work  the  full 
analysis,  and  is  in  this  way  able  to  interpret 
the  result  as  a  "whole"  or  a  "part." 


CHAPTER  VI 
THE   EMPHASIS   POINTS   IN   PERCENTAGE 

The  pupil  should  be  able  to  read  per  cent 
in  all  conceivable  forms  and  to  translate  the 
common  per  cent  expressions,  whether  dictated 
orally  or  in  written  form,  into  common  frac- 
tion, mixed  number,  or  integral  form.  25%  of, 
33*%  of,  87i%  of,  62i%  of,  20%  of,  2%  of. 
4%  of.  5%  of,  10%  of,  I2i%  of,  40%  of, 
30%  of,  60%  of,  50%  of,  etc.  should  be 
instantly  interpreted;  and,  when  the  parti- 
tions indicated  are  not  too  difficult,  the  opera- 
tion should  be  instantly  performed  mentally. 
There  should  be  as  much  facility  in  inter- 
pretation and  computation  when  the  per  cent 
is  written  decimally  as  when  it  is  written  as 
an  integer  (with  "per  cent"  or  %). 

He  should  be  able  to  do  the  reverse  of  this 

TYip-n+alhT^        il.i3.2.5.3LX13.      1         1         3 
lilCilbclliy.       3,   2>    4>    4>   3'    8'   8'    8''S'»   5»    2T>   2  0»    2  0» 

etc.  should  be  changed  instantly  to  per  cent 
form. 

He  should  be  able  to  solve  mentally  simple 
problems  in  loss  and  gain,  trade  discount, 
collecting,  fire  insurance,  and  taxation.  He 
should  have  much  experience  in  mental  solu- 
tions of  simple  problems  and  in  closely  esti- 
864 
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mating  the  results  in  problems  that  are  some- 
what difficult  in  each  of  these  subjects.  The 
teacher  who  would  get  the  best  results  in 
percentage  teaching  must  put  considerable 
stress  upon  mental  solutions  in  each  subject 
after  that  subject  has  been  thoroughly 
developed. 

The  information  work  in  insurance  and 
taxation  as  outlined,  including  the  definitions 
of  terms  in  each  of  the  subjects,  and  the  "es- 
sential features"  in  the  fire  insurance  policy 
as  worked  out  in  the  schoolroom  are  very 
important  as  lines  of  practical  knowledge. 

The  power  to  interpret  the  result  of  a  single 
decimal  operation  as  to  whether  it  is  a  "whole  " 
or  a  "part"  should  be  one  of  the  enduring 
results  of  percentage  training.  Without  it  the 
pupil  can  never  entirely  rely  upon  his  own 
results.  This  work  should  have  much  atten- 
tion, but  no  solution  should  be  permitted  that 
is  not  with  full  oral  analysis  of  the  whole 
problem.  This  analysis  should  be  the  pupil's 
way  of  testing  the  logic  of  his  work.  The 
work  of  Chapter  V,  therefore,  is  of  great  im- 
portance for  'the  development  of  self-reliance 
in  short  processes. 


PART  VI 
BUSINESS  FORMS  AND  INTEREST 

CHAPTER  I 

receipts,  orders,  and  notes — business 
"forms" 
A.  Receipts 

I.  Aims 

There  is  no  subject  in  arithmetic  to  whose 
development  more  care  should  be  given  than 
that  of  these  so-called  business  "forms."  A 
receipt  or  an  order  or  a  note  is  a  simple  state- 
ment of  facts.  The  more  clearly  and  directly 
these  facts  are  stated  in  the  document,  the 
better  it  serves  its  purpose.  The  aim  in  the 
development,  therefore,  should  be  to  conduct 
the  work  in  a  manner  to  impress  this  fact  upon 
the  child  by  keeping  his  attention  concentrated 
upon  what  he  wants  to  say  when  he  is  writing 
a  receipt  or  a  promise  to  pay  or  an  order,  and 
away  from  any  special  form  of  statement — to 
lead  him  to  be  as  natural,  as  free  from  a  set 
form,  so  far  as  possible,  as  in  writing  a  letter. 

2.   The  Simple  Receipt  Developed 
a.  The  Introduction 

This  subject  should  be  introduced  through 
an  imaginary  transaction  in  the  schoolroom — 

866 
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the  purchase  of  a  book  or  other  article  by  the 
teacher  from  one  of  the  pupils. 

The  book  is  purchased  and  paid  for  in 
something  to  represent  money.  We  will 
assume  that  the  purchase  price  is  $2.  It  is 
purchased  by  Frank,  perhaps. 

"Now  I  want  each  of  you  to  write  me  a 
letter  as  if  you  were  Frank,  telling  me  that 
you  (Frank)  have  received  the  money  for  the 
book.  Such  a  letter  people  call  a  receipt.  In 
a  receipt  the  writer  says  that  he  has  received 
something.  Receipts  are  almost  always  for 
money  that  has  been  received.  This  one  will 
be  for  money." 

The  response  to  this  will  be  letters  varying 
in  form  but  somewhat  as  follows: 

"Chicopee,  Mass.,  Jan.  14,  igi — 
Dear  Miss  Noland : — 

I  have  received  the  money  for  the  book. 
Yours  very  truly, 

Frank  Thomas." 

Note  i. — The  pupils  have  been  taught  letter  writ- 
ing— the  date,  the  salutation,  the  complimentary  clos- 
ing, the  punctuation,  etc.  The  letters  that  they  write 
here  must  be  strictly  in  accordance  with  the  plan  as  to 
the  dating,  salutation,  closing,  punctuation,  etc.,  that 
is  in  use  in  the  school.  The  teacher  should  insist  upon 
the  proper  form  and  punctuation  in  these  as  well  as  in 
the  letters  written  in  the  regular  letter  writing  exercises. 
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Some  of  the  letters  may  be  still  briefer  in 
statement  as,  "You  paid  me  for  the  book," 
ignoring  the  suggestion,  "In  a  receipt  the 
writer  says  that  he  has  received  something," 
in  the  teacher's  remarks  when  she  asked  for 
the  letter. 

"I  am  not  satisfied  with  that  letter.  Some 
'of  you  did  not  say  how  much  money  you 
received  or  the  name  of  the  book.  I  want  the 
whole  story.  Some  of  you  used  the  word 
received.  That  is  a  proper  word  to  use  in  a 
receipt." 

These  receipts  are  now  laid  aside  and  the 
pupils  try  again.  After  two  or  three  revisions 
a  satisfactory  letter  will  be  written — 

"Chicopee,  Mass.,  Jan.  14,  191— 

Dear  Miss  Noland: — 

I  have  received  from  you  two  dollars.    You 
paid  this  to  me  for  one  copy  of  Peter  Parley's 
Universal  History  which  I  sold  to  you  to-day. 
Yours  very  truly, 

Frank  Thomas." 

Note  2. — The  teacher  must  keep  in  mind  that  the 
aims  in  this  first  step  in  receipts  are — 

(i)  Full  statements  of  the  facts  in  good  English — 
statements  that  will  identify  the  transactions. 

(2)  The  use  in  the  letters  of  the  word  received. 

(3)  The  letter  form  with  proper  punctuation. 
These  letters  by  the  various  members  of  the  class 
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will  vary  somewhat  in  form.  This  is  as  it  should  be  in 
a  composition  in  which  we  desire  a  large  degree  of  free- 
dom of  expression.  Each  is  writing  a  letter  telling  the 
same  story  and  each  should  tell  it  in  his  own  way.  The 
principal  aim  is  the  full  story.  If  the  letter  tells  it  in 
good  English  and  uses  the  word  received,  as  directed,  it 
must  be  accepted. 

b.  Owner  of  the  Receipt 

The  questions  should  now  be  brought  up, 
Why  is  the  receipt  given?  and,  Who  should 
keep  it? 

The-  teacher  should  develop  that  Miss 
Noland  asked  for  the  receipt  so  that  if  Frank 
should  forget  that  she  paid  him  she  would 
have  Frank's  letter  to  prove  the  fact  of 
payment. 

The  letter  should,  therefore,  be  in  Miss 
Noland 's  possession.    She  may  need  it. 

The  two  questions  should  be  asked  about 
every  receipt  in  these  exercises — Why  given? 
and,  Who  should  keep  it?  A  part  of  every 
exercises  in  which  a  receipt  or  other  document 
is  written  is  to  see  that  it  passes  into  the  pos- 
session of  the  person  who  ought  to  have  it  or 
who  owns  it. 

c.  Signatures 

The  teacher  will  find  in  these  exercises  that 
many  pupils  will  write  the  receipts  but  neglect 
to  sign  them  or  to  have  the  proper  person's 
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name  signed  to  them.  Very  few  children  re- 
alize the  importance  of  the  signature.  This 
matter  of  the  need  of  having  the  writer's  name 
on  a  receipt  or  other  paper  is  something  to 
which  the  teacher  must  give  special  attention 
and  care.  The  child  must  acquire  the  signature 
habit.  To  develop  such  a  habit,  the  teacher 
must  not  neglect  even  for  once  to  notice 
whether  the  child  has  affixed  a  signature  and 
the  right  signature  to  a  letter  or  to  one  of  these 
receipts. 

There  must  be  direct  teaching  with  reference 
to  the  effect  of  a  signature.  The  pupils  must 
be  taught  that  a  letter  from  Charles  is  not  a 
letter  until  Charles  signs  it.  If  James  writes 
a  receipt  for  three  dollars,  it  does  pot  say  any- 
thing, it  is  not  a  receipt,  until  James  signs  his 
name  to  it.  The  question  must  be  asked  very 
frequently.  When  does  a  receipt  begin  to  be  a 
receipt?  (When  the  writer  signs  it.)  When 
does  a  letter  become  a  letter?  (When  the 
writer  signs  it.)  He  must  be  taught,  and  that 
strongly,  that  what  a  person  attempts  to  say 
on  paper  is  not  said  until  the  writer  signs  it. 
All  through  this  work  on  receipts  and  in  the 
work  on  orders  and  notes  which  follows,  the 
teacher  must  give  the  most  careful  attention 
to  signatures.  It  must  be  impressed  upon  the 
pupils  strongly  and  continually  that  a  written 
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statement  or  order  or  other  document  has  no 
force  or  effect  imtil  it  has  the  writer's  name 
affixed.  The  questions  suggested  above  or 
similar  questions  must  be  in  regular  use. 

d.  The   Salutation  and   the   Complimentary 
Closing  Left  Out 

Three  or  foiir  additional  exercises  in  letter- 
receipts  should  now  be  given  in  the  same 
way  with  the  same  discussion  in  each  case 
as  to  what  the  receipt  is  for,  who  should 
have  possession  of  it,  and  the  effect  of  the 
signature. 

In  these,  however,  the  salutation  and  the 
complimentary  closing  should  be  omitted. 
The  pupils  are  told  before  they  begin  to  write 
the  first  one  that  in  real  receipts  people  do 
not  write  a  salutation  or  the  complimentary 
closing  and  that  therefore  we  will  omit  them 
in  our  letters. 

A  transaction  is  now  suggested  between 
George  Field  and  Charles  Bryant,  perhaps. 
These  are  two  pupils  in  the  room.  George 
sells  Charles  a  bicycle  for  $25  cash. 

The  writing  shoiild  be  prefaced  by  questions : 

Who  received  money  in  this  transaction? 

Who  should  give  a  receipt? 

Who  should  have  a  receipt? 

Who  should  keep  this  receipt? 

Vol.  Ill— 25 
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The  letter-receipts  are  now  written.  Some 
will  be  something  like  the  following: 

Chicopee,  Mass.,  Apr.  22,  191 — 
I  have  received  from  you  twenty-five  dollars 
for  a  bicycle  that  I  sold  you  to-day. 

George  Field. 

The  teacher  now  points  out  that  when  the 
salutation  is  omitted  we  can  not  say,  "I  have 
received  from  ^'f?^, "  because  such  a  receipt 
doesn't  show  who  "you"  is.  We  must  take 
out  the  you  and  put  in  its  place  the  person's 
name,  and  in  place  of  the  second  you  we  must 
use  him. 

The  receipts  are  now  laid  aside  and  new 
ones  are  written. 

The  letters  will  now  have  the  proper  form, 
somewhat  as  follows : 

Chicopee,  Mass.,  Apr.  22,  191 — 
I  have  received  from  Charles  Bryant  Twenty 
Five  Dollars  ($25)*  for  a  bicycle  which  I  sold 
to  him  to-day.  George  Field. 

Other  transactions  are  now  arranged  (all 
between  pupils  rather  than  between  teacher 
and  pupil)  and  the  receipts  written  in  the  same 

*It  would  be  well  to  teach  the  pupils  to  write 
the  niimbers  and  the  word  dollars  in  all  receipts 
with  capitals  and  to  write  also  the  same  with  numerals — 
Twenty  Five  Dollars  ($25) — as  in  the  receipt  above. 
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way.  The  question  as  to  why  the  receipt  is 
given,  who  shall  keep  it,  and  why  it  must  be 
signed,  must  be  asked  with  each. 

J.  Receipts  for  Part  Payments 
a.  The  Introduction 

Exercises  in  receipts  should  be  given  in 
which  conditions  make  the  terms  "part  pay- 
ment" or  "in  part  payment"  necessary. 
These  are  transactions  in  which  full  payments 
are  not  made  in  money  or  in  which  part  pay- 
ments are  made  at  different  times  as  follows : 

George  buys  from  Harry  a  pair  of  skates 
for  $1.75  giving  him  $1.25  in  money  and  a 
knife  worth  50^. 

Before  writing  the  receipt  the  questions  are 
asked — 

Who  received  the  money? 

Who  should  write  the  receipt? 

Who  should  keep  the  receipt?    Why? 

The  pupils  should  attempt  this  receipt  with- 
out any  suggestions  being  made  to  them.  The 
incompleteness  of  a  pupil's  production  makes 
a  suggestion  mean  more  to  him  than  if  given 
before  he  attempted  it. 

The  receipts  will  take  various  forms  but 
none  will  use  the  term  "part  payment "  or  "in 
part  payment"  and  some  will  not  tell  the 
knife  part  of  the  story. 
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h.  The  Terms— "Part  Payment"  and  "In 
Full  Payment." 

The  teacher  will  call  attention  to  the  fact 
that  the  $1.25  was  a  part  payment  only.  She 
will  give  the  pupils  the  terms  that  people  use — 
"part  payment"  or  "in  part  payment" — and 
direct  them  to  make  use  of  the  expression. 
She  should  also  tell  them  at  the  same  time 
that  there  is  another  expression,  "full  pay- 
ment" or  "in  full  payment,"  that  is  used 
when  the  money  payment  is  for  thefull  debt. 
She  should  tell  them  also  that  every  receipt 
hereafter  must  specify  whether  the  money 
payment  is  "in  part  payment"  or  "in  full 
payment." 

The  receipt  will  now  be  re-written.  The 
aim,  as  before,  must  be  a  full  statement  in 
good  English. 

The  forms  of  statements  in  the  receipts  as 
finally  accepted  will  differ,  but  each  should 
cover  all  of  the  points  in  the  transaction  some- 
what as  follows : 

Chicopee,  Mass.,  March  3,  191 — 

I  have  received  from  George One  and 

■^-  Dollars  ($1.25)  in  part  payment  for  a  pair 
of  skates  which  I  sold  to  him  to-day  for  $1.75. 
The  remainder,  50j!f,  he  paid  by  giving  me  a 
knife. 

Harry 


BUSINESS  "FORMS"  875 

Another  problem  is  now  given. 

David  Parker  sells  to  Gertrude  Lindsay  a 
sewing^  machine  for  $34.  She  pays  $20  to-day 
and  will  pay  the  remainder  to-morrow. 

The  questions  as  to  who  should  give  the  re- 
ceipt, who  should  keep  it,  etc.,  should  be  asked. 

The  receipt  when  completed  will  state  the 
facts  in  some  such  way  as : 

Chicopee,  Mass.,  Dec.  3,  191 — 

I  have  received  from  Gertrude  Lindsay 
Twenty  Dollars  ($20)  in  part  payment  for  a 
sewing  machine  which  I  sold  to  her  to-day 
for  $34.  She  will  pay  the  remainder,  $14, 
to-morrow.  David  Parker. 

After  this  receipt  has  been  written  and  given 
into  the  possession  of  the  person  who  should 
keep  it,  Gertrude  Lindsay,  the  teacher  will 
annotmce  that  it  is  now  to-morrow  and  that 
the  second  payment  must  be  given  and  the 
receipt  written. 

Gertrude  Lindsay  now  pays  the  $14  and 
the  receipt  is  written.  It  must  state  the  fol- 
lowing facts: 

Chicopee,  Mass.,  Dec.  4,  191 — 

I  have  received  from  Gertrude  Lindsay 
Fourteen  Dollars  ($14)  in  part  payment  for 
a  sewing  machine  which  I  sold  her  yesterday 
for  $34.    She  paid  me  the  other  $20  yesterday. 

David  Parker. 
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In  order  to  bring  into  use  the  terms  "in 
part  payment"  and  "in  full  payment"  the 
exercises  must  be  mixed — some  necessitating 
the  use  of  one  of  them,  others  requiring  the 
use  of  the  other. 

Raymond  Butler  sold  Guy  Taylor  a  motor- 
cycle for  $148.  The  purchaser  paid  for  it  in 
cash. 

Chicopee,  Mass.,  Sept.  15,  191 — 

I  have  received  from  Guy  Taylor  One 
Himdred  Forty-Eight  Dollars  ($148).  This 
is  in  full  paymenl  for  a  motorcycle  that  I  sold 
him  to-day. 

Raymond  Butler. 

Many  other  imaginary  transactions  should 
be  dictated,  some  of  them  requiring  "full 
payment"  others  "part  payment."  The 
questions  should  be  asked  in  each  case  and 
the  receipt  should  be  placed  in  the  possession, 
in  each  case,  of  the  person  who  should  have  it. 

4.  Receipts  for  Other  Things 

All  receipts  so  far  have  been  for  money. 
The  pupil  should  be  made  to  understand  that 
when  one  speaks  of  a  receipt,  people  think 
(and  that  properly)  that  it  is  a  receipt  for 
money.  He  should  not  be  left,  however,  with 
the  impression  that  a  receipt  is  necessarily  for 
money.     He  should  learn  that  receipts  may 


BUSINESS  "FORMS"  877 

be  given  for  bicycles,  for  autos,  for  horses,  for 
articles  of  clothing,  etc. 

Exercises  should  be  given  in  which  receipts 
are  asked  for  for  other  articles.  The  following 
two  receipts  illustrate  a  receipt  of  each  kind 
in  one  transaction. 

John sold  Henry a  horse  for  $140 

cash. 

Chicopee,  Mass.,  June  i,  191 — 

I    have    received    from    Henry   One 

Hundred  Forty  Dollars  ($140)  in  full  payment 
for  my  horse,  Ned,  that  I  sold  him  to-day. 

John 

Chicopee,  Mass.,  June  i,  191 — 

I  have  received  from    John  a  horse 

known  by  the  name  of  Ned  which  he  sold  me 
to-day  for  $140.    I  paid  for  the  horse  in  cash. 

Henry  

The  teacher  should  ask  frequently  for  re- 
ceipts for  articles  sold  and  for  articles  loaned. 
In  the  receipts  for  articles  loaned  there  should 
be  definite  statements  of  the  time  for  which 
loaned  and  the  purpose,  if  given. 

B.  Orders 

Under  this  head  are  included  orders  for 
goods,  orders  for  service,  and  checks. 

The  subject  must  be  taken  up  in  much  the 
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same  way  as  that  for  receipts — by  transactions 
in  the  schoolroom  in  order  that  the  child  may 
see  their  operation. 

I.  The  Oral  Order 
The  introduction  must  be  through  an  oral 
order  in  which  the  teacher  directs  one  of  the 
pupils,  whom  she  selects  to  be  the  merchant, 
to  give  another  pupil  some  article  of  merchan- 
dise for  which  she  promises  to  pay  later. 

o.  The  Order  and  Charge 

"Robert,  you  may  be  a  merchant.  You 
have  hats,  suits,  gloves,  etc.  in  your  stock. 
You  will  please  give  Charles  a  pair  of  your 
I1.50  gloves  and  I  will  pay  for  them." 

Charles  is  assumed  to  get  the  gloves. 

The  teacher  must  now  take  up  the  matter 
of  what  Robert  should  do.  He  is  a  merchant 
and  of  course  makes  a  charge  on  his  books 
when  goods  are  bought  and  not  paid  for.  The 
gloves  were  not  paid  for. 

The  teacher  should  develop  that  they  could 
not  be  entered  on  Charles'  account  because 
Charles  was  not  to  pay  for  them.  The  gloves 
were  given  to  him  or  he  earned  them  by  doing 
some  kind  of  work  for  the  teacher.  They  must 
be  entered  on  the  teacher's  accotmt,  "Jan.  20, 
one  pair  of  gloves  to  Charles — $1.50."  She 
promised   to  pay   for  them  and  she  should 
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find  the  charge  for  them  on  the  account  for 
January  which  will  be  sent  her  by  Robert  on 
February  ist. 

"To  whose  account  does  Robert  charge  the 
gloves?" 

("To  Miss  Ward's.") 

"Why  to  Miss  Ward's  account?" 

("Because  she  ordered  them  given  to 
Charles  and  promised  to  pay  for  them.") 

b.  "Charge  to  My  Account" 

Several  transactions  should  be  given  in  the 
same  way.  In  these,  however,  the  order  in 
each  case  should  be  given  by  a  pupil  and  not 
by  the  teacher.  Each  transaction  should  be 
discussed  in  the  same  way— 

To  whose  account  must  this  be  charged? 

Why? 

Who  must  pay  for  this? 

To  whom  must  the  money  be  paid? 

In  these  discussions  the  teacher  must  use 

constantly  the  expression,  "Charge  to 's 

account."  It  will  take  various  forms,  To 
whose  account  must  it  be  charged?    Why  is 

it  not  charged  to *s  accoimt?    Why  did 

he  charge  it  to  her  account?  etc.  The  pupils 
in  making  an  order  (oral)  should  be  encouraged 
to  say,  "And  charge  to  my  accoimt,"  rather 
than,  "And  I  will  pay  for  it." 
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This  brings  into  the  working  vocabulary  in  a 
proper  way  the  expression  quite  common  in 
orders,  "And  charge  to  my  account." 

2.  The  Written  Order 
a.  How  Introduced 

The  teacher  now  asks  the  pupils  to  write 
their  orders.    She  suggests  a  transaction — 

"I  want  Mary  Lee  to  write  an  order  to  me 
asking  me  to  give  Lura  Carter  a  copy  of 
Morris's  History  of  Rome.  I  want  each  one 
of  you  to  write  the  order  as  if  you  were  Mary 
Lee." 

After  the  experience  in  writing  receipts 
there  will  be  few  if  any  members  whose  orders 
will  not  be  in  proper  letter  form  with  salutation 
and  complimentary  closing  somewhat  as 
follows : 

Chicopee,  Mass.,  Feb.  lo,  191 — 
Miss  Pearl  Goodwin. 

Dear  Madam: — 

You  will  please  give  to  Lura  Carter  one 
copy  of  Morris's  History  of  Rome  and  charge 
it  to  my  account. 

Yours  very  truly, 

Mary  Lee. 

The  same  questions  should  be  asked  as 
suggested  in  oral  orders — 
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To  whose  accounts  shotdd  this  book  be 
charged? 

Why? 

Who  must  pay  for  it? 

To  whom  must  the  money  be  paid? 

The  teacher  must  examine  the  orders  care- 
fully, to  see  that  each  has  a  signature  affixed, 
and  the  right  one. 

b.  What  is  Done  With  an  Order 
(/)  The  Aim 

This  subject  involves  the  most  important 
part  of  the  instruction  in  orders.  It  is  the 
pupil's  large  problem. 

The  aim  here  is  to  teach  the  pupil  very 
carefully  what  must  be  done  with  an  order  in 
a  transaction — to  do  this  by  writing  and  trac- 
ing several  of  them  through  their  full  courses. 

To  teach  this  effectively,  the  first  three  or 
four  orders,  like  this  Mary  Lee  order,  should 
be  addressed  to  (drawn  upon)  the  teacher.  In 
this  way  she  has  a  better  opportunity  to  direct 
the  course  of  the  order  properly  and  to  call 
attention  to  the  emphasis  points. 

(2)  Where  an  Order  is  Necessary 
Every  pupil  in  the  class  has  been  sent  to  the 
store  to  purchase  things  for  cash.     Nearly 
every  one  of  them  has  had  experience  also  in 
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getting  family  supplies  from  the  store  on  credit. 
Very  few  of  them  have  had  experience  in 
obtaining  goods  that  are  to  be  charged  to 
another  family  or  person.  These  experiences 
are  the  basis  for  the  development  of  the 
order. 

Before  taking  up  the  acting  out  of  the 
"order"  transaction,  the  teacher  shotild  de- 
velop, in  the  manner  outlined  below,  the  need 
of  a  written  order  when  an  individual  asks 
for  goods  on  another  person's  account. 

This  development  should  bring  out  the  fol- 
lowing three  points,  the  first  two  relating  to 
facts  within  the  experience  of  every  child  in 
the  class,  the  third  to  a  matter  of  instruction 
that  the  teacher  must  give  with  emphasis : 

(i)  Purchases  for  Cash. 

That,  if  one  of  us  goes  to  a  store  with  cash  to 
pay  for  our  purchase,  we  have  no  trouble  about 
getting  what  we  want. 

(ii)  Purchases  on  Oiu"  Family  Accoimt. 

That  many':of  us,  perhaps  all  of  us,  have 
been  sent  to  the  store  for  goods  for  the  family, 
the  goods  to  be  charged  to  the  family  accoimt. 
We  had  no  trouble  in  getting  them  because 
the  merchant  knew  us  and  knew  that  some 
one  of  the  family  would  pay  at  the  end  of  the 
month. 

(iii)  Relating  to  Orders. 


BUSINESS  "  FORMS  "  883 

That  if  we  ask  for  goods  to  be  charged  to 
another  family  or  person,  no  merchant  will 
comply  without  an  order — a  written  order. 

All  pupils  will  recognize  in  a  general  way 
that  this  ought  to  be  true,  but  the  teacher 
must  impress  it  upon  them  strongly.  She 
must  emphasize  that  no  goods  will  be  given, 
under  such  conditions,  unless  the  person  asking 
for  them  brings  an  order. 

Note  i. — The  teacher  will  recognize  that  this  infor- 
mation is  to  be  the  pupil's  guide  to  determine  who  is 
the  owner  of  the  order  in  any  case,  who  must  have  it.  If, 
for  illustration,  Lura  Carter  should  try  to  get  the  book 
that  Mary  Lee  ordered  given  to  her,  she  would  find  that 
she  could  not  get  it  without  showing  the  order.  This 
item  of  instruction  is  therefore  fundamental  in  deter- 
mining the  ownership  of  any  given  order. 

(3)  Tracing  the  Order 

The  teacher  now  takes  up  the  course  of  the 
order  through  the  transaction  imtil  the  book 
is  paid  for. 

"Who  is  to  receive  the  book  ordered?" 

"Must  she  pay  for  it?" 

"To  whose  account  is  it  charged?" 

"Who  made  the  order?" 

"Will  Lura  have  any  trouble  in  getting  the 
book?" 

("She  must  have  the  order.") 

"To  whom,  then,  must  this  order  be  given?  " 
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"Who,  then,  is  the  owner  of  this  order?" 

"What  must  she  do  with  it?" 

The  teacher  will  now  require  that  the  order 
be  given  to  Lura  to  whom  it  belongs.  Lura 
takes  it  to  Miss  Goodwin,  the  teacher,  to 
whom  the  order  is  addressed. 

Miss  Goodwin  reads  it,  notes  that  it  has  a 
signature  (that  of  Mary  Lee),  and  says,  "Yes, 
I  will  accept  this  order." 

Note  2. — The  term  "accept"  must  be  used.  The 
pupils  must  be  told  that  "accept  this  order"  as  used 
here  means  that  she  will  comply  with  the  request  and 
give  the  book.  The  term  "accept"  must  be  put  into 
constant  use. 

"If  I  give  you  the  book  you  must  give  me 
the  order.  When  a  person  gets  goods  on  an 
order  he  must  give  the  order  in  exchange  for  the 
goods.  This  is  the  rule.  A  person  cannot  get  the 
goods  described  in  an  order  without  giving  up 
the  order." 

The  exchange  is  now  made — the  book  for 
the  order. 

"I  must  have  a  receipt  for  the  book." 

The  teacher  now  requires  Lura  to  write  a 
receipt,  "I  have  received  from  Miss  Goodwin 
the  copy  of  Morris's  History  of  Rome. 

Lura  Carter." 

This  receipt  is  written,  not  on  a  paper  by 
itself  but  on  the  order — on  the  back  of  the 
order  across  the  left  end. 
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Miss  Goodwin  now  states  that  Feb.  10  is 
past,  that  it  is  now  March  ist,  and  that  she 
wants  the  money  for  the  book,  $1.00. 

"Who  received  the  book?" 

"Should  she  pay  for  it?" 

"Who  should  pay  for  it?  " 

("Mary  Lee.") 

Mary  now  pays  for  the  book.  The  teacher 
must  instruct  the  pupils  that  Mary  when  she 
pays  for  the  book  must  ask  for  the  order.  She 
must  not  pay  unless  she  gets  it.  Thisis  the  rule. 
No  one  should  neglect  to  demand  the  order 
when  paying  for  anything  ordered  in  this  way. 

This  completes  the  course  of  the  order. 

It  was  given  to  Lura. 

Lura  gave  it  to  Miss  Goodwin  in  exchange 
for  the  book. 

Lura  gave  a  receipt  for  the  book,  writing 
it  across  the  back  of  the  order  at  the  left  end. 

Miss  Goodwin  gave  it  to  Mary  in  exchange 
for  the  money  given  in  payment. 

c.  Language  of  Orders 

The  maker  of  the  order,  Mary  Lee,  is  the 
person  who  wrote  it. 

Mary  Lee  drew  the  order. 

The  order  was  drawn  by  Mary  Lee. 

Mary  Lee  drew  the  order  "in  favor  of" 
Lura  Carter. 

The  order  was  drawn  on  Pearl  Goodwin. 
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Pearl  Goodwin  accepted  the  order — agreed 
to  comply  with  the  request. 

Lura  Carter  indorsed  a  receipt  on  the  order 
— wrote  a  receipt  on  the  back. 

The  receipt  was  indorsed  on  the  order — was 
written  on  the  back  of  the  order. 

The  teacher  should  use  this  language  her- 
self in  this  "order"  work  and  use  every  means 
to  bring  it  into  regular  use  by  the  pupils.  It 
is  the  common  language  of  business  and  the 
pupils  should  make  it  their  own. 

A  second  transaction  should  now  be  sug- 
gested and  then  a  third  and  a  fourth.  In  each 
of  these  the  order  should  be  drawn  by  one  of 
the  pupils  on  the  teacher.  This  gives  her  a  bet- 
ter chance  to  direct  the  courses  of  the  orders. 

The  pupils  should  be  told  that  in  orders,  as 
in  receipts,  the  salutation  and  complimentary 
closing  are  omitted. 

Each  order  must  be  taken  through  its  course 
very  carefully — the  presentation  by  the  person 
in  whose  favor  it  is  drawn,  the  acceptance,  the 
exchange  of  the  order  for  the  thing  ordered, 
the  receipt  indorsed  on  the  order,  the  payment 
by  the  maker  for  the  thing  ordered,  and  the 
delivery  of  the  order  to  the  maker. 
d.  Questions 

Questions  should  be  asked  to  bring  into  use 
the  language  and  to  test  the  pupil's  knowledge 
of  the  course  of  the  order — 
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Who  is  the  maker? 

In  whose  favor  is  it  drawn? 

Who  should  have  the  order? 

Upon  whom  is  it  drawn? 

Who  must  accept  it? 

Who  must  indorse  the  order? 

What  must  he  (or  she)  indorse  on  it? 

("He  must  indorse  the  receipt.") 

What  does  indorse  mean? 

("Indorse  means  to  write  on  the  back  of 
the  order.") 

Who  is  the  indorser? 

("The  indorser  is  the  person  in  whose  favor 
the  order  is  drawn,  the  person  who  writes  the 
receipt  on  the  order.") 

Who  must  finally  have  the  order? 

("The  maker.") 

J.  Receipting  Orders 
a.  Short  Form  and  Long  Form  Receipts 

Pupils  should  now  be  taught  that  the  re- 
ceipts that  they  have  been  indorsing  on  the 
order  are  full  form  receipts.  There  are  also 
short  form  receipts.  A  short  form  receipt  leaves 
out  all  except  the  signature.  In  it  the  person 
in  whose  favor  the  order  is  drawn  simply 
writes  his  name  on  the  back  of  the  order.  If, 
for  illustration,  Lura  Carter  in  the  first  order 
had  merely  written  her  name  on  the  back  of 
it  across  the  left  end,  every  one  would  have 
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understood  that  she  meant,  "I  have  received 
the  copy  of  Morris's  History  of  Rome.  Lura 
Carter. ' '  People  sometimes  indorse  in  the  long 
form  and  sometimes  in  the  short  form. 

Hereafter,  in  each  exercise  the  teacher 
should  direct  which  form  of  receipt  the  pupil 
will  use — "Use  the  long  form  receipt"  or, 
"Use  the  short  form  receipt." 

b.  Orders  Between  Pupils 
Transactions  in  which  pupils  draw  orders 
on  other  pupils  should  now  be  suggested.  In 
each  of  these  the  order  is  drawn  and  taken 
through  its  full  course  and  the  questions 
asked.  In  each,  the  teacher  should  direct  in 
advance  which  form  of  receipt  should  be  used. 
In  each  transaction  each  pupil  should  be  re- 
quired to  write  the  order  in  the  name  of  the 
designated  maker — using  that  name  as  if  it 
were  his  own. 

The  dictations,  many  of  them,  should  be  in 
form  somewhat  as  follows: 

Minnie  Chapin  draws  an  order  on  Louise 
Snyder  in  favor  of  May  Harper  for  a  pair  of 
shoes.  Write  the  order  and  take  it  through 
its  full  course.    Short  form  receipt. 

4.  Selling  an  Order 
Pupils  should  be  told,  after  they  have  had 
experience  with  a  few  orders,  that  the  owner. 
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the  holder,  of  an  order  may  transfer  it  to 
some  one  else. 

If,  for  illustration,  James  Solin  should 
draw  an  order  on  Thomas  Pease  in  fa- 
vor of  Thomas  Cronin  for  a  pair  of  skates, 
the  holder,  Thomas  Cronin,  may  sell  this 
order  if  he  desires  to  Joseph  Noland  and  the 
latter  may  take  it  to  Thomas  Pease  and  get 
the  skates. 

This  transfer  is  made  by  indorsing  on  the 
back  across  the  left  end  of  the  order,  "Please 
give  the  pair  of  skates  to  Joseph  Noland. 
Thomas  Cronin."  This  makes  Joseph  Noland 
the  owner  of  the  order.  He  takes  it  to  Thomas 
Pease,  indorses  a  receipt  on  the  back  of  the 
order,  "I  have  received  the  pair  of  skates. 
Joseph  Noland."  and  exchanges  the  order, 
thus  receipted,  for  the  skates. 

Several  of  the  exercises  in  orders  should 
now  direct  that  the  order  be  sold,  the  buyer 
being  definitely  named  each  time  in  the 
dictation. 

C.  Checks 

7.  Orders  for  Money 

Dictations  for  orders  should  now  be  given 
in  which  the  order  is  for  the  payment  of  money. 
These  orders  should  be  traced  through  their 
courses. 
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Chicopee,  Mass.,  May  8,  191 — 
Mr.  N.  P.  Carter: 

Please  pay  to  Lena  Craig  Six  Dollars  ($6) 
and  charge  it  to  my  account. 

Josephine  Hawes. 

Some  of  the  orders  should  be  cashed  with- 
out transferring.  Others  should  be  transferred 
and  then  "cashed "  by  the  new  owner.  Pupils 
shoidd  have  much  experience  in  following  the 
courses  of  transferred  orders.  The  pupil 
should  be  instructed  to  indorse  on  the  order 
when  transferring  (on  the  back  across  the  left 
end) — 

"Please  pay  to  Minnie  Fay. 

Lena  Craig." 

The  pupils  should  be  required  to  trace  the 
courses  of  all  of  these  orders. 

After  three  or  four  of  these  orders  for  money, 
the  pupils  should  be  instructed  to  omit  the 
"please"  and  write  the  orders — 

"Pay  to Seven  Dollars  ($7)  and 

charge  to  my  account. 


The  "please"  in  the  indorsement  is  also 
omitted. 

Some  of  these  orders  for  money  should  be 
drawn  on  a  bank.     One  or  two  "bankers" 
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should  be  selected  and  given  names — "The 
Charles  Flint  Banking  Co.",  "The  Mary 
Morse  National  Bank." 

2.  The  Term  Check  Introduced 

The  teacher  now  introduces  the  term  check. 
An  order  drawn  on  a  bank  is  a  check.  A  check 
is  an  order  drawn  on  a  hank.  When  we  draw 
an  order  for  money  on  a  hank  we  call  the  order 
a  check. 

When  a  check  is  taken  through  its  course — 

The  holder  takes  it  to  the  bank. 

He  indorses  a  receipt  on  the  back  across  the 
left  end — short  jorm  receipt,  the  signattire  only. 

He  exchanges  the  check  for  the  money. 

The  maker  has  money  enough  in  the  bank 
to  pay  the  check,  otherwise  the  bank  will 
refuse  to  "accept"  it. 

The  bank  deducts  the  amount  of  the  check 
from  the  amount  of  money  that  the  maker 
has  in  the  bank.  In  this  way  the  maker  of 
the  check  pays  the  bank. 

The  bank  returns  the  maker's  checks,  once 
a  month,  perhaps,  with  a  statement  showing 
the  list  of  checks  paid  and  how  much  money 
is  left. 

The  pupil  should  be  instructed  in  this  to 
show  that  the  course  of  a  check  is  exactly  that 
of  any  other  order. 
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J.  Or  Order,  To  the  Order  Of 

The  pupils  have  had  experience  in  selHng 
orders  that  were  for  goods  and  have  been 
taught  to  transfer  orders  that  are  for  money. 

In  the  orders  for  goods,  the  pupil's  indorse- 
ment in  transferring  has  been,  "Please  give 

the to ,"  followed  by  the 

signature. 

In  checks,  the  child  was  taught  to  say,  "Pay 
to "  instead  of  " Please  pay  to " — the  "please " 
being  omitted  as  from  the  face  of  the  check. 

The  teacher  should  instruct  that  checks  are 
very  often  transferred  two  or  three  times.  The 
holder  of  a  check,  Mr.  X,  for  illustration,  may 
transfer  it  to  A  and  A  transfer  it  to  B.  B  takes 
it  to  the  bank,  writes  his  short  form  receipt 
(his  signature)  on  the  back  of  the  check,  and 
exchanges  it  for  the  money. 

When  Mr.  X  transfers  it  to  Mr.  A,  he 
"orders  "  the  bank  to  pay  the  money  to  Mr.  A. 
He  indorses  it,  "Pay  to  Mr.  A,  or  order. 

X." 

The  "or  order"  means,  "Pay  to  Mr.  A  or  to 
any  one  to  whom  Mr.  A  may  order  it  paid." 
It  gives  Mr.  A  permission  to  order  it  paid  to 
some  one  else — to  Mr.  B  in  this  case. 

Many  dictations  for  checks  should  be  given. 
In  these  dictations  there  should  be  a  transfer 
of  the  check  to  some  definite  person.     These 


BUSINESS  "FORMS"  893 

exercises  give  experience  in  writing  checks  to 
definite  persons,  in  transferring  a  check  to 
a  definite  individual  with  permission  to  order 

it  paid  to  some  one  else  (Pay  to , 

or  order"),  and  in  cashing  checks  with  "short 
form"  receipts. 

The  pupil  should  be  taught  to  make  equal 
use  of  the  other  "order"  form  of  indorsement. 

Some  people  say,  "Pay  to ,  or 

order  " ;  others  say,  "Pay  to  the  order  of 

."     The  meanings  are  the  same.     Each 

gives  the  new  holder  of  the  check  permission 
to  "order"  the  bank  to  pay  it  to  some  other 
person. 

The  teacher  should  require  pupils  to  trace 
transferred  checks  through  their  full  courses. 

4.  Emphasis  Points  in  Orders  and  Checks 

Very  much  should  be  made  of  the  "lan- 
guage ' '  of  orders  in  both  ' '  order ' '  and  ' '  check ' ' 
work  and  of  the  courses: 

The  drawer,  the  maker. 

The  person  "in  whose  favor,"  etc. 

The  person  or  bank  on  which  it  is  "drawn.'" 

The  holder,  the  owner. 

Short  form  receipt  on  orders. 

Full  form  receipt  on  orders. 

Indorse.  (To  write  on  the  back  of  the  order 
or  check.) 
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Indorsing  checks  "or  order." 
Indorsing  checks  "to  the  order  of." 
Short  form  receipts  on  checks. 
Tracing  orders  through  their  courses. 
Tracing  checks  through  their  courses. 

Note. — This  outline  on  checks  is  very  elementary 
but  it  is  as  full  as  should  be  given  to  pupils  of  grammar 
school  age.  On  the  other  hand,  the  information  that  it 
gives  is  information  that  every  child  will  need  in  practi- 
cal life. 

D.  The  Note 

I.  The  Introduction 

The  development  of  the  note  is  also  through 
the  letter.  A  note  is  in  reality  a  letter,  without 
its  salutation  and  complimentary  closing,  prom- 
ising to  pay  some  one  a  certain  sum  of  money. 

The  subject  is  introduced  by  an  imaginary 
loan  of  money  by  the  teacher  to  each  pupil. 
This  gives  to  each  an  opportunity  to  write  a 
note-letter. 

2.  ''I Promise  To  Pay'' — The  Note's  Language 
The  teacher  suggests  that  each  pupil  wants 

to  borrow  five  dollars  from  her  for  a  month. 
"Will  you  pay  it  back?"     ("Yes.") 
"When will  you  pay  it?"     ("Inamonth.") 
"You  promise  me  that  you  will  pay  it  back 

inamonth?"     ("Yes.") 
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"  Well,  here  is  the  money.  We  will  play  that 
this  is  $5  and  that  I  loan  each  of  you  that 
amount." 

"  I  want  each  of  you  to  write  me  this  promise. 
You  must  state  it  in  a  straight-forward  way." 

This  will  bring  out  letters  in  which  the 
promises  are  direct  but  variously  expressed. 
The  teacher  examines  them.  The  common 
form  will  be  about  as  follows,  using  that  writ- 
ten by  Ray  Fielding: 

Chicopee,  Mass.,  Nov.  5,  191 — 
Miss  Lena  Allaire. 
My  dear  Madam: — 

I  promise  to  pay  you  in  a  month  the  five 
dollars  that  you  loaned  me. 

Ray  Fielding. 

"These  letters  are  called  notes.  They  are 
promises  to  pay.  People  speak  of  written 
promises  to  pay  as  notes." 

"Notes,  however,  like  receipts  and  orders 
omit  the  salutation  and  the  complimentary 
closing." 

"I  want  you  to  rewrite  these  notes  and  be 
more  particular  about  the  time.  You  should 
state  it  by  giving  the  date  when  you  will  pa}^ 
or  you  should  tell  me  that  you  will  pay  me  one 
month  from  to-day.  You  may  give  it  in  either  of 
these  ways.    You  may  now  re-write  the  notes. ' ' 
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The  results  of  the  revision  will  be  various 
but  in  general  in  one  or  the  other  of  the  follow- 
ing forms: 

Chicopee,  Mass.,  Nov.  5,  igi8. 

I  promise  to  pay  to  Miss  Lena  Allaire  the 
Five  Dollars  ($5)  that  she  loaned  me  one 
month  after  to-day.*  Ray  Fielding. 

I  promise  to  pay  to  Miss  Lena  Allaire  Five 


*  If  in  this  work  on  notes  a  note  written  by  one 
of  the  pupils  is  poorly  arranged,  that  paper  should 
be  dealt  with  for'  the  English  in  the  same  way  as  the 
teacher  would  deal  with  any  other  written  language 
exercise. 

The  arrangement  in  the  insertion  of  the  time  phrase 
"one  month  after  to-day,"  where  pupils  have  used  that 
expression,  should  now  be  given  very  special  attention. 
One  of  the  notes  should  be  written  on  the  blackboard 
just  as  the  pupil  wrote  it  (this  note,  for  illustration)  and 
studied  as  to  the  proper  place  to  insert  this  time  phrase. 

Doubtless  the  pupils  will  decide  that  as  written  it 
might  modify  loaned — loaned  one  month  after  to-day. 
They  will  at  least  decide  that  the  arrangement  is 
unfortunate.  Should  we  use  the  phrase  as  the  introduc- 
tion to  our  note?  In  other  words  shall  we  say,  One 
month  after  to-day  I  promise  to  pay,  etc.  ?  The  pupils 
will  decide  that  this  is  much  less  objectionable.  Some 
one  may  suggest  its  insertion  after  the  name  Allaire, 
I  promise  to  pay  to  Miss  Lena  Allaire  one  month  after 
to-day,  etc.  This  form  of  arrangement  and  that  in 
which  the  phrase  introduces  the  note  may  be  decided  as 
proper. 
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Dollars  ($5)  on  Dec.  5,  191 8.    This  is  for  the 
money  she  loaned  me. 

Monroe  Underwood. 

The  notes  should  now  be  examined  as  to 
arrangement — as  to  their  English — and  revised 
(see  footnote  p.  896)  so  as  to  meet  one  or  the 
other  of  the  forms  that  have  been  decided  to  be 
acceptable. 

J.  Interest 

The  teacher  now  takes  up  the  matter  of 
interest  on  the  note. 

"When  I  loaned  you  the  money  I  did  not 
say  anything  about  interest.  I  intended  to 
let  you  have  it  without  interest.  Every  note, 
however,  should  have  something  in  it  about 
interest.  If  the  lender  is  to  have  six  per  cent 
or  four  per  cent  or  eight  per  cent  or  any  other 
rate,  or  if  the  note  is  to  be  without  interest, 
the  note  must  so  state." 

The  pupils  are  now  asked  to  rewrite  the 
notes  and  provide  for  the  statements  in  it 
about  the  interest  so  that  it  will  conform  to 
the  lender's  intention  as  to  not  making  a 
charge  for  the  use  of  the  money. 

This  revision  will  show  the  statement  about 
interest  in  different  forms.  The  usual  form  on 
the  papers  will  be,  There  is  no  interest;  or, 
There  is  to  be  no  interest.  There  may  be  two 
or  three  in  the  short  form — Without  interest. 
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Any  one  of  these  forms  of  statement  should 
be  accepted. 

Another  note  should  now  be  written.  This 
time  each  pupil,  excepting,  of  course,  the 
lender,  must  consider  that  he  or  she  has 
borrowed  $8  from  one  of  the  pupils  to  be 
designated  by  the  teacher.  This  loan  is  also 
without  interest. 

These  notes  are  to  be  examined  in  the  same 
way  and,  when  necessary,  revised. 

One  or  two  more  notes  should  now  be  writ- 
ten. These  should,  however,  be  with  interest 
at  a  stated  rate.  They  should  be  examined 
and  revised  as  were  the  others. 

Note  i. — The  fact  of  the  introduction  here  of  this 
outline  for  interest  must  not  be  taken  by  the  teacher 
to  mean  that  the  subject  is  to  be  deferred  to  the 
grammar  school  period.  These  chapters  on  interest 
and  business  forms  must  be  considered  as  dealing  with 
separate  and  practically  independent  teaching  units. 
They  must  be  looked  at  simply  as  outlines  of  methods 
of  instruction  in  the  several  subjects  and  not  as  in 
any  way  suggesting  the  time  or  order  in  which  they 
should  be  developed. 

The  subjects  as  here  outlined — receipts,  orders, 
checks,  notes,  interest,  etc. — are  not  pedagogically  con- 
secutive. They  can  not  be  ranked  as  belonging  to  the  work 
of  children  of  the  same  degree  of  mental  maturity. 
Receipts  and  the  introductory  interest  work,  for  illus- 
tration,— the  one  properly  a  part  of  the  work  in  written 
English,  the  other  properly  an  arithmetic  subject — 
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should  be  assigned  to  an  early  intermediate  grade. 
Orders  and  notes,  on  the  other  hand,  appeal  to  more 
mature  minds,  to  children  of  the  6th  or  a  later  grade. 
This  work  on  the  development  of  the  note  assumes 
that  the  pupU  understands  what  interest  means  and 
that  he  has  learned  how  to  make  simple  computations 
in  interest.  Chapter  II,  A  i-j,  therefore,  is  an  outline 
to  be  used  in  an  intermediate  grade  while  Chapter  I 
is  an  outline  that  is  in  part  intermediate  and  in  part 
grammar  school  in  its  appeal.  This  shows  how  neces- 
sary it  will  be  for  the  teacher  to  rearrange  the  units 
of  these  outlines,  in  order  that  she  may  assign  each 
to  its  proper  place  in  the  teaching  program. 

4.  After  To-Day — After  Date 

After  three  or  four  notes  have  been  discussed, 
the  teacher  should  take  up  the  word  "to-day"  in 
the  time  phrases.  It  must  be  taken  up  in  con- 
nection with  the  discussion  of  one  of  the  notes. 

The  teacher  will  introduce  the  subject  by 
suggesting  that  she  wants  to  tell  them  about 
this  word  "to-day."  In  what  she  says  she 
will  bring  out  as  follows: 

One  month  after  to-day  or  six  months  after 
to-day  is  all  right,  it  makes  a  good  note,  it  is 
good  English,  it  says  just  what  the  writer 
wants  to  say. 

To-day  means  the  day  on  which  the  note 
is  written.  If  the  note  is  dated  November  5, 
to-day  in  that  note  is  November  5,  everybody 
so  understands  it. 
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Some  people  say  one  month  or  four  months 
or  six  months  after  date.  That  means  one 
month  or  four  months,  etc.,  after  this  date. 
This  date  means  the  date  of  the  note. 

One  month  after  to-day  and  one  month  after 
date  have  therefore  the  same  meaning. 

People  do  not  say  one  month  after  to-day 
although  there  is  no  reason  why  they  should 
not.    They  use  the  other  form  "after  date.'' 

It  would  be  well  for  us  to  say,  hereafter, 
"after  date''  instead  of  "after  to-day." 

EXERCISES    IN    "AFTER   DATE" 

Several  exercises  should  be  given  in  writing 
notes.  Some  of  these  should  be  with  interest 
at  a  definite  rate  and  some  without  interest. 
In  these  the  pupil  should  be  required  to  make 
use  of  the  term  after  date. 

5.   Terms 

The  following  terms  should  be  brought  into 
use: 

Maker  of  the  note — the  person  who  prom- 
ises to  pay. 

Drawer  of  the  note — the  maker. 

The  note  is  drawn  in  favor  of  the  person  to 
whom  the  promise  is' made. 

The  payee  is  the  person  to  whom  the  money 
is  to  be  paid. 

The  date  of  the  note. 
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The  date  of  maturity  of  a  note  is  the  date 
when  the  note  is  to  be  paid. 

The  period  of  maturity  of  a  note  is  the 
length  of  time  from  the  date  to  the  date  when 
due. 

The  pupils  should  be  given  these  terms  and 
afterwards  on  each  note  they  should  be 
questioned — 

Who  is  the  maker?    Why? 

In  whose  favor  is  the  note  drawn? 

What  is  the  date? 

What  is  the  date  of  maturity? 

What  is  the  period  of  maturity? 

Who  is  the  payee? 

The  teacher  should  make  the  fullest  pos- 
sible use  of  the  terms.  In  this  way  they  will 
find  their  way  into  the  pupils'  vocabularies. 

6.  Selling  Notes — Transferring  Them 

The  pupil  learned  in  "Orders  and  Checks" 
that  such  document  may  be  transferred  from 
the  owner,  the  holder,  to  another  person — to 
a  new  holder.  He  learned  how  to  make  the 
transfer  by  indorsement.  The  manner  of  the 
transfer  of  a  note,  therefore,  will  be  understood 
at  once. 

The  teacher  will  inform  the  pupils  that  a 
person  who  has  a  note  that  is  not  yet  due  may 
sell  it.    A  note  drawn  by  one  of  the  pupils  in 


902  NUMBER  BY  DEVELOPMENT 

favor  of  another  should  be  taken  as  an  illus- 
tration of  the  mode  of  transfer — 

Chicopee,  Mass.,  Dec.  lo,  191 — 
Two  months  after  date  I  promise  to  pay  to 
Mabel   Chapin   Twelve   Dollars    ($12)   with 
interest  at  the  rate  of  3  per  cent. 

Lillian  White. 

The  questions  relative  to  date,  date  of 
maturity,  maker,  payee,  etc.,  are  asked.  The 
teacher  then  suggests  that  Mabel  wishes  to 
sell  it  and  that  Charles  Jennings  will  buy  it. 
The  price  agreed  upon  is  $1 1 .75. 

Note  2, — ^There  should  be  no  computations  in  con- 
nection with  this  instruction  in  note  transfers.  The 
proper  place  for  computation  work  in  the  sale  of  notes 
is  in  bank  discount  and  present  value  later.  In  the 
exercises  here  the  teacher  should  arbitrarily  set  the 
prices  for  the  sales  of  the  notes.  The  work  here  is 
entirely  on  manner  of  transfer. 

The  pupils  will  doubtless  suggest  to  transfer 
by  indorsement  and  that  Mabel's  indorsement 
should  be,  "Pay  to  Charles  Jennings. 

Mabel  Chapin." 

Such  an  indorsement  for  transfer  is  directly 
in  harmony  with  the  method  of  transferring 
checks  with  which  the  pupils  are  familiar. 
They  will  without  suggestion  write  it  across 
the  back  of  the  note  at  the  left  end  as  before. 
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7.  Or  Order— To  the  Order  Of 
The  pupils  learned  the  significance  of  these 
phrases  and  made  use  of  them  in  checks. 

a.  Or  Order  in  the  Notes 
They   should   be   told   that   notes   nearly 
always  give  permission  to  the  holders  to  sell 
and  transfer  them  to  some  one  else  by  writing 

the  promise,  "I  promise  to  pay  to , 

or  order";  or,  '*I  promise  to  pay  to  the  order 

of ." 

They    will    readily    understand    that    this 

means  "I  promise  to  pay  to or  to 

any  person  to  whom  he  may  order  it  paid." 

h.  Or  Order  in  the  Indorsements 
The   form   of   indorsement,    "Pay   to    the 

order  of ,"  which  was  used  in  checks 

should  be  used  with  notes  also.  The  pupil 
learned  in  his  work  with  checks  that  this  form 
of  expression  in  the  indorsement  gives  permis- 
sion for  a  second  transfer. 

8.   Writing  Trade  Notes 
The  pupil  should  now  write  notes  in  common 

life.    Mr.  Allen  sells  Mr.  James  Howard  a  cow 

for  $80,  $30  cash  and  $50  in  two  months  with 

interest  at  5  per  cent. 

The  pupil  is  required  to  write  the  note. 

After  one  or  two  revisions  under  the  teacher's 
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direction  the  notes  by  the  pupils  will  be  some- 
what as  follows: 

Chicopee,  Mass.,  March  8,  ipi — 
For  value  received  *  I  promise  to  pay  to 
Mr.  Allen,  or  order,  two  months  after  date 
Fifty  Dollars  ($50)  with  interest  at  the  rate  of 
5  per  cent.  This  is  in  part  payment  for  a  cow 
which  I  have  bought  of  Mr.  Allen  for  |8o. 
I  paid  the  remainder  $30  in  cash. 

James  Howard. 
The   questions   relative   to   maker,    holder, 
payee,  date  of  maturity,  etc.,  should  be  asked 
on  this  note. 

The  note  should  be  sold  at  a  stated  price, 
properly  indorsed,  paid  to  the  holder,  receipted 
in  full,  and  delivered  to  the  maker. 

Another  note  is  written,  the  transaction 
being  the  sale  of  a  lot  for  $225,  a  note  being 
given  for  the  full  amoimt  and  payable  in  30 
days  without  interest. 

Chicopee,  Mass.,  May  10,  191 — 
I  promise  to  pay  to  Leo  Leonard,  or  order, 
thirty  days  after  date  Two  Himdred  Twenty 
Five  Dollars  ($225)  without  interest,  for 
value  received.  This  is  in  full  payment  for  a 
lot  that  I  have  bought  from  Mr.  Leonard. 

Albert  J.  Shea. 

*This  will  not  appear  in  the  child's  note  until  after 
its  introduction  as  outlined  in  g  below. 
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Several  exercises  should  be  given  in  making 
notes  to  correspond  in  this  way  to  the  condi- 
tions of  trades.  These  notes  should  be  trans- 
ferred so  as  to  give  experience  in  tracing  them 
through  a  second  holder.  They  should  be 
paid,  receipted,  and  delivered  to  the  maker. 

p.   Value  Received 

In  connection  with  this  work  of  writing  notes 
to  satisfy  trade  agreements  and  of  tracing 
such  notes  through  their  payment  by  the 
maker,  the  teacher  should  introduce  the  ex- 
pression "value  received." 

The  instruction  consists  in  telling  the  pupil 
that  the  expression  is  very  commonly  used  in 
notes  and  that  they  should  use  it  in  theirs. 
The  teacher  explains  its  meaning.  It  means, 
For  something  valuable  that  I  have  received. 

The  question  should  be  asked  on  every  note 
where  the  pupil  uses  it,  What  is  the  value 
received  here?  In  the  first  of  the  two  notes 
given  in  8  above,  the  answer  to  this  question 
should  be,  The  cow.  The  answer  when  asked 
on  the  second  note  should  be,  The  lot. 

N0TE3. — Theformsof  receipts, notes,etc.  which  have 
been  developed  and  used  in  this  outline  are  those  which 
contain  explanatory  matters  relating  to  the  transaction 
of  which,  in  each  case,  the  paper  is  a  record.  These 
explanations  are  in  the  nature  of,  "This  is  for,  etc." 

The  teacher  will  bear  in  mind  that  this  outline  is  for 
the  elementary  school  pupil  and  not  for  the  advanced 
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student.  It  is  a  development  and  as  such  its  scope  is 
necessarily  limited.  It  should  not  go  beyond  what 
should  be  a  minimimi  requirement  in  each  subject. 

As  a  minimum  outline,  it  should  have  for  its  aim 
habits  of  thought.  Its  aim  should  be  to  give  the  pupil 
the  habit,  when  he  is  called  upon  to  write  a  receipt  or 
an  order  or  a  note,  of  going  immediately  to  the  exact 
conditions  of  the  transaction  and  making  his  paper  a 
record  of  those  conditions. 

The  only  way  in  which  the  habit  can  be  developed 
of  making  the  conditions  of  the  agreement  the  first 
consideration  with  the  pupil  when  he  draws  up  papers 
of  these  kinds  is  to  have  all  papers  that  are  used  during 
the  development  period  prepared  with  reference  to  the 
conditions  of  de  finite  transactions .  Later  in  his  experience 
he  will  readily  learn  to  omit  now  and  then  the  statement 
of  the  conditions  in  a  paper  and  use  the  conventional 
form,  but  the  thought  of  the  conditions  will  be  there 
because  of  the  habit. 

If  our  teaching  of  receipts  and  notes  were  based  upon 
the  conventional  forms,  the  pupil's  thought  in  writing 
them  would  necessarily  be  centered  upon  the  form.  If, 
on  the  other  hand,  the  development  plan  forces  the 
pupil  to  consider  in  each  case  the  conditions  of  the 
transaction  and  to  record  them  as  a  part  of  the  docu- 
ment, it  will  become  established  in  his  mind  that  the 
purpose  of  any  such  paper  is  to  tell  the  story  of  a  trans- 
action. In  this  way  he  will  acquire  the  habit  of  consider- 
ing at  once  when  he  draws  up  one  of  these  papers  how 
he  may  make  the  record  accord  with  that  which  is  to 
be  recorded. 

On  the  other  hand,  the  receipts  and  notes  which  have 
explanatory  data,  as  those  of  this  outline,  form  a 
large  proportion  of  the  papers  of  this  kind  in  practical 
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life .  The  training  that  the  pupil  receives  through  theiruse, 
therefore,  is  that  which  best  meets  the  needs  in  life  of  the 
individual  who  has  had  only  elementary  school  education. 

Summary. 
Receipts  (A). 

The  development  of  the  simple  receipt,  (2) 

Receipts  for  part  payment  (j). 

Receipts  for  things  other  than  money  {4). 
Orders  (B). 

The  oral  order  and  the  person  to  whom  the 
goods  are  charged  (/). 

The  written  order,  what  course  it  takes, 
and  the  order  language  (2). 

Receipting  orders  (j). 

Selling  and  transferring  orders  (4). 
Checks  (C). 

An  order  for  money,  check  (7  and  2). 

"Or  order"  and  "to  the  order  of"  (j). 

Emphasis  points  in  orders  and  checks  {4). 
Notes  (D). 

I  promise  to  pay  (2). 

Interest  statements  (j). 

After  to-day  and  "after  date"  {4). 

Note  terms  and  language  (5). 

Transferring  notes  and  "or  order"  In  the 
notes  and  indorsements  (6  and  7). 

Writing  notes  in  accordance  with  trade 
agreements  (<^). 

Value  received  (p). 


CHAPTER  II 

SIMPLE   INTEREST 

Topics: — Analytical  Solutions.     Short  Form  Solutions 

A.  Analytical  Form  of  Solutions 

The  word  interest  is  familiar  to  every  child 
of  9  or  10  years  of  age  through  outside  asso- 
ciations, and  he  has  at  least  a  vague  notion  of 
its  meaning. 

I.  Introduction 
The  subject  should  be  introduced  by  a 
concrete  illustration  given  in  the  form  of  a 
question — What  is  meant  by  5%  interest? 
This  the  teacher  proceeds  to  answer — It  means 
that  if  I  borrow  a  dollar  from  one  of  you  and 
keep  it  a  year,  I  must  give  you  back  the  dollar 
at  the  end  of  the  year  and  must  give  you  $.05 
for  its  use.  The  next  questions  are  on  the 
meaning  of  3%,  4%,  8%,  etc.,  and  the  pupils 
are  required  to  make  the  statements.  The 
exercises  now  take  the  form  of  simple  mental 
problems  on  the  interest  on  $2,  $3,  $4,  etc., 
kept  by  the  borrower  one  year  at  stated 
rates;  then  on  $1  for  2  yr.,  3  yr.,  i|-  yr.,  etc.; 
and  then  on  $2,  I3,  etc.,  for  2  yr.,  4  yr.,  2\ 
yr.,  etc.     (See  Chapter  I,  D,  Note  i.) 
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a.  Features  of  the  Oral  Work 
The    introductory    work    should    have    in 
view  the  following  essentials  of  language  and 
imagery: 

(i)  That  the  meaning  of  6%  interest,  4% 
interest,  etc.,  during  the  first  few  weeks  of  the 
interest  development,  must  be  stated  by  the 
pupils  in  the  form  of  an  illustration — If  a  man 
borrows  a  dollar  and  keeps  it  one  year,  he 
must  pay  back,  etc.;  or,  If  a  man  lends  a 
dollar  and  the  borrower  keeps  it  a  year,  the 
latter  must  pay  back,  etc. ;  or,  If  I  put  a  dollar 
in  the  savings  bank  and  let  it  remain  there  a 
year,  the  bank  must  give  me  back,  etc. ;  and, 

(2)  That  the  statement  of  the  meaning  of 
any  given  rate  of  interest  must,  besides  in- 
cluding the,  "If  I  borrow,"  or  "If  I  lend," or 
"If  I  put  in  the  savings  bank,"  etc.,  also 
include  the  statement  of  the  return  of  the  bor- 
rowed, loaned,  or  deposited  dollar — the  "must 
pay  back'"  etc.  This  paying  back  is  a  very 
important  factor  in  interest   thinking;   and, 

(3)  That  the  shortened  meaning,  which  after 
a  few  weeks  may  be  used  at  times  instead  of 

the  longer  form  ( per  cent  interest  means 

cents  for  the  use  of  one  dollar  for  one 

year)  must  be  like  the  long  form,  in  terms  of 
cents  for  the  use  of  one  dollar  for  one  year  and 
never  in  terms  of  hundredths. 
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2.  Written  Computations 

The  work  of  written  solutions  should  be 
introduced  after  one  recitation  period  devoted 
to  the  introduction  and  the  oral  solutions  in  i. 

Written  solutions  of  interest  problems  are 
of  two  kinds — 

1st.  Analytical  solutions  in  which  the  pupils 
write  out  the  full  analysis  in  every  exercise. 
This  form  of  solution  should  be  used  exclu- 
sively until  the  pupil  enters  the  8th  grade ;  and 

2nd.  Short  form  solutions  in  which  the 
analysis  work  is  preserved  in  the  form  of  oral 
statements  of  the  significance  of  each  process 
and  combination  of  processes  in  the  written 
work.  In  this  way,  analysis  is  not  sacrificed 
in  the  interests  of  brevity. 

J.   The  Forms  of  the  Written  Analysis 

Illustrations : 

Find  the  interest  on  $4  for  3  yr.  at  7  per  cent. 

Int.  on  $1  for  i  yr.  =$.07. 

Int.  on  $1  for  3  yr.  =3  X$.07  =$.21. 

Int.  on  I4  for  3  yr.  =4X|.2i  =$.84. 

What  is  the  interest  on  $8  for  2  yr.,  6  mo. 

at  5%. 

Int.  on  $1  for  i  yr.  =$.05. 

Int.  on  $1  for  2^  yr.  =2ix$.05  =|.i2i. 

Int.  on  $8  for  2^  yr.  =8  X$.i2^  =$1.00. 

Find  the  amount  of  $30  for  2  yr.,  2  mo., 
10  d.  at  4%. 
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Int.  on  $1  for  i  yr.  =$.04. 
Int.  on  $30  for  i  yr.    =30  X$.04    =$1.20. 
Int.  on  $30  for  2  yr.    =2     X$i.20=$240. 
Int.  on  $30  for  3V  yr.  =  3^  X$i.20  =$.23^. 


Total  interest  for  2  yr.,  2  mo.,  10  d.  =  $2.63^. 
$30+2.63^  =$32.63^,  Amount. 

4.  Distribution  of  Interest  Work 

No  extended  outline  for  teaching  simple 
interest  need  be  made.  It  is  a  subject  that 
should  be  taken  up  as  early  as  the  fifth  grade 
and  carried  as  a  "side  line"  of  work,  a  "paral- 
lel" subject,  through  that  grade  and  the  sixth. 
It  becomes  a 'regular  line  of  work  in  the  7th 
grade  when  the  "short  method "  is  introduced. 

The  work  done  in  the  fifth  grade  should  be 
limited  to  interest  (and  amount)  for  years  and 
easy  month  periods — 2  months,  3  months, 
4  months,  6  months,  8  months,  9  months,  and 
10  months. 

The  aim  of  the  work  in  this  grade  should  be 
the  written  analysis.  It  should  be  introduced 
early  in  the  year. 

The  form  of  the  pupil's  written  analysis  is 
shown  in  3  above.  The  teacher  should 
require  all  solutions  to  be  in  analysis  form — 
the  arrangement,  the  full  analysis  as  shown, 
and  the  periods  after  abbreviations  being 
systematically  looked  after. 
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The  development  of  the  analysis  work  is 
very  simple  and  will  require  but  a  few  days. 
After  this,  five  or  six  solutions  should  be  given 
during  each  week  through  the  remainder  of 
the  year. 

In  the  sixth  grade  the  same  analytical  form 
of  work  should  be  continued.  The  work  in  this 
grade  should  be  extended  to  include  interest 
for  years  with  the  other  month  periods  (i 
month,  5  months,  7  months,  etc.)  and  with 
easy  periods  of  days — 15  days,  10  days,  20 
days,  5  days,  25  days,  6  days,  12  days,  18  days, 
24  days.  One  solution  each  day  or  six  to  eight 
each  week  will  suffice  to  develop  the  analysis 
habit  in  interest.  The  aim  of  this  fifth  and 
sixth  grade  interest  work  is  the  development 
of  the  power  to  analyze  in  interest  solutions 
and  to  analyze  rapidly  preparatory  to  the 
"short  method"  work  of  grades  seven  and 
eight. 

Diiring  the  last  two  elementary  school  years 
the  pupil  is  given  the  short,  the  cancellation 
method.  With  that  form  of  statement  and 
solution,  problems  involving'^ id.,  2ds.,  yds., 
etc.,  with  years  and  months,  may  and  should 
have  proper  attention,  but  not'. before  the 
pupil  has  become  proficient  in  short  method 
work  with  days  that  are  lower  fractions  of  a 
month  than  I2ths. 
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B.  Short  Form  of  Solutions 

I.  The  Year  Form 

(a)  The  pupil,  before  completing  the  ele- 
mentary school  course,  must  be  given  much 
experience  in  a  short  method  of  interest  com- 
putation. Short  form  work  should  be  given 
in  the  latter  part  of  the  7th  grade  and  through- 
out the  8th  grade. 

(b)  Logically,  the  short  form  should  differ 
from  the  other  only  in  the  arrangement  of  the 
written  work.  Otherwise,  analysis  would 
lapse  and  what  the  long  form  stands  for — the 
development  of  power  and  habit  in  reasoning 
out  interest  work — would  be  lost. 

(c)  In  the  long  form,  the  reasoning  is  written 
out ;  in  the  short  form,  the  very  same  reasoning 
should  he  required  but  in  oral  language. 

{d)  The  following  illustrates  a  very  short 
interest  method — one  that  permits  the  reten- 
tion of  the  analysis  which  the  pupil  has  been 
accustomed  to  write  out: 

Problem. — Int.  on  $2^  for  2  yr.,  8  mo.,  15  d. 
at  8  per  cent. 

(There  is,  in  this  form,  no  written  work 
beyond  what  the  statement  and  the  operations 
indicated  in  the  statement  require.  The  solu- 
tions show  (in  the  quotations)  the  oral  work  and 
(in  the  parentheses)  the  various  stages  of  the 
written  statement  as  the  oral  work  proceeds.) 
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"The  interest  on  $i  for  i  yr.  at  8  per  cent  is 
eight  cents" — (     $.08).    First  stage. 

"The  interest  on  $2"^  for  i  yr.  is  27  times  8 
cents" — (27  X$.o8).    Second  stage. 

"2  yr.,  8  mo.,  and  15  d.  is  equal  to  2^  yr." 

"The  interest  on  $27  for  2^ yr.  is  2^  times 
that"— (^5X27X1:08)^  Completed  statement. 
24 

The  pupil  now  performs  the  operations  indi- 
cated, using  cancellation  when  possible. 

The  short  method  should  be  taught  in  two 
forms  of  statements,  the  two  forms  differing 
in  the  way  the  time  is  expressed.  After  the 
two  forms  have  been  fully  developed,  the  pupil 
should  be  given  much  experience  in  the  solu- 
tions of  miscellaneous  exercises  in  which  he 
is  required  to  choose  for  each  problem  the  form 
of  solution  that  is  the  more  suitable.  The 
form  just  given  may  be  referred  to  as  the  year 
form  because  the  days  and  months  are  changed 
at  once  to  a  fraction  of  a  year.  The  other  may 
be  called  the  month  form  because  the  years 
and  days  are  in  every  case  reduced  to  months 
and  then  that  result  to  years. 

2.  The  Month  Form 
The  month  form  applied  to  the  problem  (the 
interest  on  $2"/  for  2  yr.,  8  mo.,  15  d.  at  8  per 
cent)  would  give  this  form  of  statement — 
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32.5  ^2-]  X$.08.    ^j^g  ^2^  .g  ^^^  ^j^^j^  ^^^  .^ 
12 

months.    The  ^-^  is  this  time  in  years.     The 
12 

oral  work  which  accompanies  the  preparation 

of  a  statement  of  this  kind  would  be  the  same 

as  under  the  year  form  excepting  as  the  form 

in  which  the  time  is  expressed  would  affect  it. 

"The  interest  on  %2']  for  i  yr.  at  8  per  cent  is 

2^  times  8  cents" — (27X$.o8).     "2  years,  8 

months,  and  15  days  is  equal  to  ^-^  years." 

"The  interest  on  $27  for  2  yr.,  8  mo.,  15  d.  is 

equal  to  ^^  times  that"— ^^^:5_X27X$^^ 
12  12 

The  month  form  is  the  better  of  the  two  in 
any  exercise  in  which  the  days  would  by  the 
year  method  give  a  difficult  fraction. 

For  illustration : 

Problem — Int.  on  $48  for  i  50*.,  i  mo.,  i  d. 
at  2\  per  cent. 

Statement-39-'X48X$.05. 

3X12X2 

In  this  statement,  it  will  be  observed,  the 
time  in  months  is  I3.aj.    This  reduced  to  an 

improper  fraction  is  ^^  .    Reduced  to  years 

it  IS   ^-^ — .  In  this  form  of  arrangement  there 
3X12 
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could  never  be  a  common  fraction  in  either 
nimierator  or  denominator  of  the  completed 
statement,  thus  reducing  the  chances  for  error 
in  the  computations.  An  accurate  result  will 
depend  upon  the  pupil's  power  to  perform  the 
simple  operations  of  multiplication  and  divi- 
sion indicated. 

In  this  month  form  the  days  are  invariably 
reduced  to  loths  of  a  month.  The  statement 
for  the  problem,  Int.  on  $^2  for  i  yr.,  5  mo., 

19  d.  at  3i%  would  be  52.9X72X.07^    r^^^ 
^  3X12x2 

time  in  months  would  be   17.6J-;  improper 

fraction  form,  ^-^.     This   time   in   years  is 
3 

^  •"  .      The  time  statement  in  years  in  a 
3X12 

problem  involving  interest  for  35  days  would 

be  ii^  or  X  or  -^^.     The  interest  on  $84 
12         12        3X12 

for  35  d.  at  41^  per  cent  would  be  the  result  of 

the  operations  indicated  in  3-5  X  4  XjiS.09 
^  3X12X2 

J.  Oral  Analysis  of  Statements 

When  a  pupil  is  asked  to  analyze  or  explain 
an  interest  statement  written  on  the  black- 
board, he  should  do  so  by  pointing  to  where 
each  oral  statement,  as  he  talks,  is  shown  in 
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the  written — "This  is  the  interest  on  $1  for 
I  yr."  "This"  (the  indicated  product  of  the 
interest  for  one  year  by  the  niimber  that 
represents  the  principal)  ' '  is  the  interest  on — 
dollars  for  one  year."  "This"  (all  that  part 
of  the  statement  that  is  used  to  express  the 
months  reduced  to  a  fraction  of  a  year)  "is 
the  time."      "This"    (the   complete   written 

statement)  "is  the  interest  on dollars  for 

years." 

It  is  this  oral  analysis  that  holds  the  pupil 
to  habits  of  reasoning  out  his  interest  exercises. 

C.  Forms  of  Simple  Interest  Problems 

A  good  proportion  of  the  exercises  in  simple 
interest  should  be  given  in  note  form.  Notes 
for  such  work  should  be  written,  some  bearing 
interest  from  date,  some  with  interest  after  a 
given  date  or  period  of  time  (as,  after  30  ds. 
or  after  2  mos.  or  after  a  certain  date),  and 
some  with  interest  after  maturity.  Purchases 
and  sales  of  goods  or  other  property  should  be 
suggested  with  agreements  as  to  interest — 
interest  from  date  or  after  a  given  number  of 
days  or  months.  The  pupils  should  be  re- 
quired to  prepare  notes  that  are  in  agreement 
with  the  terms  of  given  purchases  and  sales 
and  to  compute  the  amoimt  due  at  maturity 
on  each. 


9i8         NUMBER  BY  DEVELOPMENT 

D.  Why  People  Borrow 

It  is  not  enough  that  the  child  learns  to 
write  notes  and  compute  interest  on  them. 
He  must  learn  something  about  the  occasion 
for  debts.  We  teach  him  that  interest  is  pay- 
ment for  the  use  of  money ;  but  he  should  know 
what  these  uses  are,  how  men  can  afford  to 
pay  interest.  Why  does  this  grocer,  Mr.  A, 
borrow  $1000  and  pay  the  lender  $60  a  year 
for  its  use?  How  is  it  necessary  or  profitable 
for  him  to  do  so?  Why  does  this  other  man, 
Mr.  B.,  borrow  money  to  buy  or  build  a  home? 
How  is  it  wise  for  him  to  do  so?  Under  what 
circimistances  may  another  find  it  to  his 
advantage  to  pay  interest  on  money  borrowed 
to  buy  an  automobile?  -  Under  what  conditions 
of  income  may  a  man  not  unwisely  borrow 
money  to  buy  an  automobile  for  pleasure 
riding?  Under  what  circimistances  of  mis- 
fortune might  a  man  be  compelled  to  borrow 
money  and  pay  interest  on  it? 

These  questions  should  be  discussed,  of 
course,  impersonally  and  in  a  very  elementary 
way,  the  aim  being  simply  to  develop  the  fact 
that  men  borrow  either  because  sickness  or 
other  misfortime  has  made  it  necessary,  or 
because  they  feel  sure  that  the  use  of  the 
money  will  make  for  increased  business  profits. 
Children  of  this  age  (7th  or  8th  grade)  are 
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mature  enough  to  have  their  attention  called 
to  the  fact  that  borrowing  money  is  wise  for 
the  borrower  when  necessary  or  a  soiirce  of 
profit;  imwise,  when  neither  necessary  or 
profitable. 

Summary. 

Analytical  Solutions  (A): 

Interest  and  rates  per  cent — ^meaning  (/) . 
Oral  solutions  in  full  analytical  language 

(I  a). 
The  forms  of  written  analysis  (j). 
The  fifth  and  sixth  grades  work  to  be  in 
analytical  form  (4). 
Short  Form  Solutions — with  Cancellation 
(5); 
The  "year"  form  (7). 
The  "month"  form  (2). 
Oral  analysis  must  be  used  in  all  short 

form  solutions  (j  c  and  j). 
The  short  form  work  should  be  given  in 
seventh  and  eighth  grades  (/  a) . 
Interest  problems  should  be  in  note  form(C) . 
The  ethics  of  borrowing  (D) . 
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CHAPTER  III 
COMPOUND   INTEREST 

I.  Savings  Bank  Instruction 

Savings  bank  instruction  is  the  proper 
introduction  to  the  subject  because  so  many 
of  the  pupils  in  our  grammar  grades  are  already 
depositors,  have  passbooks,  and  have  had 
interest  credits;  and  because  that  institution 
affords  about  the  only  illustration  of  the  use 
of  compound  interest  that  most  people  ever 
have  in  practical  life. 

This  instruction  involves  the  form  of  the 
savings  bank  passbooks;  how  deposits  and 
interest  are  entered  in  them ;  what  is  meant  by 
"quarter  day" ;  what  the  effect,  in  the  way  of 
interest,  of  depositing  money  on  "quarter 
day"  and  of  depositing  on  other  dates;  upon 
what  the  interest  is  computed  (what  the  prin- 
cipal) at  the  end  of  the  interest  period  of  the 
local  bank  (the  quarter  or  the  half  year  ac- 
cording as  the  interest  is  added  quarterly  or 
semi-annually);  and,  for  the  compound  in- 
terest part,  what  is  meant  by  compounding 
interest  and  how  to  discriminate  between 
interest  that  has  been  compounded  and  that 

which  is  simple.    The  aim  of  the  instruction, 
920 
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in  brief,  is  to  teach  the  pupil  to  understand  his 
own  passbook,  to  compute  the  interest  on  his 
deposit,  and  to  know  whether  any  given  in- 
terest entry  is  compound  or  simple. 

Class  work  should  consist  in  ruling  paper 
for  use  as  instruction  passbooks;  in  entering 
imaginary  deposits  in  these  books  through  one, 
then  a  second,  and  then  a  third  imaginary 
interest  period;  in  computing  the  interest  at 
the  end  of  each  of  the  periods  and  entering 
these  amounts  in  the  books ;  and  in  deciding  in 
each  case  whether  the  interest  has  or  has  not 
been  compounded. 

2.  Teaching  Points 

The  teaching  points  in  the  part  of  the  work 
that  has  to  do  with  the  introduction  of  the 
terms  compounding,  compounded,  and  com- 
pound in  order  as  applied  to  interest  are — • 

(i)  That  compound  interest  is  interest  on 
a  principal  that  is  in  part  accumulated  inter- 
est.   There  must  be  interest  on  interest. 

(2)  That  savings  bank  interest  is  compound 
during  any  "quarter"  or  other  interest  period, 
only  when  the  depositor — 

(fl)  Withdraws  no  money  before  the  close 
of  the  period ;  or, 

(6)  Withdraws  less  than  the  amount  of  the 
interest  credits. 
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(3)  That  savings  bank  interest  is  regularly 
simple  when  the  interest  credits  are  regularly 
withdrawn. 

These  are  not  to  be  taught  formally.  They 
are  given  as  suggesting  the  tests  which  must 
be  used  to  determine  whether  an  interest 
credit  on  a  passbook  is  simple  or  compound. 

J.  Compound  and  Simple  Interest  Compared 
Compound  interest  and  simple  interest  com- 
putations are  alike.  In  form  they  are  both 
simple  interest.  The  two  subjects  differ  only 
in  the  make-up  of  the  principal.  Compound 
interest,  therefore,  from  the  teaching  stand- 
point, is  a  term  rather  than  an  operation.  The 
aim,  therefore,  in  the  class  work  in  savings 
bank  interest  is  to  examine  each  interest  credit 
to  determine  whether  or  not  the  interest  was 
compounded.  When  the  pupil  is  able  to  dis- 
criminate, he  understands  the  term  and  the 
subject.  Interest  that  has  not  been  com- 
poimded  is  simple.  Interest  that  has  been 
compounded  is  compound. 

4.  Extent  of  School  Work  in  Compound  Interest 
The  subject  should  not  be  considered  com- 
pleted until  considerable  experience  has  been 
given  in  solving  regular  simple  problems  not 
connected  with  savings  bank  passbooks.  Some 
experience  should  be  given  in  the  use  of  com- 
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pound  interest  tables.  In  all  such  problems 
the  questions  as  to  whether  the  interest  is 
compound  or  simple  and  why  should  be  asked 
with  regard  to  the  interest  for  each  compound 
interest  period. 

Summary. 

The  instruction  to  be  based  on  local  savings 

bank  practices  (/). 
What  compound,  compounding,  and  com- 

poimd  interest  mean  (2). 
Compound    interest    and    simple    interest 

compared  (j). 
School  work  should  include : — 

Savings  bank  computations. 

Experience     with     compound     interest 
tables  (4). 


CHAPTER  IV 

THE   PROBLEMS   IN   INTEREST 

Topics: — Finding  Rate,  Time,  and  Principal 

A.  Analyzed  from  a  Teaching  Standpoint 

I.   Their  Place  in  Practical  Life 

The  problems  in  interest — to  find  the  rate, 
to  find  the  principal,  to  find  the  time — occupy 
so  important  a  place  among  the  forms  of  com- 
putations which  practical  life  requires  that 
their  inclusion  in  the  curriculum  of  ordinary 
number  training  is  necessary  from  the  stand- 
points of  both  content  and  form. 

Illustrations  of  Two  Common  Problems. 

(i)  Sold  a  carriage  for  $200  on  three  months 
time  without  interest.  Cash  value  of  this  sale 
at  4  per  cent  interest? 

The  comparative  value  of  a  time  sale  of 
this  kind  and  a  cash  sale  for  the  same  amount 
is  one  of  our  very  common  business  questions. 
It  is  one,  too,  that  the  child  of  the  grammar 
school  age  can  understand  and  should  have 
his  attention  called  to.  The  subject  appeals 
to  him.  We  speak  of  it  to  him,  as  in  the  prob- 
lem above,  as  a  question  of,  "Which  is  the 
better  sale  and  how  much,  when  cash  placed 

in  the  savings  bank  would  earn  4  per  cent?    It 
924 
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is  one  of  the  "problems  in  interest" — to  find 
the  principal.  If  we  speak  of  it  as  Present 
Worth,  we  simply  call  it  by  its  other  name . 

(2)  Sold  a  lot  for  $240  at  a  profit  of  $20.  I 
had  owned  the  lot  4  years.  The  rate  of  profit? 
The  rate  of  interest  on  my  investment? 

In  a  problem  of  this  kind  the  rate  of  profit 
is  by  no  means  an  indication  of  the  profitable- 
ness of  the  transaction.  In  fact,  the  statement 
that  there  was  a  gain  of  8^  per  cent  is  deceptive 
in  the  extreme.  In  the  light  of  interest  on  the 
investment  the  profit  disappears.  These  two 
questions  of  rate  of  profit  and  rate  of  interest 
on  money  invested  are  associated  so  frequently 
in  everyday  business,  the  one  to  interpret  the 
other,  that  failure  to  teach  the  latter  and  to 
associate  the  two  closely  would  send  the  child 
out  into  life  ignorant  of  a  very  simple  and 
common  application  of  simple  interest  as  well 
as  of  the  custom  in  business  of  interpreting 
profits  in  terms  of  interest  on  the  investment 

2.  Number  of  Problems 

The  computations  in  the  solution  of  these 
problems  in  interest  when  described  in  rule 
form  require  foiu:  separate  and  distinct  state- 
ments as  follows: 

(i)  To  find  the  principal,  divide  the  interest 
by  the  interest  on  $1,  etc.; 
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(2)  To  find  the  rate,  divide  the  interest 
by  the  interest  on  the  principal  at  i  per  cent, 
etc.; 

(3)  To  find  the  time,  divide  the  interest 
by  the  interest  on  the  principal  for  one  year, 
etc.; 

(4)  To  find  the  cash  value  of  a  future 
payment  whether  it  is  without  interest  or  at 
a  rate  lower  or  higher  than  that  which  is  ob- 
tainable, divide  the  amoimt  of  the  debt  at 
mattirity  by  the  amount  of  $1  at  the  current 
rate. 

J.  The  Solutions  Algebraic — Each  Having  an 
Unknown  Quantity 

These  forms  of  computations  can  neither  be 
changed  nor  reduced  in  number.  In  the  matter 
of  development,  however,  these  four  classes  of 
problems  present  but  a  single  principle  of 
reasoning,  a  single  general  form  of  analysis. 
Each  has  what  we  may  call  an  unknown  quan- 
tity like  that  which  we  represent  by  x  in  alge- 
braic equations.  In  each,  the  student  must 
assume  a  quantity,  a  one,  to  be  used  in  its 
place.  In  each,  the  solution  consists  in  finding 
the  ratio  of  the  assimied  to  the  true  quantity — 
dividing  the  given  interest  or  amount  by  the 
interest  or  amoimt  which  the  assumed  quan- 
tity gives. 
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4.  *^ Guess''  as  a  Substitute  for  the  Algebraic 
''Let'' 

The  aim  of  the  instruction,  therefore,  should 
be  to  approach  the  subject  in  such  a  way  as  to 
lead  the  pupil  to  discover  the  fact  that  the 
line  of  reasoning  that  applies  in  finding  rate 
applies  in  the  same  way  in  finding  principal 
or  time  or  cash  value  of  a  future  payment. 

Such  approach  can  be  effected,  as  in  all 
development  work,  only  imder  a  proper, 
simple,  introductory  language — terms  from 
the  child's  vocabulary,  if  possible,  that  are 
fully  expressive  of  the  mental  acts  and  ntimber 
processes  and  so  true  to  number  and  direct 
reasoning  that,  while  they  may  be  replaced  later 
by  parallel  expressions  that  are  more  technical, 
there  will  be  no  occasion  to  repudiate  them. 

5.  The  Need  of  Such  Substitute 

Our  usual  analysis  language  in  this  subject — 
let  the  principal  be  $1  or  let  us  represent  the 
principal  by  $1 ;  let  the  rate  be  i  per  cent  or 
let  the  rate  be  represented  by  i  per  cent;  etc.; 
whatever  the  forms  of  expression — ^is  so  for- 
eign to  anything  that  has  ever  been  in  the 
child's  experience  or  thought  that  it  is  impos- 
sible for  use  in  introductory  work.  The  idea 
that  a  person  may  "let"  $1  or  i  per  cent  or  i 
year  be  what  it  is  not,  or  that  a  person  may 
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"represent"  any  number  or  quantity  by 
another  number  or  quantity  is  something  that 
is  as  new  and  strange  as  the  subject  itself. 

The  term  that  most  fully  expresses  that 
which  we  wish  the  pupil  later  to  read  into  the 
technical   terms    "let"    and    "represent"    is 

guess.     I  guess  that  the  principal  was  

dollars,  I  guess  that  the  rate  was per  cent, 

etc.,  express  the  thought  processes  with  these 
problems  in  interest.  Guess  is  specially  val- 
uable also  because  it  goes  farther,  there  being 
a  suggestion  in  it — almost  a  challenge — to  find 
out  how  close  to  the  truth  the  guess  will 
prove  to  be.  The  line  of  reasoning,  the  form 
of  analysis  involved  in  "guess"  language  is 
the  same  whether  the  unknown  factor  is  rate, 
time,  principal,  or  cash  value. 

B.  Finding  the  Rate 

7.  The  Introduction 

The  subject  is  introduced  by  a  simple  prob- 
lem in  finding  the  rate : 

Problem. — The  interest  on  |6o  for  2  yr., 
6  mo.  was  $9.    Find  the  rate. 

The  pupils  are  left  to  find  this  rate  each  in 
his  own  way.  They  will  guess  and  try  and 
guess  and  try  again  until  the  rate  is  found. 
Some  will  find  it  in  a  much  shorter  time  and 
by  fewer  computations  than  others. 
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After  the  rate  is  found,  questions  must  be 
asked — 

What  was  your  first  guess?    Yours?  Yours? 

What  was  your  second  guess?    Yours? 

How  many  guesses  did  you  make? 

How  do  you  know  that  the  rate  found  is 
correct?  ("This  rate  gives  me  the  right  inter- 
est—14.80.") 

Another  problem  is  now  given. 

Problem. — The  interest  on  $48  for  i  yr.,  9 
mo.  was  $14.    Rate? 

The  pupils  solve  in  the  same  way,  each  try- 
ing and  trying  again  until  he  finds  the  true  rate. 

The  questions  as  to  first  guess,  second  guess, 
etc . ,  are  now  repeated .  The  question  as  to  how 
the  pupil  is  to  recognize  the  rate  is  also  asked. 

One  or  two  additional  problems  follow: 

Problems. — Interest  on  $54  for  2  yr.,  4  mo. 
was  $5.67.    Rate  of  interest? 

Interest  on  $75  for  i  yr.,  8  mo.  was  $3.I2|-. 
Rate  of  interest? 

The  aim  in  these  four  introductory  problems 
is  (/)  to  introduce  our  term  guess,  (2)  to  center 
the  pupil's  attention  upon  the  fact  that  he 
proves  his  result  by  a  comparison  of  his  own 
interest  with  the  interest  given  in  the  problem, 
and  (j)  to  make  him  feel  the  force  of  the  sug- 
gestions for  system  in  guessing  that  will  be 
given  in  the  next  step. 
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2.  The  Way  to  Guess 
a.  The  Line  of  Thought  Developed 

The  teacher  now  tells  the  pupils  that  they 
have  been  guessing  in  the  hardest  way,  that 
there  is  a  guess  that  should  always  be  made  no 
matter  if  they  know  that  it  is  not  right.  We 
should  always,  always,  always  guess  one. 

A  problem  is  now  given  with  the  suggestion. 
Now,  I  want  you  to  make  the  right  kind  of  a 
guess  this  time. 

Problem. — Loaned  $80  for  i  yr.,  6 mo.  The 
interest  was  $2.40.    Rate? 

"What  should  we  guess  the  rate  to  have 
been?"    ("  i  per  cent.") 

"You  may  see  if  the  guess  is  right." 

The  computation  is  made  and  the  interest 
found  to  be  $1.20. 

"Was  the  guess  too  high  or  was  it  too  low? 

("It  was  too  low.") 

"How  do  you  know  that  it  was  too 
low?" 

("  The  interest  should  have  been  $2 .40.  My 
interest  was  only  $1.20.") 

"How  much  higher  than  your  guess  is  the 
true  rate? "     (" Twice  as  high.") 

"Prove  it  to  me." 

The  pupil  proves  by  dividing  the  $2.40  by 
the  $1.20.    The  actual  process  of  dividing  in 
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long  division  form  is  to  be  required  in  all  cases 
regardless  of  the  fact,  as  in  this  exercise,  that 
the  quotient  may  be  found  by  inspection. 

"How  did  you  find  how  much  higher  the 
true  rate  is? "  ("I  divided  the  interest,  $2.40, 
by  the  interest  at  my  guess  rate,  i  per  cent.") 

"What  is  the  true  rate?"    ("Two  per  cent.") 

b.  The  Full  Written  Work 

The  problem  should  now  be  written  on  the 
blackboard  in  full  by  one  or  more  pupils. 

("I  guess  that  the  rate  is  i  per  cent. 

Int.  on  $1  for  i  yr.  at  i  per  cent  is  $.01. 

Int.  on  $80  for  i  yr.  =80  X|.oi  =$.80. 

Int.  on  $80  for  i^  yr.  =  ij  X^.8o  =|i.20. 

The  true  interest  was  $2.40. 

$2.40  -7-$!. 20  =2.  The  true  rate  is  2  times 
as  high. 

.' .  The  true  rate  is  2  X  i  per  cent=  2  per  cent. ") 

Another  exercise  is  given  and  then  others  in 
the  same  way  with  the  questions.  The  final  full 
work  in  each  is  written  on  the  blackboard.  The 
pupil's  seat  written  work  should  be  arranged, 
as  he  proceeds,  in  the  form  as  given  above. 
The  question,  What  is  the  best  guess  when  we 
wish  to  find  the  rate?  should  be  asked  again 
and  again  in  connection  and  out  of  connec- 
tion with  exercises  like  these  in  finding  rates. 
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J.  Rule  for  Finding  Rate 

Statement  of  the  Process. 

How  do  we  find  the  rate? 

To  find  the  rate  we  divide  the  interest  by 
what  the  interest  wotdd  be  if  the  rate  were 
one  per  cent.  From  the  quotient  we  know  the 
real  rate. 

Problems. — The  interest  on  $90  for  2  yr.,  6 
mo.  was  $11.25.    Find  the  rate. 

What  was  the  rate,  if  the  interest  on  |i20 
for  2  yr.,  3  mo.  was  $12.15? 

Find  the  rate  when  the  interest  on  $108  for 
I  3rr.,  9  mo.  is  $7.01. 
C.  Finding  the  Time 

I.  The  Way  to  Guess  Wisely 

The  problem  of  finding  the  time  is  intro- 
duced by  writing  a  simple  problem  on  the 
blackboard  and  asking  the  question,  What 
shall  we  guess  the  time  to  have  been? 

No  suggestion  need  be  made  as  to  the  proper 
guess,  the  inference  from  the  experiences  in 
finding  the  rate  will  be  direct.  The  majority 
will  answer  at  once  that  it  should  be  one  year. 

Problem. — The  interest  on  $84  at  5  per 
cent  is  $6.30.    Find  the  time. 

"What  shall  we  guess  the  time  to  have  been? 
("One  year.") 

"Yes,  that  is  the  only  proper  guess." 
"You  may  solve  the  problem." 
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2.  The  Form  of  Solution 

The  interest  on  $1  for  i  yr.  at  5%  =$.05. 

The  interest  on  $84  =84X$.05  =$4.20. 

The  true  interest  is  $6.30. 

$6.30-^14.20=1.5.  The  true  time  is  1.5 
times  as  high. 

.'.  the  true  time  is  1.5  Xi  yr.  =1.5  yr.  =1  yr. 
6  mo. 

1  yr.  =  I  yr. 

.5  yr.  =.5  of  12  mo.  =6  mo. 
Time — i  yr.  6  mo. 

J.  Questions 

The  questions  to  be  asked  in  each  exercise 
in  this  step  are — 

What  is  the  proper  guess  as  to  time? 

How  did  you  find  how  much  higher  the  true 
time  was?  (I  divided  the  interest,  $6.30,  by 
the  interest  for  my  guess  time,  i  yr.) 

Problem. — The  interest  on  $96  at  8%  is 
$19.52.    Time? 

("I  guess  that  the  time  was  i  yr. 

Interest  on  |i  for  i  yr.  at  8%  =$.08. 

Interest  on  $96  =96  X$.o8  =$7.68. 

The  true  interest  is  $19.52. 

$19.52 -^ $7.68  =2. 54i6f.  The  true  time  is 
2.541 6f  times  as  high. 

.-.  2.54i6f  XI  yr.  =2.5416!  yr. 

2  yr.  =2  yr. 
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.5416!  yr.  =.5416! X 12  mo.  =6.5  mo. 

.5  mo.  =.5X30d.  =i5d. 

Time — 2  yr.,  6  mo.,  15  d.") 

Several  additional  exercises  imder  the 
same  plan.  Simple  problems  only  should 
be  given.  We  are  simply  developing  the  line 
of  thought. 

4.  Rule  for  Time 

Statement  of  the  Process. 

How  do  we  find  the  time? 

To  find  the  time  we  divide  the  interest  by 
what  the  interest  would  be  if  the  time  were 
one  year.  From  the  quotient  we  know  the 
real  time. 

D.  Finding  the  Principal 

I.  The  Introduction  and  the  Solution  Form 

This  problem  is  introduced  after  the  plan 
suggested  for  finding  the  time.  A  problem  is 
written  on  the  blackboard,  the  question  as  to 
the  proper  guess  is  asked,  the  pupils  solve  the 
problem  in  form  as  for  the  rate  and  the  time, 
and  the  question.  How  did  you  find  how  much 
higher  than  the  guess  the  true  principal  was?  is 
asked.  (I  divided  the  interest  by  the  interest 
on  the  guess  principal,  one  dollar.)  Further 
suggestions  as  to  the  solutions  and  form  are 
unnecessary. 
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2.  Rule  for  Principal 

Statement  of  the  Process. 

How  do  we  find  the  principal? 

To  find  the  principal  we  divide  the  interest 
by  what  the  interest  would  be  if  the  principal 
were  one  dollar.  From  the  quotient  we  know 
the  principal. 

Summary. 
The  use  of  these  computations  is  very  com- 
mon in  practical  life  {A,  i). 
The  four  problems  stated — to  find  the  rate, 

to  find  the  time,  to  find  the  principal,  to 

find  the  cash  value  {A,  3). 
The  solutions  practically  algebraic  (-4,  j). 
The  substitution  of  "guess"  for  "let,"  the 

algebraic  term,  necessary. 
To  find  the  rate  {B): 

The]  analysis  and   the  written   form   (/ 
and  2). 

The  rule  (j). 
To  find  the  time  {C): 

The  analysis  and  the  written  form  (1-3). 

The  rule  {4). 
To  find  the  principal  {D) : 

The  analysis  and  the  written  form  (/). 

The  rule  {2). 

Vol.  III-29 


CHAPTER  V 

finding    the    present    value,    the    cash 

value,  of  future  payments — "present 

worth" 

A.  The  Work  Outlined 

This,  the  foiirth  of  the  problems  in  interest, 
must  be  prefaced  by  careful  instruction  on  the 
subject,  almost  wholly  new  to  the  pupils  of 
this  age,  of  the  facts,  business  practices,  and 
technical  terms  connected  with  the  discounting 
of  debts  due  at  a  future  date.  It  would  mani- 
festly be  out  of  place  to  teach  a  pupil  how  to 
compute  the  present  value  of  such  a  debt 
before  he  learns  that  in  real  life  there  is  such  a 
thing  as  debts  that  mature  weeks  or  months 
after  they  are  incurred,  that  men  frequently 
agree  to  settle  such  debts  before  maturity, 
that  such  settlements  are  possible  usually  by 
discoimts  without  loss  or  gain  to  either  party, 
that  the  discount  which  adjusts  such  debts 
thus  equitably  between  debtor  and  creditor 
are  known  as  true  discounts,  and  that  the 
amoimt  of  a  debt  less  this  true  discount  is  the 
real  value,  cash  value,  present  value,  or  pres- 
ent worth — imder  whichever  name  we  wish  to 
designate  it. 

In  addition  to  these  matters  of  debts  and 
936 
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business  practices,  there  are  the  accompanying 
terms  with  which  the  child  must  become  fam- 
iliar and  must  learn  to  apply,  such  as  debtor, 
creditor,  date  of  maturity,  present  value,  true 
discount,  period  of  discount,  date  of  discount, 
etc. 

There  are,  therefore,  two  separate  develop- 
ment lines  connected  with  this  subject — 

(a)*  The  facts,  the  business  practices,  and 
the  language  of  discounting. 

(b)  How  to  find  the  cash  value — the  compu- 
tation work. 

B.  The  Facts,  the  Business  Practices,  and  the  Language 
of  Discounting 

I.  Aim 
The  aim  here  is  to  teach  how  it  comes  about 
that  there  are  debts  that  are  due  at  futiu"e 
dates,  how  debtor  and  creditor  may  settle  a 
debt  of  this  kind  before  it  is  due  without  loss 
or  gain  to  either,  what  cash  value  means,  what 
true  discount  is,  how  to  find  out  whether  a 
stated  discount  is  "true"  or  not  "true,"  and 

*  It  is  not  necessary  that  this  work  which  is  almost 
purely  informational  should  be  taken  up  under  problems 
in  interest.  All  the  facts  and  the  terms  relating  to 
present  worth  (cash  value)  might  very  properly  be  taken 
up  long  beforehand  in  connection  with  simple  interest. 
In  this  way  the  pupils  would  be  ready  for  the  second 
topic  (How  to  find  the  cash  value)  without  delay. 
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what  the  various  terms — debtor,  creditor, 
cash  value,  present  worth,  date  of  maturity, 
period  of  discount,  etc. — ^mean.  This  infor- 
mation work  will  require  time  for  digestion 
and  assimilation  and,  on  that  accoimt,  should 
run  parallel  with  other  lines  of  work  such  as 
simple  interest,  practice  exercises  in  finding  the 
time,  the  rate,  and  the  principal,  and  with 
other  desired  reviews. 

2.  The  Development  Steps 

Problem  (a). — ^A  sells  B  a  wagon  for  $140, 
the  debt  to  be  paid  in  six  months  without 
interest. 

a.  Questions  to  Discover  a  Fair  Settlement  Basis 

(These  questions  are  repeated  with  each  of 
the  problems  (a),  (&),  (c),  etc. 

(i)  Was  this  sale  as  advantageous  to  A  as 
a  cash  sale  for  the  same  amount? 

(a)  If  the  cash  had  been  paid,  what  could  A 
do  with  it? 

(The  final  answer  must  be  that  he  could  put 
the  money  in  the  savings  bank.) 

{h)  The  result  to  A  if  he  should  so  deposit 
the  money? 

(He  would  get  interest  which  in  6  mo. 
would  be  (at  4%)  $2.80.  Thus  at  the  end  of 
the  6  mo.  he  would  have  in  the  bank — 
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Money  received  from  B $140. 

Interest  from  the  bank 2.80 


$142.80 

The  sale  was  not  as  good  for  A  as  a  sale  for 
cash.  A  cash  sale  would  have  been  $2.80 
better  because  of  this  interest  from  the  bank. 

A  would  say  yes  to  a  suggestion  for  an  imme- 
diate settlement  for  $140  cash.  He  would  be 
the  gainer  by  such  payment. 

Note  i. — ^The  Sotirce  of  Interest. 

The  savings  bank  as  the  source  of  interest  is  by  far 
the  best  because  most  pupils  have  had  direct  or  indirect 
experience  with  that  institution.  They  have  learned 
practically  that  money  deposited  there  earns  interest. 
When  we  speak  of  money  so  placed  as  bearing  interest, 
our  supposition  is  real  to  them.  To  say  of  money  paid 
to  A,  He  might  loan  it  and  get  interest,  would  be  a  weak 
illustration  because — 

(a)  It  would  be  impersonal — lacking  in  a  definite 
soiirce  of  interest  income,  therefore 

(6)  Pupils  would  not  "feel  in  their  bones"  that 
interest  would  be  a  sure  thing.  There  would  be  lack  of 
vividness. 

Distractions  to  he  Encountered 
Pupils  have  had  no  experiences  in  this  matter  of 
debts  that  are  to  be  paid  in  the  future  except  with  store 
debts — family  accovmts.  They  have  learned  that  these 
debts  are  not  always  easily  collected,  that  merchants 
are  glad  sometimes  to  make  concessions  on  such  debts 
for  the  sake  of  settlements.     Pupils  will  bring  to  the 
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discussion  of  this  subject  of  cash  values  this  notion  that 
perhaps  the  creditor  may  have  misgivings  as  to  the 
payment  of  the  debt  at  maturity.  It  will  be  necessary 
for  the  teacher  to  bar  out  absolutely  all  questions  or 
suggestions  as  to  the  solvency  or  honesty  or  promptness 
of  the  debtor.  This  subject  of  cash  values  of  debts  due 
at  future  times  has  to  do  with  debts  that  are  good — 
debts  that  will  surely  be  paid  when  due.  The  matter 
of  dealing  with  doubtful  debts  belongs,  if  anywhere,  to 
percentage — to  commissions  on  collecting. 

Attempts  will  be  made  by  pupils  to  assimie  that  the 
creditor  might,  instead  of  putting  the  money  in  the 
savings  bank,  use  it  to  pay  other  debts.  This,  of  coiu"se, 
would  not  give  an  interest  return — the  only  real  measure 
that  we  have  of  the  advantage  or  disadvantage  of  a 
suggested  or  actual  settlement  before  maturity.  This, 
too,  must  be  barred  out.  The  teacher  may  dispose  of 
the  suggestion  by  the  statement  that  this  particular 
creditor  is  rich  and  has  no  unpaid  bills.  He  should  not 
be  permitted  to  be  so  rich,  however,  that  a  Uttle  interest 
from  the  savings  bank  would  not  be  acceptable.  In 
these  discussions,  the  assumption  must  be  that  neither 
party  would  be  willing  to  lose  a  cent. 

(2)  Was  the  transaction  as  advantageous 
to  B  as  a  cash  sale  for  $140? 

(a)  This  question  must  also  be  answered 
from  the  standpoint  of  the  savings  bank. 
B  has  lots  of  money  on  deposit  there  drawing 
interest.  The  savings  bank  interest  gives  us 
a  measure  and  must  be  adhered  to. 

B  will  have  to  draw  money  from  the  hank 
whenever  he  makes  the  payment. 
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(b)  The  restdt  to  B  of  drawing  the  money 
from  the  bank  at  once  and  paying  it  to  A? 

The  answer  to  this  question  must  be  care- 
fully developed. 

He  would  lose  the  interest  on  the  money 
thus  drawn  out. 

This  loss  of  interest  would  amount  to  $2.80. 

Money  paid  to  A $140. 

Interest  lost 2.80 

Total  cost  of  the  wagon $142.80 

B  would  say  no  to  a  suggestion  for  such  a 
settlement — he  would  lose  money. 

(3)  Could  they  agree  upon  a  settlement  at 
once  for  $138? 

(a)  What  would  A  say? 

The  reasoning  is  repeated  as  in  (i) — the 
pupil  computing,  as  before,  the  interest  that  A 
would  receive  from  the  bank.  He  then  formu- 
lates the  results  for  A — 

("  Cash  that  would  be  received ....   $138. 

Interest  that  the  bank  would  pay. .  2.76 


Total  from  the  sale $140.76 

A  would  say  yes.  There  would  be  a  gain  to 
him  of  $.76.") 

(b)  What  would  B  say? 

The  reasoning  as  in  (2)  would  be  repeated — 
the  pupil  computing  the  interest  that  B  would 
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lose  by  drawing  the  money  ($138)  from  the 
bank.    Then  he  formulates  the  result  for  B — 

("Cash  for  the  debt $138. 

Interest  that  he  would  lose 2.76 

Total  cost  of  wagon $140.76 

B  would  say  no.  There  would  be  a  loss  to 
him  of  $.76.") 

(4)  Could  they  agree  upon  a  settlement  at 
once  for  $137.25? 

(o)  What  would  A  say? 

The  reasoning  and  computation  as  in  (i)  and 
in  (3)  (a),  then  the  statement  in  form — 

("Cash  that  he  would  receive $137.25 

Interest  from  the  bank 2.75 

Total  from  the  sale $140.00 

A  would  say  yes.  There  would  be  neither 
loss  nor  gain.") 

{h)  What  would  B  say? 

The  reasoning  and  computations  as  in  (2) 
and  in  (3)  {h),  then  the  statement — 

("Cash  to  pay  the  debt $i37-25 

Interest  he  would  lose 2.75 

$140.00 

B  would  say  yes.  There  would  be  neither 
loss  nor  gain.  This  being  the  cash  value  the 
teacher  questions  as  follows: 
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b.  Questions  on  Terms 
What    is    the    cash    value    of    this    debt? 

(?i37-25). 
What  is  the  discount?    ($2.75). 
What  is  the  total  debt?    ($140). 
What  is  the  interest  on  the  cash  value? 

($2.75)' 

Who  is  the  debtor?    (B). 

Who  is  the  creditor?    (A). 

What  do  we  mean  by  debtor? 

What  do  we  mean  by  creditor? 

These  questions  should  be  used  with  each 
of  the  problems. 

Problem  (b). — George  buys  from  Frank  a 
pair  of  horses  for  $420  on  4  months'  time 
without  interest.  The  savings  bank  pays  4 
per  cent  interest. 

The  Questions. 

(i)  Could  they  settle  for  $415? 

This  transaction  is  discussed  in  the  same 
way— 

(a)  What  would  George  say? 

What  George  would  lose  in  interest  is  com- 
puted and  the  statement  is  written  out  in  full 
as  before.  This  is  followed  by  a  statement  of 
what  he  would  say  to  such  a  settlement. 

(b)  What  would  Frank  say? 

The  result  to  Frank  is  computed  and  the 
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ftill  statement  is  written  out,  followed  by  a 
statement  of  his  reply. 

(2)  Cotdd  they  settle  for  $413? 

This  is  discussed  in  the  same  way  and,  state- 
ments made  for  George  and  Frank. 

(3)  Could  they  settle  for  $414,47?* 

This  is  discussed  in  the  same  way  and  the 
statement  for  each  of  the  men  is  made.  This 
is  found  to  be  the  cash  value. 

The  "questions  on  the  terms"  are  now  asked 
as  before.    (See  p.  943.) 

A  question  (the  9th)  is  now  added  to  the 
list— 

What  is  the  period  of  discoimt?    (4  months.) 

Problem  (c). — Sam  sells  Tom  a  lot  for  $282 
on  3  months'  time  without  interest.    The  bank 

*The  teacher  will  understand  that,  in  view  of  the 
fact  that  the  problem  of  finding  the  present  worth  or 
cash  value  has  not  been  developed  and  must  not  be 
attempted  until  this  preliminary  informational  work  has 
been  finished,  no  question  or  suggestion  involving  it 
could  be  permitted.  In  all  of  these  development  dis- 
cussions the  cash  value  will  be  given  to  the  pupUs  to 
prove,  as  in  the  problems  that  have  been  considered, 
whether  the  parties  to  the  trades  could  or  could  not 
settle  with  loss  to  neither.      This  suggested  amount 

in  the   question,  Could  they  settle    for  ?  must 

be  computed  by  the  teacher.  That  there  is  such  a 
thing  even  as  finding  the  cash  value  should  not  be 
mentioned. 
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pays  interest  at  the  rate  of  6  per  cent.     The 
men  wish  to  settle  at  once. 
The  Questions. 

1.  Coiild  they  settle  for  $279? 

The  regular  discussion,  the  statements,  and 
Sam's  and  Tom's  decisions. 

2.  Could  they  settle  for  $277.26? 

The  discussion,  statements,  and  decisions. 

3.  Could  they  settle  for  $277.83? 

The  discussion  and  the  statements  show 
this  to  be  the  cash  value.  The  questions  on 
the  terms  follow — including  the  9th,  on  period 
of  discount. 

(The  teacher  should  use  and  teach  the  pupils 
to  use  the  term  true  discount  in  place  of  the 
single  word  discoimt.  Pupils  may  be  told  that 
they  will  discover  later  why  we  have  to  say 
true.) 

Problem  {d). — On  March  ist  Tom  sells  Sam 
a  house  for  $192  on  8  months*  time  without 
interest.  On  May  ist  they  wish  to  settle.  The 
bank  pays  5  per  cent  interest. 

The  Questions. 

I.  Coiild  they  settle  for  $188.25?  * 

*  Most  pupils  will  discuss  and  state  this  on  the  basis 
of  a  period  of  discount  of  8  months.  The  teacher 
should  not  interfere  until  the  computations  and  state- 
ments are  completed.  The  suggestion  then  should  be 
limited  to  the  question,  When  would  Tom  put  the 
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2.  Could  they  settle  for  $187.32? 

The  discussion  and  statements  show  this  to 
be  the  cash  value.  The  questions  on  the  terms 
follow. 

The  loth,  nth,  and  12th  questions  are  now 
added — 

What  is  the  date  of  the  debt? 

What  is  the  date  of  the  discount? 

What  is  the  date  of  maturity? 

(The  question  on  discoimt  should  be,  What 
is  the  true  discount?) 

Problem  {e). — On  February  loth,  A  sold  B 
a  pair  of  horses  for  $372  on  5  months'  time 
without  interest.  They  settled  March  loth. 
The  bank  pays  6  per  cent  interest. 

This  should  be  taken  up  in  the  same  way, 
the  pupils  being  required  to  try  $366.20, 
$363.72,  and  $364.71  in  order. 

The  questions  should  be  asked  as  before, 
including  the  9th,  loth,  nth,  and  12th. 

c.  Definitions  of  Terms 
The  development  of  the  subject  with  the 
use  of  the  technical  terms  has  proceeded  far 
enough  to  enable  the  child  intelligently  to 

money  into  the  bank  ?  With  this  question  or  this  question 
repeated  the  pupils  should  be  expected  to  discover  the 
error.  Most  pupils  will  discover  that  the  savings  bank 
would  have  Tom's  money  from  May  ist  to  Nov.  ist. 
The  corrected  discussions  and  statements  will  follow. 
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define  the  terms  and  to  describe  operations. 
The  following  definitions  are  suggested : 

What  is  the  cash  value  of  a  debt  when 
settled  before  maturity? 

The  cash  value  of  a  debt  is  the  sum  of  money 
which  with  the  interest  on  it  for  the  period  of 
discount  would  amount  to  the  total  debt  at 
maturity. 

What  is  the  true  discount  on  a  debt? 

The  true  discount  on  a  debt  is  the  interest 
on  the  cash  value  for  the  period  of  discount. 

What  do  we  mean  by  date  of  maturity  of  a 
debt? 

The  date  of  maturity  of  a  debt  is  the  date 
upon  which  it  is  due. 

What  is  meant  by  the  date  of  discount? 

The  date  of  discount  is  the  date  of  settle- 
ment of  a  debt  when  settled  before  maturity. 

What  is  meant  by  period  of  discount? 

The  period  of  discount  is  the  time  from  the 
date  of  settlement  to  the  date  of  maturity. 

If  we  know  the  true  discount  how  may  we 
find  the  cash  value  of  a  debt  ? 

We  may  find  the  cash  value  of  a  debt  by  sub- 
tracting the  true  discount  from  the  total  debt. 

Given  the  cash  value  and  the  true  discoimt, 
how  may  we  find  the  total  debt? 

We  may  find  the  total  debt  by  adding  the 
true  discoiint  to  the  cash  value. 
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Note  2. — These  definitions  and  statements  of 
processes  are  of  very  great  importance.  They  should 
be  required  hereafter  in  connection  with  all  discussions 
of  problems  involving  the  real  cash  value  of  debts  and 
at  other  times.  They  must  be  called  for  very  frequently 
for  many  weeks. 

Chicopee,  Mass.,  April  15,  191 — 

Problem  (/). — For  value  received  I  promise 
to  pay  to  M,  or  order,  seven  months  after 
date,  One  Htmdred  Forty-four  ($144)  Dollars 
without  interest.  This  is  in  full  payment  for 
a  horse  that  I  bought  from  him  to-day.    jyr 

The  bank  is  paying  6%  interest. 

M.  and  N.  settled  Aug.  15th  of  the  same 
year. 

This  problem  is  Hke  the  preceding  except- 
ing that  it  is  in  note  form.  The  same  sugges- 
tions apply.  The  pupils  should  be  asked  to 
try  as  bases  for  settlement  $142.09,  $141.59 
and  $141.87  in  order. 

The  questions  and  the  definitions  should 
follow  the  discussion  and  the  statements  of 
the  cash  value. 

ADDITIONAL   PROBLEMS 

A  few  other  problems  should  be  given  in 
which  the  settlement  dates — dates  of  discount 
— ^are  (as  in  {d),  (e)  and  (/))  later  than  the 
dates  of  the  debts.  Some  of  these,  perhaps 
all,  should  be  given  in  note  form. 
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Note  3. — ^The  notes  prepared  for  these  exercises 
should  be,  like  Problem  (/),  for  definite  imaginary 
transactions  between  individuals  in  the  room.  They 
should  be  informal,  stating  the  transactions  in  full. 
Such  informal  full  statement  notes  are  very  common 
in  actual  business  and  are,  therefore,  valuable  here  for 
the  impression  that  they  make  upon  the  pupil.  Through 
their  use  here  he  learns  to  think  of  a  note  not  alone  as  a 
promise  to  pay  but  as  a  simple,  straightforward,  clear, 
and  brief  but  complete  statement  of  facts. 

d.  Problems  in  Interest-Bearing  Debts 
The  development  of  these  problems  consists 
merely  in  asking  the  questions  as  to  date  of 
the  debt,  date  of  maturity,  date  of  discount, 
and  the  total  debt  before  the  discussion  and 
statements  are  written.  The  principal  ques- 
tion— the  one  that  may  have  to  be  asked  two 
of  three  times  on  the  first  problem — is,  What 
is  the  total  debt?  This  question  is  sufficient. 
What  will  Henry  (or  Tom  or  Sam)  have  to 
pay  when  the  debt  becomes  due?  is  all  the 
suggestion  that  will  be  needed  to  lead  the 
pupils  to  add  the  interest  to  the  face  of  the 
debt  to  find  the  "total  debt." 

Chicopee,  Mass.,  June  10,  191 — 

Problem  (g). — Three  months  from  to-day, 

for  value  received,  I  promise  to  pay  to  Henry,  or 

order.  One  Hundred  Sixty -five  ($165)  Dollars 

with  interest  at  3  per  cent.    This  is  in  part 
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payment  for  his  piano  which  I  bought  for  two 
hiindred  fifty  dollars.  The  remainder  I  paid 
in  money. 

John. 

The  bank  pays  6%  interest. 

They  settled  July  loth. 

Questions. 

Which  would  Henry  rather  have,  the  note 
or  the  cash?    I  want  you  to  guess  at  it. 

This  question  sets  the  pupils  studying  the 
note.  They  will  observe  that  it  draws  interest 
but  that  the  bank  would  pay  a  higher  rate. 
The  conclusion  will  be  that  Henry  would  be 
better  off  with  $165  cash  than  with  the  note. 
This  precedes  the  questions  suggested  above 
as  introductory  to  work  on  interest -bearing 
debts — questions  as  to  date  of  the  debt,  date 
of  maturity,  date  of  discount,  and  the  total 
debt. 

The  total  debt  is  foimd — |i 66.24. 

The  pupils  are  now"  asked  to  try  $163.25, 
$164.81,  and  $164.59  in  order. 

The  discussions,  the  statements,  the  ques- 
tions (the  12  questions),  and  the  definitions 
(see  (c)  above)  are  the  same  as  in  the  other 
problems. 

Problem  (h). — ^Another  similar  note,  the 
rate  of  interest  at  the  bank  higher  than  the 
rate  in  the  note. 
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Chicopee,  Mass.,  July  20,  191 — 
Problem  (i) . — For  value  received  I  promise 
to  pay  to  Tom,  or  order,  six  months  from  date, 
One  Hundred  Seventy-four  ($174)  Dollars 
with  interest  at  6  per  cent.  This  is  part  pay- 
ment for  a  fence  which  he  built  along  the 
north  side  of  my  lot  on  George  street.  The 
remainder,  sixty  dollars,  I  paid  in  cash. 

Sam. 

The  men  settled  up  September  20th  of  the 
same  year. 

The  bank  pays  4%. 

This  note  is  treated  in  all  respects  like  the 
first  interest-bearing  note  above.  The  pupils 
state  in  advance  which  they  think  Tom  would 
rather  have,  the  note  or  the  cash.  This  will 
bring  to  their  notice  at  once  the  fact  that  the 
note  draws  a  higher  rate  than  the  bank  pays. 
The  pupils  will  note  that  it  will  be  worth  more 
than  the  cash. 

The  total  of  the  debt  at  maturity  is  now 
found — $179.22. 

The  pupils  try  $i75.27,[$i  76.90,  and  $176.86 
in  order. 

The  discussions,  the  statements,  the  ques- 
tions on  the  cash  value,  etc.,  when  determined, 
and  the  definitions. 

Problem  (j). — ^Another  note  of  the  same 
kind  is  written  and  treated  in  the  same  manner. 

Vol.  III-30 
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The  question  of  greatest  importance  now, 
in  view  of  bank  discount  that  will  follow,  is. 
What  is  triie  discount?  True  discount  is 
interest  on  the  cash  value. 

This  completes  the  development  of  the 
meaning  of  cash  value.  Many  exercises  should 
be  given  in  the  weeks  following,  this  subject 
being  made  a  "parallel"  with  other  subjects. 

C.  How  to   Find  the  Cash  Value — the   Computation 
Work 

In  {B)  the  teacher  led  the  child  to  a  knowl- 
edge of  what  cash  value  means.  The  computa- 
tions connected  with  it,  which  were  merely 
simple  interest  exercises,  were  to  aid  in  the 
development  of  the  language — ^the  technical 
terms  and  expressions  of  processes. 

We  are  now  ready  for  the  fourth  "Problem 
in  Interest,"  that  of  finding  the  cash  value. 
Before  taking  up  this  work,  a  few  minutes 
should  be  given  to  review  exercises  in  finding 
the  time,  finding  the  rate,  and  finding  the 
principal.     (See  Chapter  IV.) 

I.   The  Development  Steps 
Problem  {k). — ^A  sold  B  two  cows  for  $132 
on  six  months'  time  without  interest.    They 
settled  two  months  later.    The  bank  pays  6% 
interest. 

Each  pupil  should  be  required  to  write  the 
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note  so  that  it  will  conform  to  the  trade  agree- 
ment, and  to  affix  the  proper  signature.  The 
date  used  may  be  the  real  date  or  it  may  be  a 
date  three  or  four  months  earlier  under  the 
teacher's  suggestion. 

The  pupil  should  indicate  the  month  and 
day  when  the  settlement  is  made,  the  period 
of  discount,  and  who  should  be  the  holder  of 
the  note. 

Pupils  will  begin  this  solution  by  guessing 
at  the  cash  value  and  then  proving  the  guess. 
A  pupil  may  guess  $129.  He  will  discuss  it 
and  make  the  statement  for  each  man.  If  it 
proves  not  to  be  the  cash  value,  he  will  guess 
again  and  make  proof  in  the  same  way. 

He  should  be  permitted  to  make  two  or 
three  guesses  and  proofs  in  this  way  without 
hindrance  from  the  teacher.  This  guessing 
and  proving  two  or  three  times  puts  the  indi- 
vidual into  the  proper  frame  of  mind  for  the 
suggestion  by  the  teacher,  We  learned  once 
that  there  is  a  proper  way  to  guess,  yet  we 
seem  to  be  guessing  in  all  sorts  of  ways  with- 
out plan  or  rule  of  any  kind. 

A  suggestion  of  this  kind  is  all  that  is  needed 

to  recall  to  their  minds  that  the  plan  under 

which  they  had  found  the  rate,  the  time,  the 

principal  may  apply  to  finding  cash  value  also. 

("ril  try  cash  value  one  dollar.") 
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The  written  statement — 

Cash  value $i.oo 

True  discount 02 

Total  debt  (guess) $1 .02 

Total  debt  (real) $132. 

("My  guess  was  too  low.") 

|I32-J-$I.02  =12941 

("My  guess  should  have  been  129.41  times 
as  high.") 

.*.  129.41  X$i.oo  =$129.41. 

The  full  written  statement  will  now  be — 

Cash  value $1 .00 

True  discoimt 02 

Total  debt  (guess) $1 .02 

Total  debt  (real) 132. 

$132 -^$I.02  =129.41. 

.'.  Cash  value  =  129.41  X$i.oo  =$129.41. 

This  cash  value  must  now  be  proved,  each 
pupil  finding  the  true  discoimt  and  the  total 
debt  and  making  the  statements. 

Another  and  then  another  exercise  should 
follow,  pupils  being  required  to  arrange  the 
solutions  in  statement  form  as  shown  above. 
Each  cash  value  (real)  should  be  regularly 
proved. 


"  PRESENT  WORTH  "  955 

2.  Statement  of  the  Process — The  Rule 

The  pupil  should  be  required  after  each 
exercise  to  state  this  process. 

How  do  we  find  the  cash  value  of  a  debt? 

To  find  the  cash  value  of  a  debt  we  divide 
the  total  debt  by  what  the  total  debt  would  be 
if  the  cash  value  were  one  dollar.  From  the 
quotient  we  know  the  real  cash  value. 

The  questions,  How  do  we  find  the  rate? 
How  do  we  find  the  time?  How  do  we  find 
the  principal?  and  How  do  we  find  the  cash 
value?  must  be  asked  again  and  again  in  con- 
nection with  the  exercises  and  at  other  times. 

D.  Emphasis  Points  in  Problems  in  Interest 

The  cash  value  of  a  debt  due  at  a  future 
time  is,  as  has  been  stated  (Chapter  V,  ^) 
the  fourth  of  the  problems  in  interest.  The 
others  are — 

Finding  the  rate. 

Finding  the  time. 

Finding  the  principal. 

The  emphasis  points  are  the  statements  of 
the  solution  processes  and  the  definitions  of 
the  terms  answering  the  questions — 

How  do  we  find  the  rate? 

How  do  we  find  the  time? 

How  do  we  find  the  principal? 
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How  do  we  find  the  cash  value  of  a  debt 
due  at  a  future  time? 

What  is  the  cash  value  of  such  a  debt? 
What  is  the  discount? 
What  do  we  mean  by  date  of  maturity? 
What  do  we  mean  by  period  of  discount? 

Summary. 

Information  that  the  pupil  must  acquire 

before    "present   value"    would   have   a 

meaning  in  his  mind  (A). 
The  facts,  business  practices,  and  language 

of  discounting  (B) : 

Finding  settlement  bases  of  problems — 
finding  what  the  two  parties,  debtor 
and  creditor,  in  a  debt  due  at  a  future 
time  could  settle  for  with  loss  to  neither 
{2  a). 

Discount  language  (2  b). 

Discount  terms  defined  {2  c) . 

Problems  in  which  the  debts  to  be  dis- 
counted bear  interest  {2  d) . 
How  to  find  the  cash  value  of  a  debt  due  at 
a  future  time — "present  worth"  {C): 

The  computation  like  that  in  finding  the 
rate,  the  time,  and  the  principal  (/). 

The  rule  {2). 
Emphasis  points  in  true  discount  {D). 


CHAPTER  VI 

BANK   DISCOUNT 

Topics: — The  Meaning,  the  Computations,  and  the  Courses  of 
the  Notes 

A.  The  Presentatioji 

I.  Information  to  be  Given 
This  subject  must  follow  Cash  Value  (or 
Present  Worth,  under  whatever  name  it  goes) 
closely.  It  may  with  propriety  be  introduced 
after  the  language  development  work  (Chap. 
V,  B)  and  before  that  of  finding  the  cash  value 
(Chap.  V,  C)  outlined  for  that  subject. 

Bank  discount  needs  no  development.  It 
should  be  taken  up  purely  as  informational 
work,  the  teacher's  problem  being  to  inform 
the  pupil — 

(i)  That  men  who  have  notes  that  are  not 
due,  sometimes  go  to  a  bank  and  sell  them, 
the  bank  holding  them  until  they  are  due. 

(2)  The  bank  does  not  pay  what  we  have 
been  calling  "cash  value"  for  the  note.  It 
does  not  use  true  discount.  It  has  another 
kind  of  discount  which  we  call  hank  discount. 

(3)  True  discount  is  interest  on  the  cash 
value.  Bank  discount,  however,  is  interest  on 
the  total  debt  at  the  maturity  of  the  note. 

(4)  Banks  pay,  not  cash  value,  but  proceeds. 

957 
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Cash  value  is  found  by  subtracting  the  true 
discount  from  the  total  debt.  Proceeds  is 
found  by  subtracting  the  hank  discount  from 
the  total  debt. 

These  explanations  require  a  very  few  min- 
utes— five  minutes,  perhaps. 

2.  Finding  Proceeds 

The  teacher  then  takes  up  the  problems  that 
were  used  in  {B)  of  the  Cash  Value  outline 
(Chapter  V).  One  of  them  is  written  on  the 
blackboard  and  the  pupils  are  asked  the  reg- 
ular questions  as  to  period  of  discount  and 
total  debt.  Then  they  are  asked  to  find  the 
bank  discotint.  Having  been  told  that  bank 
discount  is  interest  on  the  total  debt  no  sug- 
gestion will  be  required. 

The  proceeds  is  then  asked  for. 

Exercises  in  finding  bank  discount  and 
proceeds  follow. 

Note. — If  the  teacher  introduces  bank  discount 
before  the  second  step  (C)  of  Cash  Value  is  taken  up 
she  should  go  no  farther  with  bank  discount  work  than 
the  solution  of  three  or  four  problems  until  that  step 
(C)  has  been  developed. 

J.   Form  of  Exercises 
These  exercises  should  be  in  the  form  of 
definite  imaginary  transactions  between  pupils. 
These  transactions  should  require  notes.     In 
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some  of  them  the  notes  should  be  for  the  full 
amounts  involved;  in  others,  for  part  pay- 
ments. The  notes  in  some  transactions  should 
draw  interest;  in  others  they  should  be  without 
interest. 

These  notes  should  be  prepared  by  the 
pupils — the  teacher  to  see  that  they  are  exactly 
in  accordance  in  each  case  with  the  conditions 
of  the  transaction  and  that  they  have  the 
signature  of  the  maker. 

4.  Questions 
There  are  certain  questions  that  should  be 
asked  upon  each  note — 

Whose  property  is  this  note?  or, 
Who  is  the  owner  of  this  note?  or, 
(i)   -Who   should   be   the   holder   of    this 
note?  or, 
Who  is  the  maker  of  the  note? 

(2)  Date  of  the  note? 

(3)  Date  of  maturity? 

(4)  Total  debt  at  maturity? 

(5)  What  was  the  "value  received"? 

(6)  Meaning  of  the  "or  order"  (or  the  "to 
the  order  of")? 

(7)  Who  is  the  payee? 

5.  Taking  Notes  Through  Their  Courses  to  the 
Bank 
There  should  be  one  or  more  "bankers"  in 
the  room  to  whom  holders  of  notes  may  sell. 
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When  the  "banker"  buys  a  note  he  must 
compute  the  proceeds,  the  price  which  he  must 
pay,  to  know  that  he  pays  the  proper  amotmt. 
The  seller  also  should  make  the  computation. 
The  two  must  agree  upon  the  proceeds.  These 
are  the  problems  for  solution. 

When  the  sale  to  this  "banker"  is  made 
the  holder  must  indorse  it  properly  by  writing 
across  the  back  of  the  note  on  the  left  hand 
end — 

"Pay  to  the  order  of  (the  banker's  name), " 
and  sign  his  name  to  this  indorsement.*  It  is 
simply  a  transfer  of  the  note  to  the  bank. 

The  "banker"  now  becomes  the  holder  of 
the  note — takes  possession  of  it  and  receives 


*  The  aim  in  bank  discount  development  is  to  give 
the  pupil  merely  the  simplest  elementary  information 
as  to  what  bank  discount  is,  how  proceeds  is  computed, 
and  how  ownership  of  notes  may  be  transferred.  In 
this  matter  of  indorsements  the  development  intro- 
duces but  the  one  form — that  in  which  the  holder  trans- 
fers by  indorsing  '  'to  the  order  of. ' '  This  is  the  simplest, 
easiest  understood  form.  It  is  a  form  of  transfer  that 
he  learned  in  "Orders"  and  must  apply  constantly  in 
exercises  in  which  bank  checks  are  used.  When  the 
teacher  goes  beyond  this  form  into  indorsements  "in 
blank"  or  those  to  bearer  or  those  in  non-transferable 
form,  she  is  in  danger  of  attempting  informational  work 
that  might  better  be  left  to  a  later  period — &  period 
when  the  pupil  takes  up  regular  commercial  work. 
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the  amount  of  the  debt  when  it  becomes  due. 
The  matters  of  dates  of  notes  and  dates  of 
settlements  are  easily  managed.  The  [real 
month  of  the  year  may  be  October.  The 
teacher  wishes  to  have  an  April  transaction. 
"Let  us  call  to-day  April  loth."  "Shall  we?" 
("Yes.")  The' teacher  now  writes  a  transac- 
tion for  class  work  on  the  blackboard  with  the 
April  10  date.  It  provides,  perhaps,  for  a  note 
due  in  three  months  with  interest.  The  note 
is  prepared  by  each  pupil,  it  is  properly  signed, 
and  the  owner  (holder)  is  given  possession  of 
one  of  the  notes  (selected  by  the  teacher)  to 
be  considered  as  the  note.  The  questions  are 
asked  as  to  owner  (holder),  maker,  date  of 
note,  date  of  maturity,  total  debt  at  maturity, 
value  received,  and  the  "or  order."  The 
teacher  now  changes  the  date — "Let  us  say 
that  it  is  now  May  loth."  "Shall  we?" 
("Yes.")  "You  may  sell  the  note  to  the 
banker.  The  rate  of  interest  (discoimt)  we 
will  call  8  per  cent."  The  pupils  now  compute 
the  discount  and  the  proceeds.  The  ' '  banker '  * 
and  the  holder  must  agree  upon  these  amounts. 
The  "banker"  makes  the  purchase,  the  holder 
indorses  it  to  him  in  the  proper  way,  and  the 
"banker"  takes  the  note,  paying  the  former 
holder  the  amoimt  of  the  proceeds.  The 
questions  are  now  asked  as  to  date  of  note, 
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date  of  discount,  date  of  maturity,  total  debt 
at  maturity,  period  of  discount,  rate  of  dis- 
count, discount,  and  proceeds.  In  this  way 
there  may  be  perfect  flexibility  in  the  matter 
of  dates. 

6.  Parallel  Work  in  "Present  Worth  and  Bank 
Discount 

After  a  few  exercises  in  bank  discount, 
mixed  exercises  in  bank  discount  and  present 
worth  should  be  given  and  pupils  should  be 
required  to  make  two  solutions  of  each  prob- 
lem. In  a  transaction  given  for  solution  imder 
bank  discoimt,  for  illustration,  the  pupil 
should  also  find  the  cash  value  on  the  date  of 
the  discount.  In  a  transaction  in  which  the 
cash  value  is  required,  the  pupil  should  find, 
also,  what  the  proceeds  would  have  been  on 
the  date  of  settlement. 

Present  worth  (cash  value)  and  bank  dis- 
coimt exercises  should  in  this  way  be  parallel 
lines  of  work. 

In  connection  with  this  work  the  question 
should  be  asked  very  frequently — What  is  the 
difference  between  bank  discoimt  and  true 
discount?  The  answer  is  the  two  definitions 
— Bank  discount  is  interest  on  the  total  debt, 
True  discount  is  interest  on  the  cash  value. 

Problems  should  be  given  in  finding  the 
numerical  difference  between  the   bank  dis- 


BANK  DISCOUNT  963 

count  and  the  true  discount  on  a  given  note. 
Any  problem  prepared  for  use  under  present 
worth  may  be  used  imder  bank  discoimt  and 
vice  versa ;  or,  as  has  been  suggested,  problems 
may  be  for  the  computation  of  both  of  these 
forms  of  discounts. 

7.  Statements  of  Processes — The  Rules 

Pupils  must  learn  to  state  the  two  processes 
in  bank  discoimt.  These  must  be  required 
again  and  again  for  weeks — 

How  do  we  find  bank  discount? 

We  find  bank  discoimt  by  finding  the 
interest  on  the  total  debt  at  maturity  at 
the  bank  rate  for  the  period  of  discount. 

How  do  we  find  proceeds? 

We  find  proceeds  by  subtracting  the  bank 
discount  from  the  total  debt. 

B.  Emphasis  Points  in  Bank  Discount 

Statements  of  Processes 

How  do  we  find  the  bank  discount  on  a 
note  due  at  a  future  time? 

How  do  we  find  the  proceeds? 

How  does  the  holder  of  a  note  make  the 
bank  its  owner? 

To  make  the  bank  the  owner  of  a  note,  the 
holder  indorses  and  signs  across  its  back  an 
order  to  the  maker  to  pay  the  debt  to  the  bank. 
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Terms  Defined 

Bank  Discount. — Interest  at  the  bank's 
rate  deducted  from  the  total  debt  on  the  note 
at  maturity. 

Proceeds. — The  remainder  after  deducting 
the  bank  discoimt  from  the  total  debt  on  the 
note.  It  is  the  amount  that  the  bank  pays  for 
the  note. 

To  Discount  a  Note. — To  discount  a  note 
due  at  a  future  time  means  to  buy  it.  The 
bank  discoimts  it,  buys  it. 

To  Indorse  a  Note. — To  indorse  a  note  means 
to  write  on  the  back  of  the  note  a  receipt,  an 
order,  or  one's  signature. 

Date  of  a  Note. — The  date  when  given. 

Date  oj  Discount. — The  date  when  the  bank 
buys  it. 

Period  0}  Discount. — The  time  from  the  date 
of  discoimt  to  maturity. 

Date  0}  Maturity. — The  date  when  due. 

Rate  of  Discount. — The  bank's  rate  of  in- 
terest. It  is  the  rate  at  which  the  bank  loans 
money. 

For  Value  Received. — The  expression  means, 
for  something  of  value  that  I  have  received. 

Or  Order y  or  To  the  Order  Of. — The  expression 
gives  permission  to  the  holder  of  a  note  to 
order  it  paid  to  a  bank  or  to  another  person. 
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Summary. 

The  presentation  of  the  subject  of   bank 
discount  (A): 

Bank  discount  and  true  discount  com- 
pared as  to  bases  of  computations  (/). 

Exercises    for    solution    to    be    in    note 
form  (j). 

Taking  notes  through  their  courses  (5). 

Bank  discount  and  ' '  present  worth ' '  com- 
putations should  be  parallel  (6). 

The  rules  for  the  processes  (7). 
Emphasis  points  in  bank  discount  {B), 


CHAPTER  VII 

Average 

The  chapters  on  business  forms  wotild  be 
incomplete  without  a  supplementary  chapter 
on  averages.  We  speak  of  average  profits  or 
losses,  average  rates  of  profits  or  losses, 
average  rates  of  interest,  average  insurance 
rates,  average  amounts  of  loans,  average 
deposits  in  saving  banks,  etc.  There  are  few 
lines  of  business  in  which  various  forms  of 
averaging  do  not  have  an  important  place. 

I.  Development  Steps 

Instruction  in  average  is  necessarily  divided 
into  three  development  steps: 

{a).  Computations  of  averages  of  quanti- 
ties that  are  grouped  in  single  units.  One 
orange  at  5^  and  one  at  6f!f ;  one  horse  at  $150, 
another  at  $200,  and  another  at  $210;  one 
box  weighing  3  lb.,  one  weighing  4  lb.,  and 
another  weighing  10  lb.  are  combinations  of 
single-unit  quantities. 

(6).  Computations  of  averages  of  quanti- 
ties that  differ  in  the  number  of  tmits, — some 
having  one,  perhaps,  and  others  having  two 
or  more.  I  bought  an  orange  for  5j^  and  two 
for  6^  each.    In  this  there  are  one  5-cent  unit 

and  two  6-cent  units — three  tmits  in  all  in  the 
966 
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two  quantities.  I  sold  one  chicken  for  $1.35 
and  three  at  $1.45  each.  In  this  there  is  a 
single-unit  quantity  and  a  three -unit  quantity 
— ^four  units  in  all  in  the  two  quantities. 

(c).  The  application  of  average  to  the 
computations  of  costs  in  various  lines  of  pro- 
ductive activity.  An  illustration  of  this  may 
be  seen  in  finding  the  cost  per  barrel  of  my 
apple  crop — 

Cultivation  and  care $15 .  00 

Pruning 8 .  00 

Fertilizer 10 .  50 

Spraying 19. 00 

Barrels  (175)  at  33^ 57.75 

Picking  and  packing 52 .  50 

Thinning  the  trees 16 .  00 

Total $178.75 

The  crop:  No.  i  Apples 125  bbl. 

No.  2  Apples 50  bbl. 

175  bbl. 
175  bbl.  cost  $178.75 
I  bbl.  cost  1/175  of  $178.75  =$1.02^, 
average  cost  per  bbl.  (approx.) 

2.  Averaging  Where  the  Quantities  are  in 

Single  Units 
It  will  not  be  necessary  for  the  teacher  to 
give  any  formal  instruction  in  what  average 


968         NUMBER  BY  DEVELOPMENT 

means  provided  she  introduces  the  subject 
with  a  simple  problem.  For  illustration,  I 
buy  an  article  for  ^^  and  another  article  for 
6^.  What  was  the  average  cost?  As  we  are 
dealing  with  grammar  school  children  in  this 
subject  the  average  in  this  problem  will  be 
readily  given — ^^.  Instruction,  however,  will 
be  necessary  in  order  to  develop  the  form  in 
which  the  written  computation  must  be  made. 
Pupils  must  be  instructed  in  writing  out  in 
regular  form  the  solution  of  the  problem  just 
given : 

There  were  two  imits — ^two  articles. 

,'.}4  of  lojzJ  =5^,  the  average  cost. 

I  bought  an  article  for  6^  and  another 
article  for  7^.  What  was  the  average  cost? 
This  solution  will  be  given.  Following  it  the 
written  solution  should  be  made  in  regular 
form: 

There  were  two  units — two  articles. 

.*.J^  of  I3j^  =6>^jzf,  the  average  cost. 

One  article  cost  6^,  another  y^,  another  lOjzf. 
What  was  the  average  cost?  The  written 
solution  of  this  problem  should  be: 

6j;i+7^  +  io^=23jzf. 

There  were  three  units — three  articles. 

}i  of  23 jzf  =  7%^,  the  average. 
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There  are  5  marbles  in  one  box,  6  in  an- 
other, and  9  in  another.  What  is  the  average 
number  of  marbles  per  box?  This  problem 
must  be  written  out  also  in  form : 

5    marbles  +  6    marbles  +  9    marbles  =  20 
marbles. 

There  were  three  units — three  boxes. 

.'.H  of  20  marbles  =6M  marbles,  the  aver- 
age niimber  per  box. 

At  this  point  it  will  be  necessary  to  take  up 
with  the  pupils  the  fact  that  average  usually 
has  to  do  with  quantity  that  is  purely  imagi- 
nary. In  this  solution,  for  illustration,  we 
have  6H  marbles.  There  is  no  such  thing  as 
H  of  a  marble.  A  marble  separated  into 
parts  is  no  longer  a  marble.  It  is  worthless 
for  any  purpose  that  a  marble  would  be 
used  for.  The  6H  marbles,  therefore,  is  some- 
thing that  exists  only  as  an  expression.  It  is 
of  no  value  to  us  only  for  possible  computa- 
tion purposes. 

There  are  12  boys  in  this  room,  15  in  the 
next  room,  and  16  in  the  next  room.  What  is 
the  average  number  of  boys  per  room?  The 
written  solution  will  be  made  as  before : 

12  boys -I- 1 5  boys -hi 6  boys  =43  boys. 

There  are  3  units — 3  groups  of  boys. 

.*.  H  of  43  boys  =  i4^i  boys,  the  average 
number  in  the  rooms. 
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This  is  a  second  illustration  to  the  pupil  of 
the  fact  that  an  average  is  purely  an  expres- 
sion of  quantity  that  may  not  exist  by  any 
possibility.  There  could  be  no  such  thing 
as  M  of  a  boy.  It  will  be  necessary  to  take  up 
several  problems  of  this  kind  dealing  with 
quantities  that  could  not  possibly  exist  in 
fractional  form.  Every  child  must  become 
accustomed  to  such  expressions  as  6H  mar- 
bles, 14M  boys,  25^  girls,  ^34  horses,  etc., 
in  order  that  he  may  wear  off  the  effects  of 
the  shock  and  become  accustomed  to  looking 
at  such  expressions  as  purely  imaginary. 

A  wide  variety  of  problems  ought  to  be 
given  in  this  form  of  average.  The  average 
height  of  three  or  four  boys,  the  average 
weight  of  several  individuals,  the  average 
number  of  cents  that  several  boys  may  be 
supposed  to  have  in  their  pockets,  the  average 
width  of  several  boards  which  differ  in  width. 
These  problems  should  involve  larger  num- 
bers in  some  cases  than  those  which  have  been 
given  in  the  illustrations  above.  They  should 
also  include  the  averaging  of  fractional  num- 
bers,— ^for  illustration,  the  averaging  of  H,  H, 
and  %'  This  would  involve  the  addition  of 
these  three  fractions  and  the  division  of  the 
sum  by  three,  the  number  of  units  or  groups. 

In  one  box  there  is  %  of  a  pound  of  a  cer- 
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tain  commodity,  in  another  box  %  of  a  pound, 
and  in  another  K  of  a  pound.  What  is  the 
average  amount  in  each  box?  In  the  written 
solution,  the  pupil  should  find  the  sum  of 
these  three  fractions — 57/24.  There  were 
three  units.  %  of  57/24  =  19/24  pounds,  the 
average  weight. 

It  should  also  include  the  averaging  of  com- 
pound numbers.  One  board  is  8  feet  3  inches 
in  length;  another  9  feet  10  inches  in  length; 
the  other  12  feet  6  inches  in  length.  What  is 
the  average  length?  The  sum  of  these  three 
numbers  is  30  feet  7  inches.  ^i  of  30  feet  7 
inches  is  10  feet  2^^  inches. 

One  box  weighs  4  pounds  7  ounces ;  another, 
6  pounds  II  ounces;  another,  3  pounds 
13  otinces.  What  is  the  average  weight  per 
box? 

4  lb.  7  oz. 
6  lb.  II  oz. 
3  lb.  13  oz. 


13  lb.  31  oz. 


14  lb.  15  oz. — the  total  weight. 

There   are   three   units — three   boxes. 
.'.Vzoi  14  lb.   15  oz.  =4  lb.   15%  oz. — the 
average  weight. 

Many  exercises  should  be  given  in  single- 
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unit  averages  and  the  problems  should  cover 
as  wide  a  range  as  possible — 

The  tires  of  my  automobile  ran  8243  miles, 
7148  miles,  91 1 1  miles,  and  8952  miles  respec- 
tively.   The  average  mileage? 

I  used  during  a  given  period  90  gallons  of 
gasolene.  The  car  ran  during  that  period 
1474  miles.  What  was  the  average  mileage 
per  gallon?  (In  this  problem  there  are  90 
units — 90  gallons  of  gasolene.) 

A  boy  put  into  the  savings  bank  in  January 
$3.50;  in  February,  $2.75;  in  March,  $4.;  in 
April,  $4.25.    The  average  per  month? 

My  12  hens  layed  270  eggs  in  April,  245  in 
May,  and  255  in  June. 

The  average  per  hen?  (In  this  problem 
there   are   obviously    12    units — 12    hens). 

The  average  per  month?  (In  this  problem 
it  will  be  noted  that  there  are  3  units — 3 
months.) 

The  average  per  day?  (In  this  there  are 
91  units — 91  days.) 

J.  Averaging  Where  the  Quantities  Differ  in  the 
Number  of  Units. 

(a).  Teaching  Points. 

In  this  class  of  problems  the  teacher's  work 
will  be  to  concentrate  attention  in  each  case 
upon  (i)  the  number  of  quantities,   (2)  the 
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number  of  units  in  each  quantity,  and  (3)  the 
computation  "factors."  In  the  computation 
of  the  averages  the  work  is  Uke  that  in  2. 

(i).  Bought  I  article  for  8  cents  and  2 
articles  at  12  cents  each. 

(6).  Questions. 

How  many  quantities?  (The  point  to  be 
settled  is  that  there  are  two  quantities  here 
and  three  units.) 

How  many  units?  How  many  units  in  the 
first  quantity?    In  the  second? 

(c).  Solution  Forms. 

The  statement: 

1X8  cents  =  8  cents.    Cost  of  the  unit. 
2X12  cents  =24  cents.    Cost    of    the    two 

units. 
Total  cost       32  cents.    Cost  of  the  three 

units. 

There  are  3  units.  .'.  M  of  32  cents  =  \o% 
cents,  average  cost. 

(ii).  In  one  box  there  are  12  lbs.  of  meal, 
2  other  boxes  have  each  10  lb.,  and  in  each  of 
three  other  boxes  there  are  15  lb.  The  average? 

The  questions  suggested  above  bring  out 
that  there  are  three  quantities  and  that  in 
these  three  quantities  there  is  a  total  of  six 
units, — I  imit  in  the  first,  two  in  the  second, 
and  three  in  the  third. 
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The  statement: 

1  X 12  lb.  =  12  lb.    Wt.  of  the  iinit. 

2  X 10  lb.  =20  lb.    Wt.  of  the  two  units. 

3  X 15  lb.  =45  lb.    Wt.  of  the  three  units. 


77  lb.    Wt.  of  the  six  units. 

There  are  six  units. 

.'.Hoi  77  lb.  =  12^  lb.,  average  wt.  per  box. 

In  the  same  way  other  computations  should 
be  made,  the  teacher  using  the  questions,  as 
before,  to  center  attention  upon  the  number 
of  quantities,  the  number  of  luiits  in  each 
quantity,  and  the  number  of  units  in  all. 

(iii).  Two  boards  are  each  10  ft.  long  and 
three  others  are  each  14  ft.  long.    The  average? 

(iv).  I  sold  3  chickens  for  $1.15  each,  2  for 
$1.30  each,  and  i  for  $1.50.  The  average 
price? 

(v).  I  had  5  acres  of  com  that  averaged  80 
bu.  to  the  acre  and  8  acres  that  averaged  95 
bu.    The  average  for  the  two  lots? 

(vi).  A  2 -acre  lot  produced  an  average  of 
230  bu.  of  potatoes  per  acre;  a  3-acre  lot  pro- 
duced an  average  of  215  bu.  per  acre.  The 
average  yield  for  the  two  lots? 

(d).  The  "Factors"  in  a  Computation  in 
Average. 

The  teacher  in  connection  with  the  work 
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outlined  above  should  introduce  the  term 
"factors"  or  "the  factors"  in  an  "average" 
problem.     Each  problem  has  two. 

In  (i)  above  the  "factors"  are  the  total  cost 
and  the  3  articles.  In  (ii)  the  factors  are  the 
total  weight  and  the  6  boxes.  In  (iii)  the 
factors  are  the  total  length  and  the  5  boards. 
In  the  problem  on  p.  972  of  the  average  number 
of  eggs  per  hen,  the  factors  are  the  total  num- 
ber of  eggs  and  the  number  of  hens  (12).  In 
finding  the  average  number  of  eggs  per  month 
in  the  same  problem,  the  factors  are  the  total 
number  of  eggs  and  the  number  of  months. 
In  finding  the  average  per  day,  in  the  same 
problem,  the  factors  are  the  total  number  of 
eggs  and  the  number  of  days  (91).  This  atten- 
tion to  the  factors  is  of  very  great  importance 
for  clear  reasoning  in  average.  It  should  not 
be  overlooked  in  a  single  solution.  The 
factors  determine  the  character  of  the  result — 
whether,  as  in  the  problem  of  the  eggs,  for 
illustration,  it  is  the  average  per  month  or 
per  hen  or  per  day. 

{e).  Proof  of  an  Average. 

The  proof  of  the  correctness  of  an  average 
is  by  solving  the  problem  (finding  the  total) 
with  the  average: 

I  bought  one  article  for  9j^,  two  others  at 
10^  each,  and  three  others  at  1 1  ff  each. 
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In  this  problem  there  are  three  quantities 
and  6  units. 
Statement : 

1X9^=  9^.  Cost  of  the  unit. 

2  XiOj^  =20^  Cost  of  the  two  units. 

3  Xiiff  =331^.  Cost  of  the  three  units. 

62^.  Total  cost. 

There  are  6  units. 

The  factors  are  6  articles  and  the  cost  (62^). 

H  of  62^  =  ioH^,  average. 

Proof:  6  articles  at  lo}'^^^  each=62ff,  total 
cost.^,  If  we  had  taken  the  simple  average 
of  the  prices  (9^,  10^,  and  iif)  our  result 
would  have  been  I0|^.  Only  the  correct 
average  will  "prove." 

The  teacher,  besides  asking  for  the  number 
of  quantities,  the  number  of  units,  and  the 
factors,  should  require  frequent  proof  of  the 
correctness  of  the  average  by  using  it  to 
compute  the  total. 

(g) .  Shortening  the  Computations. 

The  following  computations  in  average  are 
given  to  suggest  to  the  teacher  how  opera- 
tions in  this  subject  may  sometimes  be  short- 
ened by  the  choice  of  a  higher  computation 
unit  than  i : 

Loaned  $5  at  6%  and  $5  at  8%.  The  aver- 
age rate? 
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The  computing  unit  here  may  be  $i  or  $5. 
If  $1  is  used  there  will  be  two  5 -unit  quantities. 
The  statement  will  be — 

5X6%  =30% 

5X8%  =40% 

Total     70% 

There  are  10  imits.  The  factors  are  10 
dollars  and  70%. 

.*.  i/io    of    70%  =7%,  the    average    rate. 

If  $5  is  the  unit  there  will  be  two  single-unit 
($5)  quantities. 

The  statement  will  be. 

I  X6%  =6%  (This  means  a  imit  sum  ($5) 

at  6%  =6%) 
I  X8%  =8%  (This  means  a  unit  sum  ($5) 

at  8%  =8%). 

Total . .  14% 

There  are  two  computing  units. 

.*.  ^  of  14%  =7%,  the  average  rate. 

The  statement,  as  is  seen,  is  very  much  sim- 
plified by  using  a  5 -dollar  imit,  as  in  the  latter, 
instead  of  the  i -dollar  unit.  The  choice  of  the 
computing  unit  in  no  way  affects  the  result. 

Loaned  $3  at  4%  and  $4  at  5%.  The  aver- 
age rate? 

In  this,  there  is  one  possible  computation 
vmit,  $1. 
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Loaned  $io  at  6%  and  $15  at  4%.  The 
average  rate? 

In  this,  the  unit  may  be  $1  or  it  may  be  $5. 
With  the  former  unit  the  computation  would 
be  1/25  of  120%.  With  the  latter  unit  the 
computation  would  be  H  of  24%. 

Loaned  $100  at  6%  and  $150  at  5%.  The 
average  rate? 

The  proper  computation  unit  here  would 
be  $50. 

The  statement  would  be — 2  X6%  =  12% 

3X5%  =15% 

Total   27% 

There  are  five  computing  units. 

.'.H  of  27%  =5%%,  the  average  rate  of 
interest. 

The  average  yield  of  wheat  per  acre  on  a 
4-acre  lot  was  30  bushels.  The  average  on 
another  lot  of  6  acres  was  35  bushels.  What 
was  the  average  per  acre  on  the  two  lots? 

This  computation  would  obviously  be  short- 
ened by  using  2  acres  as  the  unit.  The  state- 
ment would  then  be: 

2X30  bu.  =  60  bu. 
3X35  bu.  =i05bu. 

Total        165  bu. 
.'.}i  of  165  bu.  =33  bu.,  the  average  yield. 
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Pupils  should  have  many  exercises  in  com- 
puting averages  with  quantities  that  may  be 
grouped  in  larger  units.  They  should  find  the 
largest  possible  units  in  the  quantities  and 
should  compute  with  them. 

Questions  to  be  Used. 

How  many  quantities  to  be  averaged  here? 

What  is  the  computing  unit?  Coiild  there 
be  a  larger  unit? 

How  many  computing  units  in  each  of  the 
quantities? 

How  many  computing  units  in  all? 

(/).  Lxercises  for  Proof: 

A  boy  bought  lo  chickens  at  28^  each  and 
12  at  32^  each.  What  was  the  average 
cost? 

A  man  has  $800  invested  at  5%  and  $300 
at  6%.  Find  the  average  rate.  What  should 
our  unit  be? 

Two  children  have  each  invested  in  thrift 
stamps  $1 .75.  Three  others  have  each  invested 
$2.25.  What  is  the  average  investment  per 
child? 

During  the  months  of  September  and  Octo- 
ber the  average  contribution  per  month  to 
the  Belgian  Relief  Fund  by  this  room  was 
$2.36.  During  November,  December,  and 
January,  the  monthly  average  was  $3.24. 
What  was  the  average  for  the  whole  period? 
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The  average  price  of  the  horses  when  2  cost 
$160  each  and  4  cost  $190  each? 

4  boxes  weigh  /i  lb.  each  and  3  weigh  ^  lb. 
each.    What  is  the  average  weight? 

The  average  yield  of  my  3-acre  lot  of  pota- 
toes was  220  bushels  per  acre.  The  average 
of  my  4-acre  lot  was  275  bushels.  What  was 
the  average  for  the  two  lots? 

4.  The  Application  of  Average  to  the  Compu- 
tations of  Costs. 

(a).  Aim. 

A  small  but  very  important  item  in  the 
practical  training  of  every  child  in  number,  is 
instruction  in  the  part  that  the  computation 
of  averages  has  in  the  activities  of  every  day 
life.  He  should  know  the  use  that  is  made  of 
it  as  a  factor  in  practical  business  in  deter- 
mining the  unit  costs  of  industrial  products. 

No  child,  until  his  attention  is  called  to  it 
in  carefully  prepared  lessons,  ever  thinks  of 
the  fact  that  the  manufacturer  of  the  shoes 
that  he  wears  on  his  feet  must  have  some 
practical  means  of  knowing  definitely  what 
the  cost  of  these  shoes  is  before  he  can,  with 
safety,  determine  the  price  at  which  he  can 
afford  to  sell  them.  He  should  learn  that  the 
producer  of  any  product  of  the  industrial 
activity — the  dairyman,   the   stockman,   the 
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fniit  grower,  the  grain  raiser,  the  manufacturer 
— must  know  beyond  question  in  the  inter- 
ests of  safe  business  the  full  average  cost, 
including  every  form  of  expenditure  up  to 
delivery  in  the  market,  of  the  article  or  com- 
modity or  structure  which  he  produces. 

The  child  should  recognize  that  the  manu- 
facturer of  plows  must  know  the  total  expendi- 
ture for  Itimber,  steel,  paint,  labor,  cartage, 
heat,  power,  office  help,  salaries,  and  other 
items  in  the  manufacture  of  the  two  hundred 
or  three  hundred  or  four  hundred  plows  that 
have  been  made  within  the  computation  period. 
He  should  recognize  that  this  total  cost, 
divided  by  the  number  of  plows  manufac- 
tured within  the  period  is  the  average  cost  of  a 
single  plow,  and  that  from  this  average  the 
manufacturer  knows,  definitely  and  positively, 
at  what  price  the  plows  must  be  sold  to  realize 
a  profit. 

The  child's  attention  must  be  centered 
upon  the  fact  that  the  contractor  who  built 
the  cement  walk  along  the  front  of  the  school 
building  knew  positively  when  he  submitted 
his  bid  for  the  construction  of  this  walk  what 
the  total  average  cost  of  a  square  yard  of 
such  a  walk  would  be.  He  had  built  such 
walks  before.  He  had  computed  the  cost  per 
square  yard  in  each.     Repeated  experiences 
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had  verified  the  accuracy  of  his  computa- 
tions. He  made  his  bid  on  the  basis  of  these 
averages. 

The  aim  of  this  work  is  not  to  teach  the 
child  to  recognize  all  the  items  that  enter  into 
the  production  of  any  particular  article  or 
commodity  but  to  know  the  general  plan  that 
is  followed  in  the  computation  of  average  costs. 
His  knowledge  of  the  items  of  expenditure  in 
the  manufacture  of  a  pair  of  shoes,  for  illus- 
tration, may  be  entirely  superficial,  but  such 
knowledge  of  cost  items  in  the  article  is 
entirely  sufficient  for  instruction  purposes 
here.  It  is  enough  if  he  notes  the  items  that 
are  apparent  from  the  examination  of  the 
shoe,  and  recognizes,  when  the  suggestion 
comes  to  him,  that  the  items  of  leather  and 
cloth  and  eyelets  and  nails  and  thread  are 
after  all  not  the  only  items  of  cost,  but  that 
power  and  heat  and  light  and  cartage  and 
labor  and  boxing  and  packing  and  shipping 
and  office  help  and  office  supplies  and 
salaries  of  officers  are  rightfully  items  which 
must  also  be  taken  accotmt  of  in  finding  the 
actual  expense  that  the  pair  of  shoes  represents. 

Nearly  every  intelligent  child  of  11  or  12 
years  of  age  will  recognize,  when  heat,  light, 
repairs,  depreciation  in  tools,  salaries,  etc. 
are  suggested  as  items  of  cost  in  the  manufac- 
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ture  of  the  shoes  or  the  chair  or  the  sled  or 
the  plow  or  the  gun  or  the  skates  or  the  tennis 
racket,  that  there  are  properly  these  items  of 
expenditures  and  that  in  reason  they  must  be 
regarded  as  items  in  the  cost  of  the  article. 
Our  aim  in  the  introductory  problem  is  to 
suggest  one  or  two  of  these  items  and  then 
wait  to  see  if  there  are  not  pupils  who  will, 
under  the  impetus  of  that  suggestion,  antici- 
pate some  of  the  others.  It  will  be  found 
that  the  pupils  will  anticipate  some  of  these 
indirect  items  after  one  or  two  of  them  have 
been  suggested. 

(b).  Work,  How  Conducted. 

The  instruction  must  be  conducted  in  the 
form  of  class  exercises  and  should  consist 
almost  entirely  in  listing  the  items  of  expen- 
ditures in  one  and  then  another  and  then 
another  class  of  articles  under  the  teacher's 
guidance.  The  child  has  had,  in  the  two  classes 
of  computation  problems  in  average  that  have 
been  developed,  enough  experience  to  make 
assistance  in  computing  these  averages 
imnecessary. 

One  or  two  exercises  should  be  given  at 
first  in  which  the  amount  of  each  item  is 
stated,  the  totals  of  the  items  computed, 
and  the  average  found.  The  following  will 
illustrate : 


984         NUMBER  BY  DEVELOPMENT 

The  Concrete  Walk. 

The  average  cost  per  square  yard. 

24  bbl.  Asphaltum  at  $9.80 $235.20 

32  tons  Crushed  Rock  at  $1 .28  . .  40.96 

12  loads  Sand  at  $2.00 24.00 

Fuel 10.00 

Labor 60.60 

Overseer 20.00 

Kerosene .60 

Teaming 10.00 

Clerical  work  and  supplies. . . .  4.00 

Depreciation  of  tools 4.00 

$409.36 

Number  of  square  yards  of  walk — 615. 
Statement : 

615  sq.  yd.  cost  $409.36 
I    sq.   yd.   cost   1/615   of  $409.36  =$.66 
(approx.)  average. 

(c).  Forms  of  Statements. 

(i)  My  Apple  Orchard. 

The  average  cost  of  my  crop  per  barrel. 

Cultivation  and  care $  30.00 

Pnuiing 14.00 

Fertilizers 19-50 

Spraying 28.00 

Barrels  for  the  crop  (410  at  30^)  123.00 

Picking  and  packing 115.00 

Marketing 4540 

Total $374-90 
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The  crop :     No.  i  Apples .  . .  300  bbl. 
No.  2  Apples.  .  .  no  bbl. 

Total 410  bbl. 

Statement : 
410  bbl.  cost  I374.90 

I  bbl.  cost  1/410  of  $374.90  =$.91  18/41, 
average. 

(2).  The  Cement  Walk. 

The  average  cost  per  square  yard, 

Cement 

Crushed  rock 

Sand 

Coloring  material 

Excavating 

FilHng 

Labor 

Trucking 

Clerical  work 

Wear  and  tear  of  lumber  and  tools 

Total $460.25 

Square  yards  of  walk .    .    .201 

Statement : 

201  sq.  yd.  cost  $460.25 

I  sq.  yd.  cost  1/201  of  $460.25=$ 
average. 

This  is  the  form  in  which  the  problems 
should  be  worked  out.  The  pupils  should 
suggest,    under   the   teacher's   guidance,    the 


986         NUMBER  BY  DEVELOPMENT 

items  that  appear  to  enter  into  the  construc- 
tion. The  teacher  should  suggest  a  total  and 
a  number  of  yards  of  walk  that  will  give  a 
reasonable  average  cost  per  square  yard. 

Note. — The  averages  in  the  exercises  may  be  far 
from  actual  costs  in  the  articles  which  are  under  com- 
putation, but  care  should  be  taken  that  the  costs  are 
not  impossibly  high  or  low.  This  total  cost  and  niunber 
of  yards  in  the  cement  walk  problem  are  based  on  a 
bid  in  actual  construction  work.  It  allows  for  a  good 
profit  to  the  contractor. 

The  aim  of  the  work  in  an  "average  cost"  problem 
is  fully  realized  when  the  child  under  guidance  has 
made  a  rough  outline  of  items,  as  in  the  walk  problem, 
and  computed  the  average — 1/201  of  $460.25. 

(3).  My  Herd  of  Cows. 
The  average  cost  of  feed  and  care  per  cow 
per  year. 

Hay  to  feed  them 

Grain 

Ensilage 

Past\u"age 

Salt 

Green  fodder 

Expense  for  care 

Depreciation  in  tools  and  ma- 
chinery   

Repairs  on  stable 

Fire  insurance 

Total  cost I3042.50 
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Number  of  cows  .    .35. 

Statement : 

35  cows  cost  $3042.50 

I  cow  cost  1/35  of  $3042.50  =$       ,  average. 

(4).  The  Plow. 

Lumber  used  in  the  plows.  .  .  . 

Iron 

Material  in  making  the  cast- 
ings and  in  machining 

Paint 

Labor 

Wear  and  tear   on  tools  and 
machinery 

Coal  for  heating  and  power 

Repairs  on  buildings 

Upkeep  of  teams  for  cartage . . . 

Insurance 

Office  help  and  supplies 

Salaries  of  officers 

Total $3879-25 

Number  of  plows  produced 162 

Statement : 

162  plows  cost  $3879.25 

I    plow    cost     1/162    of    $3879.25=$       , 
average. 

(5).  The  Potato  Crop. 

Rental  value  of  the  land 

Plowing 
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Harrowing 

Seed  at  $8.00  per  barrel 

Fertilizer 

Planting 

Cultivating 

Spraying 

Digging 

Hauling  to  market 

Total $138.90 

Number  of  bushels  of  potatoes,  .  265. 

Statement : 

265  bu.  cost  $138.90 

I  bu.  cost  1/265  of  $138.90  =$      ,  average. 

(6).  The  Pair  of  Shoes. 
The  average  cost  per  pair. 
Leather  for  the  lower  part .... 
Leather  for  the  upper  part .  .  . 

Leather  for  the  soles 

Cloth  for  lining 

Eyelets 

Thread 

Nails 

Material    for     finishing     and 

polishing 

Power 

Heat 

Light 
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Cartage 

Labor 

Depreciation     in    tools     and 

machinery 

Boxing  and  packing  material . 

Shipping 

Office  expenses 

Insurance 

Advertising 

Salaries  of  officials 

Other  items 

Total $14428.50 

Pairs  of  shoes  produced.  .6120 
6120  pr.  of  shoes  cost  $14428.50 
I    pr.    cost    1/6120    of    $14428.50=$       , 
average. 

5.  Sources  of  Problems. 

The  activities  of  every  community  offer 
suggestions  for  exercises  in  cost  averages. 
The  farmer,  the  poultryman,  the  gardener, 
the  dairyman,  the  stockman,  the  manufac- 
turer— all  have  their  problems  of  the  costs  of 
products.  The  teacher  needs  only  to  look 
about  her  to  find  abundant  material  for  her 
class  work — material  for  average  costs  of 
products,  and  material  for  the  other  applica- 
tions of  average.  The  most  valuable  forms  of 
exercises  are  those  that  have  to  do  with  the 
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interests   of  the   people   of   the   community 
which  the  school  serves. 

Summary 

1 .  The  three  teaching  steps  outlined. 

2.  Averaging  single-unit  quantities. 

3.  Averaging    quantities    that    differ    in 
the  number  of  units. 

4.  Average  applied  to  cost  computations 
in  productive  activities. 
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Abacus,  addition  on,  494-5 
description,  492 
diagrams  of  abaci,  495*7 
division  on,  495,  516 
imitation  abacus,  493 
invented,  492 
multiplication  on,  494-5 
passing  of  the,  524 
spaces 

fraction,  508,  527 
integer,  508,  527 
"occupied,"  527,  594 
"used,"  527 
subtraction  on,  494-5 
the  "stopping  place,"  513 
with  cones,  497-9 
with  discs,  499-501 
with  fraction  spaces,  507-8 
Accept  an  order,  884,  886,  891 

defined,  886 
After  date,  899-900 
Agent,  795 
Angles, 

plane,  reviewed,  681-2 
solid,  682 

angles,  683,  702 
oblique,  683 
square,  683 
when  introduced,  681 
comers,  682,  702 
oblique,  682-3 
square,  682-3 
when  introduced,  681 
Apices, 

cones,  497,  498 
discs,  500 
for  fractions,  507 
for  integers,  499 
representative  values,  497 
the  signs  on  the  cones,  498 
Average, 

costfinding,  980-9 
factors  in,  974-5 


Average, 

material  for,  989 
place  of,  968 
proofs  in,  975-6 
quantities  not  real,  969-70 
shortening,  976-80 

Bank  discount,  defined,  957 
form  of  transfer,  961-2 
notes  sometimes  sold,  957 
present    worth    how    differs 

from,  962 
proceeds 

defined,  957 

how  found,  958 
terms  defined,  964 

bank  discount, 

date  of  discount, 

date  of  maturity, 

date  of  note, 

discounting  a  note, 

indorsing  a  note, 

or  order,  effect  of, 

period  of  discount, 

proceeds, 

rate  of  discount, 

value  received. 
Base  of  a  "solid,"   problems 
from,  692 

proving  a  base,  705 
the  term  developed,  678 
Bases    for    abacus    fractions, 
adoption  of  10  as  base,  525 
choice  of  base,  522 
comparison  of,  522 
other  bases,  518,  519 
the  Roman  basis,  505 
Bushel,  dimensions  of,  719 
measuring    out    with    sand, 

720 
memorizing,  722,  735 
Business  forms,  866-897 
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Calculation,  Roman,  504 
Capacity,    consistency  in   use 
of,  710 
content    and    capacity    dis- 
criminated, 659-61 
developed,  667-8 
measurements  of, 
with  footrule,  684-7 
with  inch  cubes,  674-81 
with  sand,  667,  679 
special  boxes  for,  674-6 
the  term,  659 
Caret   in    division,    605-13 
Cash  value,  947 
Charge,  878-9 
Charge  to  my  account,  879- 

80,  890 
Checks,  889,  891 
course  of  a,  891 
defined,  891 
face  of,  892 
or  order,  892,  894 
to  the  order  of,  892,  894 
tracing  a,  891,  894 
transferring,  890,  892 
Circle,  729-31 

Circulating   decimals    (see   re- 
peating decimals) 
Collecting,  793-800,  862 

fractions  from  "items,"  796 
"items"  in,  794-5,  796 
meaning  of,  793 
salaried  agents'  pay,  795 
solution  forms  in,  796-7 

pupils'  oral  work  in,  797 
special  test  work  in,  797-800 
statements  in,  796-7 
terms  developed,  793-5 
whole  amount  collected,  796 
Commission    (buying),   803-5, 
862 
diagrams  in,  804-5 
items  in,  804 
solution  forms,  804-5 
freight,  etc.,  805 
pupil's  oral  work  in,  804 
statements  in,  804-5 
terms  developed  in,  804 
whole,    the   agent's   buying 
price,  804 


Commission  (selling),  800-803, 
862 
diagrams  in,  802-3 
"items"  in,  801 
solution  forms,  801-3 

freight  and  cartage,  802-3 
pupil's  oral  work  in,  801-2 
(statements  in,  801-3 
terms  developed  in,  800-1 
whole,    the    agent's    selling 
price,  801,  803 
Complex  decimal  fraction,  586, 

.    591 

defined,  591,  657 

reading,  594 

reductions  in,  593 

common  fraction  to  com- 
plex decimal,  590-92 
to  higher  forms,  597,  651 
to  lower  forms,  599,  600, 

651 

writmg,  595 
Complex  fraction  per  cents,  821 
Cone,  732 
Content,  709,  660,  668 

applied  "generally,"   722-3 
consistency  in  use  of,  710 
content  "as  if,"  710-11 
real  content,  710 
content    and    capacity    dis- 
criminated, 659-61,  671-2 
developed,  668-72 
measurements  of,  709 
by  displacement 
applied,  711 
how  made,  668-72 
"with  footrule,  713 
with  objects,  709 
solution  forms,  711,  714 
the  term,  660 

Cord,  building  up  with  blocks, 
719 

dimensions  of,  719 

forms  of  problems,  719 
Counters, 

cones,  497 

discs,  499 

"empty,"  489,  490,  512 

fingers,  488 

pebbles,  494 
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Counters, 

"used"  counters,  488,  512 
Creditor,  943 
Cubic  measure,  659-737 
objects  (see  tools) 
terms  in  699-705 
Cubic  units 
foot 
developed,  715-16 
models,  716 

problems,  forms  of,  716-17 
when  used,  722 
inch 

introduction,  665-8 
capacity,  667-8 
content,  665 
measuring  cup,  661-2 
when  used,  722 
yard 

developed,  717-8 
model,  718 
when  used,  722 
Cylinder,  defined,  704 
developed,  727-8 
measurement  of,  728-9 
computations,  729,  731 
diagrams,  730 
Debtor,  943 

Decimal  point,  before  a  com- 
mon fraction,  595 
the  first  sign,  527 
the  period,  528 
Decimals,  defined,  541,  656 
forms  of,  535,  542,  543 
history  of,  487,  498,  524-5 
in  percentage 

knowledge  of,  817,  864  j 
per  cent  introduced 
"\fractions  in  lowest  terms, 
819-20 
manner  of  stating  prob- 
lems, 823 
must   use   per   cent   in 
fraction  form,  821 
complex      decimal 
forms,  821 
solution  forms,  818,  822 
statement  forms,8 1 8.822 
two-fraction     solutions, 
818,  823 


Decimals,  reading  and  writing, 

emphasis  and  voice  pause 

with     mixed    numbers, 

545-6.  549-51,  554-8 

improper  fractions,  547-8, 

552-3.  554-8 
order  and  system  in 
fractions,  547-8,  548-9, 

554-8 
mixed  numbers,  545-6 
use  of  "and,"  532-3,  545- 
6,  549-51,  554-8 
rules,  657 

terms  and  definitions,  576-7, 
656 
Denominator, 
common,  531 
highest,  579,  581 
lowest  common,  531,  532 
Diameter,  729-30 
Discount,  bank,  957,  964 
date  of,  946,  947,  964 
period  of,  947,  964 
rate  of,  964 

true,  945,  946,  947,  952 
Discounting  a  note,  964 
Discs,  described,  500 
form  of,  499 
the  signs,  499 
with  fractions,  507 
Displacement,  669-70 
Division  of  decimals,  emphasis 
points  in,  655 
on  abacus,  495,  516 
oral  work  in,  607,  6o9,''6ii, 

616 
placing  the  points  in,  603, 

608 
quotient  approximate,  620 
quotient  exact,  619 
rules,  657 
Draw,  885 
Drawer,  893,  900 
Draw  on,  885 

Duodecimals,  ancestors  of  deci- 
mal fractions,  506-7,  541 
common  fractions  to,  509-12 
long  way,  509 
short  way,  511 
defined,  541 
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Duodecimals, 

reading  and  writing,  5I3~5I4 

Emphasis  points 

in  cubic  measure,  733 
forms  of  solids,  733 
recognizing       measurable 

forms,  733 
rules,  734-5 
short  processes,  735-6 
in  decimal  operations,  653- 

655 
addition,  653 
division,  655 
multiplication,  654 
partition,  654 
subtraction,  653 
in  decimal  reductions 

common  fraction  to  deci- 
mals, 649 
per  cent  expressions,  652 
to  higher  equivalents,  650 
to  lower  equivalents,  650 
in  decimals,  647 
in  reading,  647,  649 
in  use  of  "and,"  648,  649 
in  writing,  648 
in  percentage,  864-5 
Empty,  position,  489,  490 
spaces,  512,  526 
the  sign,  525,  527 
Empty-handed,  489-90 
Equation,  the,  634 

with  per  cent,  644-45,  845-^ 
with  regular  decimals,  634 
Equivalents,  series  of 
the  term,  561-5,  650,  651 

Factors,  in  percentage,  767-8, 
780,  783,  794-6,  801,  804 
in  average,  974-5 
Finger  counting,  488-90 
Fire  insurance,  806-15 

introduction — informational, 
806-7 
the  terms  developed,  806-7 

definitions  of,  807 
the  insurance  policy, 
diagrams,  814 
its  nature,  8oi6-8 


Fire  insurance, 

points  covered  by,  809 
the     pupil-made     policy, 
810^13 
attention      to      policy 

"features,"  812-13 
description  of  buildings, 
811 
lots,  810 
effect  of  signature,  812 
forms  of,  811-12 
rates  of  insurance,  811 
the  final  form,  813 
the  owner,  813-14 
solution  forms,  814 

pupil's  oral  work,  814 
statements,  814 
the  real  policy,  815 
Fractions, 
forms  of  decimal 
common,  535,  542 
decimal,  535,  542 
defined,  543 
in  cubic  measure  objective 
work,  690-1 

Gallon, 

dimensions  of,  719 
measuring    out    with    sand, 

720 
memorizing,  722,  735 

History  of  decimals,  487,  498, 

524-5 
Holder,  889,  891,  893,  904 

"In  favor  of,"  885,  886,  893, 

900 
Indorse,  887,  893 
Indorser,  887 

Indorsing  a  receipt,  886,  887, 
891 

JEull  form,  893 

short  form,  891,  892,  894 
Indorsement,  890,  893,  902, 903 
Indorse  on,  886 

defined,  886 
Interest,  compound,  920-2 

class   work   in   pass  bocks, 
920-1 
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Interest,  compound, 

savings  bank  the  guide,  920 
teaching  points,  compound, 
what  it  is,  921 
computations     compared, 
922 
when  compound, 
when  simple, 
Interest,  problems  in  (see  prob- 
lems) 
Interest,  simple,  897,  908 
analytical  solutions,  908,  910 

outlined  by  grades,  912 
borrowing,     the    ethics    of, 

918-9 
forms  of  problems  in,  917 
meaning  of  per  centin,9o8,909 
place  of  in  the  curriculum, 

899,911 
short  methods  in,  912,  913, 
914-7 
month  method,  914-6 
oral  analysis  in,  913,  916-7 
year  method,  913-4 
statements  in  notes,  897 

Loss  and  gain,  767-80,  862 
cost,  the  whole,  769 

fractions  from  "factors," 

769 
mental  fraction   forming, 
770-1 
diagrams  in,  776-^ 
gain,  776 
loss,  777-8 
proportions  in,  778 
discounts  and  losses,  788 
factors  (items)  in.  767-8 
solution  forms  in,  776-8 
pupils  oral  work  in,  776, 

777.  777-8 
statements  in,  771 
form  of,  771-5 
fractions  in  lowest  terms, 
772 

Maker,    885,    887,    893,    900, 

904 
Maturity,  date  of,  946,  947 


Measuring  "solids" 
material,  661 

blocks,  661,  677-8,  688 

developed,  677-8 
footrule,  685,  688 
developed,  685 
only    right    rectangxdar 
forms,  688 
sand,  661,  679,  688 
quality  of,  661 
why  use  it,  663-4 
special     prepared     boxes, 
674-5 
methods  of, 

determining   the   method, 

688,  694 
the  three  possible, 
with  cubical  blocks, 
with  foot-rule, 
with  sand, 
tools,  661 

cubic-inch  cup,  662 
auxiliary  cups,  668 
diagrams  of,  662 
how  made,  662 
Multiple  percentage  problems, 
826-33 
diagram  plan,  827,  828-30 
meaning  of,  826 
solution  forms,  827,  828-30 
number   of     solutions    827, 
828-30 
pupil's    oral    work    in, 

827 
with  freight,  etc.,  830-1 
solutions  on  single  bases, 
regular  statements  and 

solutions,  833 
special  statements  and 
solutions,  831-2 
Multiplication  of  decimals,  573 
complex  fractions,  654 
long  way,  582-3 
oral  work  in,  577 
proof  in,  573-5 
rules  in,  632-3,  657 
short  methods  in,  624 
short  way,  582-3 
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Notes,  866,  894 

conventional  note  forms, 

905-7 
development,  894 
I  promise  to  pay,  894 
the  note,  896 
interest,  statements,  897 
after  to-day,  after  date, 
899-900 
receipting,  904 
selling,  transferring,  901-2 
or  order,  903 
effect  of,  903 
terms  of,  900-901 
date,  900,  946 
date  of  maturity,  901,  904, 

946,  947 
maker,  900-901 
payee,  900,  904,  959 
period  of  maturity,   901, 

tracing  through  course,  904 

trade  notes,  903-4 

value  received,  905 
meaning,  905 

Orders,  866,  877 
checks,    orders    for    money 

(see  checks) 
conventional    order    forms, 

905-7 
oral  orders,  878-80 
"and  charge,"  878-9 
"charge  to  my  accoimt," 
879-80 
receipting,  887 
full  form,  887-8 
short  form,  887-8 
selling  an,  888-9 
transferring,  88g 
effect  of,  889 
how,  889 
written  order,  880-89 
holder  of,  889 
introduction  of,  880-1 
letter  form  of,  880 
language  of,  885-6 
tracing  the,  883-5, 894 
written,  where  and  why 
needed,  881-2 
owner  of,  883,  884,  888 


Or  order,  892,  893,  903 
effect  of,  893,  903,  964 
meaning,  892 

Owner,  813,  869,  884,  888 

Part  and  whole  relations 
development  of,  740 
aims  in,  740 
diagrams  in, 
aim,  750 

form  of,  750-1,  757 
the  part,  753,  755-6 
the  whole,  753,  755-6 
fractions   from    related 
abstract    numbers, 
762-5 
development,  763-4 
meanings   of   the   frac- 
tions, 764-5 
rule  as  to  fraction  mak- 
ing, 765 
fractions  and   statements 
from    concrete    num- 
bers, 759-60 
interpreting  diagrams,  759 
interpreting  fractions,  758 
language 
fractions 

decimal  language  arti- 
ficial, 741 
development,  755 
diagrams  in,  756^-7 
dividend,  part,    num- 

ator,  755-6 
division   as  part  and 

whole,  754-8 
divisor,     whole,     de- 
nominator, 755-6 
interpretation  of,  758 
use  of  common  frac- 
tions, 741 
"part     of"     language, 

742-5,  747-50 
the  part,  numerator, 

743-5.  747-50 
the     whole,     denom- 
inator, 743-5,  747- 
50 
"ratio     to"     language, 
745-7,  747-50 
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Part  and  whole  relations 

"ratio  to"   the   part,  nu- 
merator, 747-50 
the  whole,  denomina- 
tor, 747-50 
"  than ' '  language  as  part 
and  whole,  760-2 
development   of,    761 
diagrams  of,  761 
Partition, 

"of  work,"  633,  634 
with  per  cent,  641 
partially  written,  643,  645 
mental,  643,  645 
the  equation,  634,  644 
Payee  (see  note) 
Pebble  counting,  491 

classes  of  pebbles,  491 
Peck,  measuring  out  with  sand, 

720 
Per  cent,  introduced,  636 
the  term,  637 
reductions, 

common  fractions  to,  638 
to  common  fractions,  639 
computing  with,  640 
Percentage  concepts  solutions 
development, 

the  diagrams,  837-8, 841-2 
forms  of  solutions,  840-2 
statements,  841-2 
the  terms,  837-9 
Percentage,  definitions  of,  739 

nature  of,  738 
Period,  introduced,  528 
meaning,  529 

"and,"  the  oral  sign,  532-3 
Pint,  dry  measure,  72 1 

liquid  measure,  721 
Pointing  off,  addition,  570 
subtraction,  572 
multiplication,  573 
long  way,"582-3 
short  way,  582-3 
proof  in,  573-5 
oral  work  in  577 
rules  in,  632-3 
division,  603,  608 
oral  work,  in  607,  609,  61 1, 
616 


Pointing  off,  rules  in,  632-3 
Position  system,  489,  490,  492, 

512,  515 
with  complex  decimals,  595 
values  of  numbers,  497,  498 
Powers  of  numbers,   develop- 
ment of,  537 
Present     worth,     an     interest 

problem,  936-955 
application  of,  937 
discounting  interest-bearing 

debts,  949 
distractions  in,  939-40 
finding  cash  value,  953-5 

how  to  guess,  953 

rule  for,  955 

solution,  954 
finding  fair  values,  938-52 
meaning  of,  936 
rule,  947-^ 

sources  of  interest,  939 
terms  and  definitions,  946-7 
Prism 

classification 

developed,  706-8 

when,  706 
defined,  703,  706 
defining  objectively,  708 
development  of,  705-6 
emphasis  points  in 

ready  recognition 

of     measurable     forms, 

733 
of  prism  forms,  733 
Prisms,  measurements  of 
irregular   right    rectangular 
.  693,  695-6 
right  rectangular 
capacities 
with  blocks 

computation       form, 

677-8 
development  of,  676-7 
construction  forms, 
677-8 
blocks    in     row, 

677,  693 
measurements  of 

layers  in  recepta- 
cle, 678,  693 
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Prisms,  measurements  of  rows 

677; 693 
only  right  rectangular 

forms,  677-8 
material  for,  674 

form  of  the  boxes, 

674 
special    boxes    for, 

675-6 
with  footrule 

computation       form, 

685-6 
development  of,  684-6 
only  right  rectangular 
forms,  686-7 
with  sand,  679 
contents 
with  blocks 

computation  form,  7  n 

development,  709-12 

construction,    709- 

10 

blocks  in  a  row, 

711 
layers,  711 
rows,  711 
only   right   rectan- 
gular forms,  711 
proof  of  prism  form , 
709 
with  footrtde,  713 
development  of 

why  possible,  713 
only  right  rectangular 

forms,  686-7 
computation     forms, 

714 
with  sand, 

by  displacement,  711- 
12 
rhomboidal,  725 
development  of,  725-6 
base    changed    to    rec- 
tangle, 
the  content  computed, 
the  first  layer  measured, 
triangular 

oblique-angled 

development  of,  726-7 


Prisms,    oblique-angled,    base 
changed  to  rectangle 
the  content  computed, 
first  layer  measured, 
right-angled,  724 
development  of,  725 
base  changed  to  rec- 
tangle, 
the  content  computed 
first  layer  measured, 
Problems  in  interest,  four  prob- 
lems in,  925-6 
fourth  problem  (see  present 

worth) 
"guess"   instead    of    "let," 
927,  928 
need  of,  927-8 
importance  of,  924 
measuring   values   of  sales, 

924-5 
rules  in,  925-6 
solutions  algebraic,  926 
three  of  the  problems 

finding  the  principal,934-5 
guess  and  solution,  934 
rule,  935 
finding  the  rate,  928 
introduction,  928-9 
how  to  guess,  930 
solution  form,  931 
rule,  932 
finding  the  time,  932 
how  to  guess,  932 
solution  form,  933 
rule,  934 
Proceeds  of  note,  gross,  794 

net,  794 
Proper  (decimal)  fraction,  562, 

563 
Pyramid,  measurement  of,  732 

Quart,  dry,  720 

building  up,  721 
compared  with  liquid,  721 
dimensions  of,  720 
measuring  out  with  sand, 
720 
liquid 

building  up,  721 
corr.pared  with  dry,  721 
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Quart,  liquid 

dimensions  of,  721 
measuring  out,  720 

Reading   decimals,   long   way, 
528,  532,  576,  579.  581 
short    way,    531,    532,    576, 

579,  581 
system  and  order  in 

emphasis  and  voice  pause 

in,  545-558.  817,  864 
the  order  m,  545-55^ 
Receipts,  866-876,  887 
conventional  forms,  905-7 
development  of,  866-877 
letter  form,  867,  868 
need  of  signature,  869-71 
owner,  869 
salutation     and     closing, 
871-3 
indorsing  a  receipt,  887, 

891 
receipts    in    3d    person 
form,  871-3 
for  other  than  money,  876-7 
for  part-payments,  873-76 
Receptacles,     the     cubic-inch 
cup,  662 
quality  in,  664-5 
auxiliary,  668 
must  strike  level,  664 
Reductions  of  decimals 

common   fractions   to   deci- 
mals, 512,  585,  649 
analysis  of,  587,  509-12 
to  complex  decimal,  590- 
92 
long  way,  591-2 
short  way,  591-2 
significance  of  a  fraction, 
586 
common    fractions   to    duo- 
decimals, 509-12 
to  higher   terms,   567,   616, 

650 
to  lower  terms,  567,  650 
to  lowest   terms,    568,   625, 
627,  650 
Reductions   of    complex  deci- 
mals, 593-600 


Reductions  of  the  dividend  in 
division,  613 

Repeating  decimal,  598,  619 

Repetend,  598 
defined,  657 

Representative  (position)  val- 
ues, 497,  498 

Roman     fraction      (see     duo- 
decimal) 

Rules,  in  cubic  measure,  734-5 
in  decimals,  657 

Series,  decimal  fraction  series 
developed,  563-565 
kinds  of,  common  fraction, 
561-2,  563 
decimal  fraction,  561-2 
terms  of, 
lowest,  566 

a  given  term,  566 
Short  methods  in, 
averaging,  976-80 
cubic  measure,  735 
decimals,  624-35 
division,  628-9,  630-1 
equations   and    "of"    prob- 
lems 634-5 
the  process,  843-5 

mental  work  in,  843-4 
interpreting 

common  fraction  work 
special  solutions,  846- 
8,  849-50 
oral  work  in,  848, 
849-50 
decimal  fraction  work 
special  solutions,  851- 
852-  ■  .-_ 
oral  work  in,  851-2, 

853-4 
decimal     solution     full 

form,  860-2 
decimal    solution    rule, 

859 

parallel    solutions    in, . 
854-7 
multiplication,  624,  627 
oral  work  in,  626,  630-1 
Signature,  effect  of,  812,  869- 
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Significance,  of  the  fraction,  586 

of  zero,  525 
Simple  decimal  fraction, 591 ,  599 

defined,  657 
Solid,  defined,  704 
angles,  683,  702 
comers,  682,  702 
defining  objectively,  708 
developed,  704 
regular,  704,  727,  728,  733 
terms,  701 

when  introduced,  701 
list  of,  702 
defined,  703-5 
Solutions,  analytical,  691,  695 

first  step  in,  688 
Spaces  (see  abacus) 
Stopping  place,  the  term,  513 
the  sign,  527,  528 
vertical  sign,  527 
the  period,  528 
"and"  (oral),  532-3 
Striking,  surface  produced,  664 
meaning  of,  663 
methods  in,  667 
Subtraction   of   decimals,    the 
operation,  572 
oral  work,  572 

with  complex  decimals,  653 
Surface  terms,  696-701 
Surfaces,  plane,  682 

curved,  682 
System  and  order  in,  reading 
decimals,  545-558 
writing  decimals,  545-558 
use  of  "and,"  546-558 

Taxation,  824-5 

introduction,  informational, 

824 
statements,    for    individual 
taxes,  825 
for  tax  rates,  825 
terms,  824 
whole  in  tax  computations, 

825 
two  kinds  of,  825 


Tools  and  material 
material 
blocks,  688 
foot-rule,  688 
sand,  688 
tools 

cubic  inch  cup,  661-2 

how  made,  662 
other   receptacles,    664-5, 
675-6 
To    the    order    of,     (see    "or 

order") 
Trade  discount,  780-93,  862 
diagrams  in,  786-8 
"discount"    not    a    "loss" 

transaction,  788 
discount  "tags,"  781 
discount,  trade  discount, 

781-2 
double  trade-discounts,  789 
diagrams,  190-3 
meaning  of,  790 
solutions,  790-3 

number  of  solutions,  791 

pupil's    oral    work    in, 

791,  792 

factors  (items)  in,  780,  783 

fractions      from      "items," 

783-4 
marked  price,  the  whole,  783 
pupil's  oral  work  in,  786-8 
solution  forms  in,  784-6 
statements  in,  784-6 
Transferring,  check,  890,  892 
note,  901,  902 
order,  889 

Unit,  of  capacity,  670 
of  content,  670 

Value  received,  905,  964 
developed,  905    . 
meaning,  905,  964 

Writing  decimals,  system  and 
order  in,  545-558 

Zero,  history  of,  5251 
with  fractions,  527 
with  integers,  525 
significance  of,  525 
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